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PREFACE
This book is concerned with the numerical solution of the Navier-Stokes equations
for some steady, two-dimensional, incompressible viscous ﬂuid ﬂow problems at small
and moderate values of the Reynolds number.
The ﬁrst problem relates to a two-dimensional, incompressible ﬂow both with and
without a line rotlet at various small values of the Reynolds number. A circular
cylinder of radius a is rotated with a constant angular velocity ω0 in the presence of
a uniform stream of magnitude U. Two techniques are introduced, one in order to
avoid the diﬃculties in satisfying the boundary conditions at large distances from the
cylinder, the other to achieve convergence of the solution at zero Reynolds number.
Transformations are applied to both the coordinate system and the stream function.
The second problem considers the solution of the biharmonic equation for the
slow viscous ﬂow generated by a line rotlet in the presence of a circular cylinder.
On identifying the coeﬃcients of some of the terms in the asymptotic expansion of
the stream function, in terms of the force components and the torque on the body,
and using an integral constraint, the Boundary Element Method provides a closed
system of equations. Excellent agreement is obtained between the numerical results
and the analytical expressions and some new results relating to forces and torques on
the cylinder are presented.
In the third problem the solution of the biharmonic equation, which represents the
Stokes ﬂow created by two rotating circular cylinder in which the force system acting
on the two cylinders is in a state of overall equilibrium is examined. In this situation
the total force and the total torque are both assumed to be zero and the Boundary
Element Method, together with the relationships between the forces and the torque on
the combined system and the coeﬃcients in the asymptotic expansion for the stream
function, is applied.
The ﬁnal problem relates to a line rotlet outside an elliptical cylinder and the
solution shows that it is possible to generate a ﬂow at inﬁnity which corresponds to
that of rigid body rotation. This contrary to the situation for a line rotlet outside
a circular cylinder, where the ﬂuid ﬂow at inﬁnity corresponds to that of a uniform
stream which is the direction perpendicular to the line joining the rotlet to the center
of the cylinder.
Tayfour El-Bashir
Sultan Qaboos University
August, 2006
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Chapter 1

INTRODUCTION
1.1

The Navier-Stokes Equations

One of the simplest steady, two-dimensional ﬂuid ﬂow problems is that of a inﬁnite, stationary, viscous ﬂuid, which is disturbed by a circular cylinder of radius
a moving with a uniform velocity U through it. When the ﬂuid is incompressible
and Newtonian then the governing equations are the continuity equation and
the Navier-Stokes equations, which in dimensionless form, are expressible as

∇∗ . u∗ = 0,

(1.1.1)

Du∗
∂u∗
1 ∗2
∇ u,
=
+ (u∗ .∇∗ )u∗ = −∇∗ p∗ +
Dt∗
∂t∗
Re

(1.1.2)

where (*) denotes the dimensionless form of the physical quantity, t∗ the time, u∗
the ﬂuid velocity vector, p∗ the pressure and Re = aU/ν, with ν the coeﬃcient
of kinematic viscosity, is the Reynolds number. For simplicity the (*)’ s will be
omitted throughout the remainder of this Chapter. When one is concerned with
situations where the ﬂuid is extremely viscous, namely ν large, or the motion of
the body is very slow, so U << 1, then the Reynolds number is very small and
the inertia terms on the left hand side of equation ( 1.1.2 ) can be neglected.
Although a similar conclusion applies for small values of a one must ensure that
this value is not reduced to a level where the continuum model is no longer
applicable.
1
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When the equations of motion are simpliﬁed by the omission of the inertia
terms, i. e. Re << 1, and the motion is two-dimensional then the introduction
of the stream function, so that the continuity equation (1.1.1) is identically
satisﬁed, by
u=

∂ψ
∂ψ
and v = −
,
∂y
∂x

(1.1.3)

together with the removal of the pressure by taking the curl of equation (1.1.2),
results in the biharmonic equation
∇4 ψ = O.

(1.1.4)

It is the solution of this equation that the majority of this book is related
to. When the initial problem of a circular cylinder moving through a ﬂuid is
considered and the Reynolds number parameter Re is assumed small then no
solution of equation (1.1.4) is possible. This phenomenon is usually referred to
as the ”Stokes Paradox” .

1.2

Stokes Paradox

The cause of the Stokes paradox in a two-dimensional ﬂow is that no solution of
the simpliﬁed equations can be found for which the ﬂuid velocity satisﬁes both
the boundary conditions on the body and at inﬁnity, since the solution, which
satisﬁes all the boundary conditions on the obstacle is unbounded at inﬁnity.
However, the ﬂuid velocity is found to be logarithmically inﬁnite, see Stokes
(1851), thus tends to inﬁnity as the logarithm of the distance from the cylinder,
i.e. it increases slowly with this distance, and so it should give a fairly good
approximation to the ﬂuid motion at small and moderate distances from the
cylinder. In mathematical terms the solution of the Stokes equation, which for
the non-dimensional stream function, ψ, is expressible as
r
1 r
1 a
r
ψ = A sin(θ)[( ) ln( ) − ( ) + ( )],
a
a
2 a
2 r

(1.2.1)

though valid near the cylinder, does not form a uniformly valid approximation
to the Navier-Stokes equations far from the cylinder.
Brieﬂy, the diﬃculty arises since any body moving with a constant speed
through a viscous ﬂuid experiences some resistance, and, see Tomotika and
Imai (1938), by considering the momentum ﬂux across a large surface, which
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surrounds the body one can show that the magnitude of the disturbance to
the uniform ﬂuid velocity cannot fall to zero more rapidly than the inverse
square of the distance from the body. This results in a singularity at inﬁnity in
the perturbation solution for non-zero Reynolds number, where the convection
terms at large distances from the body are of the same order of magnitude as
the viscous forces. Hence, the Stokes’s solution fails to provide a uniform valid
approximation to the ﬂuid ﬂow. Only if the disturbance decays exponentially
is it possible for the convection terms to continue to be neglected in the outer
ﬂow region.
It should be noted that for the ﬂuid ﬂow past an sphere the Stokes equation
provides a uniform approximation to the total velocity distribution. This, at
ﬁrst, appears ’contrary to the situation for a cylinder where, as discussed above,
the solution is unbounded as r becomes inﬁnitely large. This uniformly valid
approximation to the ﬂuid velocity enables properties of the ﬂow, such as the
lift, drag and moment on the sphere, to be determined by the uniformly valid
approximations. The Stokes solution does not break down until the distance
from the body is such that the velocity approaches that of the uniform stream.
Here, the ﬂaw in the solution arises because of the ﬂuid velocity derivatives at
large distances being in error and it is these derivatives in the neglected inertia
terms that are required to obtain the second approximation to the ﬂuid ﬂow.
It is necessary to establish a uniformly valid approximation to the neglected
inertia terms in the Navier-Stokes equation so one can determine the second
approximation to the solution even in the region close to the body. This requires the introduction of an expansion procedure, similar to that described by
Whitehead (1889), in powers of the Reynolds number Re, where the neglected
inertia terms are reintroduced into the equations of motion. Although producing the correct diﬀerential equation for the ﬂow in the region not far from the
body this approach fails to produce a solution, which satisﬁes the condition at
inﬁnity, even in the case when the body corresponds to a sphere.
Unlike the Stokes solution of steady uniform ﬂuid ﬂow past a sphere there is
no uniform approximation for the case of ﬂow past a two-dimensional cylinder
since the solution is unbounded. In particular it is found from equation 1.2.1
that terms like rln(r)sin(θ) give rise to a non-uniformly valid expression, which
initially appears to make the solution completely unsatisfactory. It is seen that
the neglected inertia terms should be included when Re(rln(r)) is 0(1) and for
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values of r of this magnitude the classical Stokes solution will be invalid. This
suggests that close to the cylinder the Stokes approximation is a reasonable
representation to the ﬂuid ﬂow, but fails to provide the uniform approximation
to the total velocity distribution.
However, it is possible to rewrite the approximation in such a manner such
that the severity of the non-uniformity appears to be somewhat decreased and
leads one to obtain a uniform stream in that region where the Stokes equation
ceases to be valid and this suggests that the uniform stream condition has been
attained prior to the break down of the approximation. This idea was the basis
of the work by Oseen (1910), where for both the sphere and the cylinder a
uniform approximation to the disturbance of the stream is possible by taking
the inertia terms into account when they are comparable in magnitude to the
viscous terms, namely where the ﬂow is nearly a uniform stream, and neglecting
them close to the body. Oseen (1910) proposed that the inertia terms should be
retained in the far ﬁeld, where the ﬂuid velocity is approximately equal to U,
since in that region the assumptions underlying the Stokes equation are not valid
at suﬃciently large distances from the cylinder no matter how small Re may be.
These inertia terms are of 0(Re) near to the cylinder, where it is permissible to
neglect them altogether, and so one ﬁnds that in three-dimensional ﬂuid ﬂow
past an obstacle both the Stokes and Oseen equations yield the same terms,
which are of 0(1), and diﬀer only in the terms of O(Re). However, it was not
until Kaplun and Lagerstrom (1957) and Proudman and Pearson (1957 ) that
the whole process was placed on a rigorous mathematical foundation using the
ideas of matched asymptotic expansions and the technique extended to higher
order approximations for both the two and three-dimensional cases.
As the perturbation theory arising for small non-zero Reynolds numbers is
singular, both the above sets of authors developed a technique for overcoming
this diﬃculty when expanding in terms of the small Reynolds number parameter. Essentially this considers separate local expansions for the regions close
to, and far from, the body, usually referred to as the (inner) Stokes and (outer)
Oseen expansions, respectively. The two sets of diﬀerential equations resulting from substituting the above expansions into the Navier-Stokes equations
have only one set of physical boundary conditions applicable to each expansion,
namely no slip at the body for the Stokes expansion and the uniform stream
condition for the Oseen expansion. In order to establish a unique solution it is
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necessary to introduce a matching procedure by which the outer solution provides an outer boundary condition for the inner solution and the inner solution
provides an inner boundary condition on the outer solution. This technique
of matched asymptotic expansions allows for the determination of the alternatively successive terms in the two expansions, as well as the form of the local
expansions for the two regions. Consequently, the solution of the biharmonic
equation for two-dimensional, slow streaming ﬂows in an unbounded ﬂuid may
be interpreted as an inner solution of the Navier-Stokes equations. This solution will be valid within some ﬁnite distance from the body, but requires an
outer solution in order to satisfy the uniform stream condition at inﬁnity, so
explaining how the Stokes Paradox can be overcome.

1.3

Work by Jeﬀery (1922)

An additional paradox caused by local eﬀects was that discovered by Jeﬀery
(1922) when two cylinders of equal radii in an unbounded ﬂuid are rotating
with equal speeds, but in opposite senses about parallel axes. Jeﬀery (1922)
established the presence of a uniform stream at inﬁnity in the direction perpendicular to the line joining the centers of the two cylinders. Al though his result
was known to be in error due to it being impossible to establish within any
ﬁnite time no explanation was presented, yet the author must have been aware
of the earlier work by Oseen (1910). It was probably this paradoxical situation,
which caused Jeﬀery to restrict his solution to that one particular case, even
though he had formulated the problem for two cylinders with diﬀerent radii
and diﬀerent angular speeds. This paradox was extended to the general case
by Smith (1991). He found that the above situation uniform ﬂow was present
only when the combined angular momentum of the two cylinders was zero, in all
other cases, instead of the far ﬁeld corresponding to a uniform stream, a rigid
body rotation occurred.
One striking feature of Jeﬀery’s and Smith’s solutions was that they restricted their stream function expansion to that corresponding to a ﬁnite number
of terms in the Fourier Series describing the solution, which although satisfying
the boundary conditions failed to produce any other physical situation except
that in which the combined system of the two cylinders was in a state of overall
equilibrium, namely zero total force and zero total moment. As Smith (1991)
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was aware that he was constructing only an inner solution he was able to match,
unfortunately erroneously, with a complete solution of the Navier-Stokes equations for the outer ﬂow ﬁeld.
However, it should be stressed that in Watson (1995) the solutions to this
problem and that of a rotlet outside a circular cylinder have been fully developed
using an inner and outer matching technique. The results in the far ﬁeld of
the outer solution always correspond to a Jet behavior along one of the axes.
Whilst by allowing the complete Fourier Series to represent his solution, Watson
established that the inner condition on the outer solution always represented a
force, so removing the above restriction concerning the equilibrium conditions
on the combined system.

1.4

Work by Dorrepaal, O’Nei11 and Ranger
(1984)

Another example of a paradoxical situation arising from a local aﬀect was presented by Dorrepaal, O’Nei11 and Ranger (1983) when a rotlet, or stokeslet, is
placed in front of a circular cylinder. However, these authors established that
both Jeﬀrey’s and their problem are well-posed Stokes ﬂow problems provided
there is a uniform stream at inﬁnity having an appropriate direction and magnitude. Whereas the parameters involved in Jeﬀery’s case are the radii and the
angular velocities of the cylinders and the distance separating the two cylinders.
In the case of the rotlet it is the position and strength of the rotlet as well as
the radius of the cylinder. Avudainayagam and Jothiram (1987) extended this
work to show that with a particular singularity present in the ﬂow ﬁeld outside a circular cylinder then for a suitably chosen rotational ﬂow at inﬁnity, in
addition to a uniform stream, the problem is also well-posed.

1.5

Existence of Possible Paradoxical Flows

A rotating cylinder produces a somewhat specialized ﬂow in the case of threedimensional, slow viscous ﬂow since there is no motion in the direction parallel
to the axis of rotation. This restriction of the ﬂow to planes perpendicular to
the axis allows a stream function to be introduced, which in turn simpliﬁes the
equations of motion and enables an analytical solution to be obtained. It was
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to avoid this constraint that Smith (1990 ) investigated the Jeﬀrey paradox in
the case of a rotlet by considering it as the limit of the three-dimensional Stokes
ﬂow where the length h of the rotlet tends to inﬁnity. It was shown that the
two-dimensional situation could be established only as the O[(ln(h)−l ] terms
become negligible. Since this represents a very slow decay rate as h increases it
makes the usefulness of the two-dimensional results questionable.
This research further investigates the formulation of Smith (1991) of a sink,
and a source-sink combination, in the presence of a circular cylinder. In the case
of the sink alone the Jeﬀrey paradox is again present with a uniform stream at
inﬁnity. However, in the source-sink situation the results are more complex, with
the positions of the singularities being crucial to the established ﬂow pattern.
For example, with the source and sink equidistant from the cylinder, but on
directly opposite sides of the cylinder, all the ﬂuid passing into the sink comes
from inﬁnity and all that departing from the source moves to inﬁnity. Whereas,
with the sink and source at angles θ = α and θ = π − α, (where θ is the polar
angle in cylindrical coordinates measured from the x-axis with the origin at
the center of the cylinder), respectively, where 0 < α < π/2, but at the equal
distances from the center of the cylinder, then two possibilities exist depending
upon whether the line joining the source and sink intersects the cylinder. When
the intersection condition exists then a total blockage in the ﬂow from the source
to the sink occurs, but once this restriction is removed some of the ﬂuid leaving
the source can move directly to the sink without departing to inﬁnity.
The question being asked by Smith (1990) was whether these two-dimensional
ﬂows formed locally, yet producing paradoxical behavior, represent the limit of
other ﬂows as might be expected. Firstly, the above geometrical situations were
considered, but with the ﬂow constrained within a circular cylinder, whose radius tends to inﬁnity. Secondly, an unbounded three-dimensional ﬂow of a ﬁnite
line singularity outside a circular cylinder, with the length of the line singularity
tending to inﬁnity is examined. Finally, the limit, as time approaches inﬁnity,
of the impulsively started two-dimensional situation in an unbounded domain
is considered, namely its approach to steady state. As in his earlier conclusion
regarding the limit of the three-dimensional Jeﬀrey problem produced the twodimensional situation only when O[(ln(h))−l ] terms are negligible. Smith (1990 )
established that a similar result applies to all the above limiting cases. The twodimensional solution being established but with an error, which is O[(ln(k))−l ],
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where k represents the various diﬀerent parameters, which tend to inﬁnity. The
overall conclusion drawn from the analysis is that locally generated unbounded
ﬂows are not attainable.

1.6

The Outline

Whether or not it is possible to set up many of these steady, two-dimensional
paradoxical situations will be left open at present and an investigation undertaken as to how such problems can be tackled numerically. Throughout this
book it will be assumed that the paradoxical behavior occurs due to some form
of singularity or object outside a circular cylinder in an unbounded ﬂuid, and
is not that arising from the classical problem of simply the ﬂow of a uniform
stream past a circular cylinder.
Before providing a description of the topics within each Chapter it is proposed to outline the fundamental ideas over-riding much of this material, and
whilst reference here initially will be to the case of a rotlet outside a cylinder
it could just as easily have been related to the material within Chapters 5 or
6, that is the cases of two rotating cylinders or that of a rotlet outside an ellipse. From the analytical solution of the biharmonic equation for either a sink,
source or rotlet outside a circular cylinder in an unbounded ﬂuid it is known
that a uniform stream of a prescribed magnitude and direction is generated at
inﬁnity. The direction and magnitude of the stream being dependent upon the
strength and position of the singularity. Hence, a given singularity outside a circular cylinder in a uniform stream of the appropriate magnitude and direction
constitutes a well posed Stokes problem.
The question is how to determine numerically the magnitude and direction
of this uniform stream, which in reality is the outer boundary condition. Even
if one accepts the direction of the uniform stream from the analytical solution
then there is still its magnitude to determine in order to generate the known
analytical solution to this Stokes problem. Whilst obtaining an analytical solution does not require a deﬁnite outer boundary condition to be prescribed, the
situation in the numerical approach is far more complex. Even if the exact value
from the analytical solution is used then due to the discrepancy between the
ﬁnite-diﬀerence representation of the biharmonic equation and the biharmonic
equation itself there is no certainty of convergence. Yet, at the same time one
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would not expect it necessary to have to introduce any additional information
from the analytical solution to obtain the numerical solution.
If this is not the case then it should be possible to leave the conditions at
inﬁnity arbitrary and perform some kind of iterative scheme, which will lead to
convergence and the required answer. The problem is to decide on the physical
quantity, or quantities, that must be given some prescribed value to start the
iteration process. The quantities that most obviously come to mind are the lift,
drag and moment acting on the circular cylinder. If this is so then what are
the values that these various quantities should possess? An alternative way of
prescribing the problem may be, ”for a singularity of a certain strength and at
a given distance from a circular cylinder, what is the form of the solution at
inﬁnity, which produces a prescribed lift, drag and moment on the cylinder”?
In any problem where the biharmonic equation represents the ﬂuid motion
then it can be shown that the lift, drag and the moment on surfaces of ﬂuid are
invariants whenever it is possible to deform one surface into another without
either passing outside the ﬂuid domain or through any singularity of the ﬂow,
for example, a rotlet. However, accommodating the extra contribution arising
from moving the surface through a singularity is a relatively easy matter, hence,
it is possible to express the lift, drag and moment on an obstacle using that on
the surface of ﬂuid at inﬁnity. Applying the asymptotic form of the Fourier
Series for the stream function
ψ = Fo (r) +

∞


(Fn (r)sin(nθ) + Gn (r)cos(nθ))

(1.6.1)

n=1

where
F0 (r) = A0 (r2 ln(r) − r2 ) + B0 r2 + C0 ln(r) + D0 ,

(1.6.2)

F1 (r) = F A1 r3 + F B1 r ln(r) + F C1 r + F D1 r−1 ,

(1.6.3)

G1 (r) = GA1 r3 + GB1 r ln(r) + GC1 r + GD1 r−1 ,

(1.6.4)

at large values of r enables the lift, drag and moment on the obstacle to be
expressed as multiples of the constants GB1 , F B1 and C0 , respectively. Hence
a feature of ﬂuid ﬂows around obstacles governed by the biharmonic equation,
whether generated locally or at inﬁnity, is that the force and moment on the
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obstacle can be established as directly equivalent to that on any surface of ﬂuid,
which contains the obstacle, provided that this surface encloses no singularities
of the ﬂow ﬁeld. However, if singularities are present within the surface, then
the relationship between the force and moment on the body and that on the
surface of ﬂuid enclosing these singularities must be modiﬁed to account for the
extra contributions to the force and moment acting at the various singularities.
This enables the force and moment on an obstacle in an unbounded ﬂow to be
determined from the contribution on the surface at inﬁnity, which surrounds
the obstacle.
As mentioned above if the appropriate conditions are imposed at inﬁnity
then the ﬂuid ﬂow produced by a singularity outside a circular cylinder in an
unbounded ﬂuid can be shown to produce a well-posed problem. However, it is
possible to introduce to such a situation any arbitrary rotational ﬂow, namely
ψ = A(r2 − 2 ln(r) + 1), which satisﬁes the no-slip condition on the cylinder and
produces a circulation around any closed contour enclosing the cylinder. By
this means an arbitrary moment has been added to the cylinder.
In chapter 2 we investigate the ﬂuid ﬂow generated by rotating a circular
cylinder within a uniform stream of viscous ﬂuid in the presence of a rotlet at
non-zero Reynolds numbers. The ﬂuid ﬂow created by a circular cylinder, which
is in steady motion, or has been started from rest, has long been of interest,
both experimentally and theoretically, see for example Imai (1951), Kawaguti
(1953), Moore (1957), Smith (1979,1985), Fornberg (1980,1985), and Badr and
Dennis (1985).
There are three basic parameters to be considered in this type of problem;
the Reynolds number, now deﬁned as Re = 2aU/ν, where ν is the coeﬃcient
of kinematic viscosity of the ﬂuid, U the unperturbed main stream speed (in
the positive x direction), a the radius of the cylinder; the rotational parameter
α = aω0 /U , which is a dimensionless measure of the speed of rotation, where ω0
is the angular velocity of the rotating cylinder; and the non-dimensional strength
of the rotlet β = Γ/U a, where Γ the strength of the rotlet. When β = 0 and
α = 0 the motion is symmetrical about the line parallel to the direction of
the stream through the center of the cylinder and this situation has previously
received a considerable amount of attention, e.g. Dennis and Chang (1970 ) and
Fornberg (1980,1985) who both provide a comprehensive list of references. The
problem of the ﬂow past a rotating cylinder is of fundamental interest for several
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reasons, e.g. in boundary-layer control on aerofoil, see for example Tennant et
al. (1976) and the lift force experienced by the cylinder is an example of the
Magnus aﬀect, which can be used for lift enhancement, see for example Sayers
(1979).
Although there are numerous computations in existence of two-dimensional
ﬂows, both steady and unsteady, about various shapes of cylinders in an unbounded ﬂuid, very little theoretical and numerical work has been reported on
either the steady or unsteady ﬂow past a rotating circular cylinder. The earliest numerical solutions of the Navier-Stokes equations at non-zero values of
α were given by Thoman and Szewczyk (1966) who obtained numerical results
for Reynolds numbers in the range 1 ≤ Re ≤ 106 and rotational parameters
1 ≤ α ≤ 6 and they compared their ﬁndings with the experimental results of
Swanson (1956) and Prandtl and Tietjens (1937). Lyul’ka (1977) studied the
problem for Reynolds numbers, Re = 0, 2, 10, 20 and values of the rotational
parameter in the range of 0 ≤ α ≤ 5. The problem was formulated in terms of
the stream function ψ and the vorticity ω and the time-dependent form of the
governing equations were solved until the steady-state solution was obtained.
The main objective of Lyul’ka’s work was to study the formation of the lift
and this was actually done by investigating the variation of the lift and drag
coeﬃcients on the cylinder. His results suggest that the lift coeﬃcient CL increases steadily as the rotational parameter α increases for all of the values of
the Reynolds numbers considered. In contrast the drag coeﬃcient CD decreases
for Re = 2 and increases for Re = 10, 15 and 20 as the value of α increases.
Similar work was performed by Shkadova (1982) who extended the numerical
solutions to Re = 80. He found that the lift coeﬃcient CL increases almost
linearly as α varies from 0 to 2 for the ﬂows that can be regarded as steady, i.e.
when Re < 60. The calculated results of Shkadova (1982) for CL were found to
be in good agreement with those obtained by Lyul’ka (1977).
A few numerical calculations have been performed for the case of steady
ﬂow past a rotating circular cylinder by employing the steady-state NavierStokes equations. Ta Phuoc Loc (1915) obtained results for Re = 5 and 20 by
solving the Navier-Stokes equations numerically within a ﬁnite region of space,
which surrounds the cylinder subject to boundary conditions on the perimeter
of the domain, which he states are consistent with the external ﬂow. Results
for the steady-state ﬂuid ﬂow were obtained together with values of CL and
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CD at small values of α. However, it was found that even in the symmetrical
ﬂow situation his results for the drag coeﬃcient were substantially larger than
the more accurate results obtained by Fornberg (1980,1985). This may be due
to the use of a computational region, which is too small and the form of the
approximation of the outer boundary conditions.
In obtaining numerical solutions for the problem under investigation diﬃculties arise in the determination of the boundary conditions at large distances.
This problem has been discussed in detail by several authors, see for example
Dennis (1918)and Fornberg (1980). Even in the symmetrical ﬂow situation,
Fornberg (1980) realized the importance of using the most appropriate form of
the boundary conditions to be applied at large distances from the circular cylinder. He considered four possible inﬁnity boundary conditions and performed a
detailed comparison on the diﬀerent results. Fornberg (1980,1985) has obtained
numerical solutions up to a Reynolds number of 600 using a technique for dealing with the boundary conditions at large distances and an iterative scheme,
which is based on Newton’s method, which minimizes the numerical diﬃculties
previously encountered around and beyond Re = 100.
Dennis (1978) investigated the steady, asymmetrical ﬂow past an elliptical
cylinder using the method of series truncation to solve the Navier-Stokes equations with the Oseen approximation throughout the ﬂow. He found that for
asymmetrical ﬂows, by considering the asymptotic nature of the decay of vorticity at large distances, it is not suﬃcient merely that the vorticity vanishes
far from the cylinder but it must decay rapidly enough. This was achieved by
a suitable adjustment of the leading term in the asymptotic expansion for the
vorticity. This problem does not arise in the case of symmetrical ﬂows because
the leading the asymptotic term in expansion for the vorticity is identically zero.
It is clear that in the case of asymmetrical ﬂows it is more diﬃcult to obtain
the most appropriate form of the boundary conditions, which are to be applied
at large distances from the cylinder.
In the present work a numerical technique has been introduced in order to
avoid the diﬃculties in satisfying the boundary conditions at large distances
from the cylinder. Transformations applied to both the coordinate system and
to the stream function. To avoid numerical errors introduced by approximating
the location of the outer boundary condition, exact boundary conditions at
inﬁnity were obtained and used in the calculations.
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The numerical solution was then extended to the two-dimensional ﬂow of an
inﬁnite viscous ﬂuid generated by a rotating circular cylinder in the presence
of a line rotlet. The aim of the work is to show that the presence of a rotlet
in a uniform stream at non-zero Reynolds number allows an otherwise singular
problem to become well-posed as the Reynolds number approaches zero. Initially the strength of the rotlet was set to zero and the problem was solved with
Re = 5 and 20. This solution was then used as an initial estimate when a rotlet
of small strength was introduced to the ﬂow.
In Chapter 3 the problem originally discussed by Dorrepaal, O’Neill and
Ranger (1984) namely that of a rotlet of non-dimensional unit strength placed
at a non-dimensional distance c, where c > 1, from a cylinder whose radius
a has been used as the non-dimensional investigated by an alternative length
scale is approach using Fourier Series. This method is a more routine and
a less sophisticated approach than that mentioned by Dorrepaal, O’Neill and
Ranger (1984) and it enables information from a surface of ﬂuid at inﬁnity,
which encloses the cylinder to predict the values of the force and moment on
the object. Also in this Chapter the forces and moment on the cylinder were
obtained using two diﬀerent techniques, namely
(i) by using the stress acting on a surface element to represent the components of the force (Fx , Fy ) and the moment M acting on a volume of ﬂuid
surrounded by the surface S,
(ii) by using the separation of variables solution of the biharmonic equation.
Relations between the forces and moments acting on diﬀerent surfaces were
found analytically and no diﬀerence in the value of the force components was
found between surfaces containing the cylinder and those which in addition
contain the rotlet. In the case of the moment on any surface GSCR (see Figure
3.4.1) of ﬂuid containing both the cylinder and the rotlet, this value is equal
to the sum of the moment on any surface CSc of ﬂuid containing only the
cylinder plus the contribution from the moment on the rotlet. The aﬀect of
these physical quantities on the solution was intended as a bench mark against
which the numerical solution in Chapter 4 is compared.
In Chapter 4 the basic formulation of the Boundary Element Method (BEM)
for the solution of the biharmonic equation is described. The constant Boundary
Element approximation has been used to solve the biharmonic equation for
the problem of ﬂow generated by a rotlet outside a circular cylinder. This
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particular numerical method was chosen because the technique presented in
Chapter 2 fails to accommodate the situation when the force and moment on
the cylinder are non-zero. In addition this method is capable of varying the
components of force and moment on the cylinder. In applying this method to
the problem of a uniform ﬂow past a rotating circular cylinder in the presence
of a rotlet it is necessary to divide the stream function into two separate parts,
one part containing the terms, which tend to zero at inﬁnity, whilst the other
part contains the remainder of the terms, which are bounded and unbounded
at inﬁnity. Relating the coeﬃcients of some of the terms in the asymptotic
expansion of the stream function to the force components and the torque on
the circular cylinder, together with the imposition of an integral constraint,
gives a closed system of equations and produces results in excellent agreement
with the analytical solution provided by Dorrepall, O’Neill and Ranger (1984).
Numerical solutions were found for several problems, namely,
(a) the uniform stream at inﬁnity and with no force and no moment on the
cylinder,
(b) unbounded ﬂuid ﬂow at inﬁnity, which corresponds to a stokeslet at
the origin (in this situation one has a speciﬁed non-dimensional force and no
moment),
(c) unbounded ﬂow at inﬁnity, which is a combination of a uniform stream
and a rotational far ﬁeld ﬂow (where one has a prescribed non-dimensional
moment and no force),
(d) a combination of unbounded ﬂows at inﬁnity due to a stokes let at the
origin together with a rotating far ﬁeld ﬂow (in this situation we have the general
situation where both the force and the moment being speciﬁed).
Chapter 5 deals with the rotation of two circular cylinders of diﬀerent radii,
which rotate at diﬀerent angular velocities in a viscous ﬂuid in which the ﬂuid
ﬂow is governed by the biharmonic equation. This Stokes ﬂow is solved using
information from the far ﬂow ﬁeld of the inner region in the form of the coefﬁcients of the stream function, which are related to values of the lift, drag and
moment generated by the two bodies and the BEM approach. Successful application of the BEM technique in this situation of two cylinders of diﬀerent radii
will enable it to be applied with conﬁdence to other multiple body problems for
which no analytical solution is possible. In such problems the cross-sections of
the bodies can diﬀer, even within a particular problem, and the number of such
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bodies present will be limited only by the computing restriction related to the
number of required elements on the bodies.
However, in order to apply the BEM it is necessary for the stream function
under consideration to tend to zero at inﬁnity. This can be achieved in the
standard manner, namely by redeﬁning the stream function to be its asymptotic value at large distances, plus a perturbation stream function, and the BEM
then applied to the perturbation stream function. This means that only those
terms, which form a non-zero contribution to the stream function at inﬁnity
will occur in the governing equations with their values being those on the cylindrical boundaries. Since it is known, from the analytical solution, that terms
O(r2 ) may be present at inﬁnity, the non-zero stream function part must include
all the solutions of the biharmonic equation up to this order whose magnitude
are greater or equal to O(1). This requires the presence of the terms in r2 ,
r sin(θ) ln(r), r cos(θ) ln(r), r sin(θ), r cos(θ), ln(r), sin(2θ) and cos(2θ) and a
constant term. Perturbing the stream function about its asymptotic form at
inﬁnity will introduce into the equations to be solved the nine coeﬃcients associated with each of the above terms. A further unknown in the problem is
the diﬀerence between the stream function values on the two cylinders and this
increases the overall number of unknowns in the problem to ten. Thus the same
numbers of conditions are required to be found in order for the numbers of unknowns in the equations to match the numbers of equations present. As the
forces and torque on the cylinders are related to the various coeﬃcients in the
above terms in the asymptotic form of the stream function at large distances, it
is proposed to utilize this information to provide some of the extra conditions
required. The other conditions, which are required to close the system are found
from the single valuedness of the pressure and by choosing three points inside
one cylinder and two points inside the other cylinder. The problem was solved
for three cases, namely,
(a) two circular cylinders of equal radius, which rotate with equal but opposite angular velocities about their parallel axes,
(b) the situation where the cylinders have diﬀerent angular velocities, but
the combined angular momentum of the two cylinders is zero,
i.e. ω1 r1 2 = ω2 r2 2
(c) the general case when ω1 r1 2 is not equal to ω2 r2 2 , which produces a
rotational ﬂow at inﬁnity.
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In Chapter 6 the ﬂuid motion in an unbounded viscous ﬂuid, which is generated by a rotlet placed outside an elliptical cylinder has been solved numerically
using the BEM. The analytical solution for this problem was obtained by Smith
(1994). This problem is similar to the problem discussed in chapter 4 but with
a more complicated body shape. Hence, the basic BEM formulation is the same
as that described in chapter 4 but the discretization is diﬀerent due to the complexity of the evaluation of the force, moment and integral condition on the
boundary. The results obtained are found to be in excellent agreement with
the analytical solution given by Smith (1994) and conﬁrm the situation of the
ﬂow at inﬁnity corresponding to that of a rigid body rotation, except for one
particular placement of the rotlet when the ﬂow at large distances reduces to
that of a uniform stream.
In Chapter 7 the signiﬁcant points of the preceding Chapters are discussed
and the areas in which further work should be performed are highlighted.

Chapter 2

ROTATING CIRCULAR
CYLINDER AND A
ROTLET
2.1

Introduction

A study has been made of the ﬂow generated by rotating a circular cylinder
within a uniform stream of viscous ﬂuid in the presence of a line rotlet. With
the origin of the coordinates coinciding with the center of the cylinder, then the
polar coordinate system (r, ϑ) has the boundary of the cylinder at r = a and the
position of the rotlet at (c∗ , 3π/2), as shown in Figure 2.1.1. There are four basic
parameters that occur in this problem, namely, the Reynolds number, deﬁned as
Re = 2aU/ν, the rotational parameter α = aω0 /U , the non dimensional length
c = c∗ /a and the non dimensional strength of the rotlet β = Γ/U a, where ν
is the coeﬃcient of kinematic viscosity of the ﬂuid, U the unperturbed main
stream speed, (the stream at inﬁnity is assumed to ﬂow parallel to the x-axis
in the positive x direction), ω0 the angular velocity of the cylinder and Γ the
strength of the rotlet.
At zero Reynolds number the governing equation is the biharmonic equation.
In the absence of a rotlet no solution of this equation, which satisﬁes both the
boundary conditions on the cylinder and at inﬁnity, is possible. This arises since
17
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Figure 2.1.1: Diagram illustrating The geometry of the elliptical cylinder and
the position of the rotlet.

it is necessary to maintain in the solution a term of the form rln(r) sin(ϑ) in
order for both the velocity components on the rotating cylinder to be satisﬁed.
However, although a solution retaining such a term is obviously valid at points
not too far away from the cylinder such a solution deteriorates as one moves
further away. As such this solution fails to satisfy the boundary condition at
inﬁnity, with the exact multiple of the unwanted term at inﬁnity remaining undetermined. This unknown constant can be established by treating the solution
of the problem as the ﬁrst approximation to the inner ﬂow past the circular
cylinder as the Reynolds number tends to the zero. Then matching with the
solution as obtained from the outer region where the ﬁrst approximation to the
Navier Stokes equations are the Oseen equations. Full details regarding these
expansions and matching procedure can be found in Proudman and Pearson
(1957). Basically what this means is that uniform ﬂow past a circular cylinder is not a well-posed Stokes problem. In fact at zero Reynolds number the
problem is singular.
However, the introduction of a rotlet into the ﬂow ﬁeld at any given distance
∗

c along the negative y-axis, but with a strength speciﬁed as Γ = U c∗ , in other
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words with the parameter β = c, allows a solution to be obtained. analytical
solutions to this problem have been obtained by Dorrepaal, O, Neill and Ranger
(1984). Their work examines the ﬂows generated in a ﬂuid by the introduction
of a line singularity, such as a stokeslet or rotlet, in the presence of a circular
cylinder and shows that a phenomenon analogous to the Stokes paradox exists
in that ﬂows with a uniform stream far from the cylinder may be produced.
As a consequence, the uniform streaming ﬂow past a circular cylinder, when a
line stokeslet or rotlet of certain strength is present, is a well-posed problem in
Stokes ﬂow.
The solution by Dorrepaal et al. (1984) employed an image type approach,
plus a clever and simplistic deduction, which enabled the result to be constructed
devoid of most of the analysis. However, the present work has established the
same solution by using a Fourier Series approach and has conﬁrmed this numerically by the application of a modiﬁcation to the Boundary Element Method.
The latter appears to provide an approach for the solution of the biharmonic
equation, which requires only the position of the singularity, plus the physical
values of the drag, lift and the moment on the circular cylinder to be known.
In addition it seems capable of being extended to accommodate the presence
of several diﬀerent bodies as well as allowing more complex shapes for which
an analytical solution is impossible. It is intended to show that the presence
of a rotlet in a uniform ﬂow at non-zero Reynolds number allows an otherwise
singular problem to become well-posed as the Reynolds number becomes zero.
The main aim of this chapter is to solve numerically the Navier-Stokes equations for steady, two-dimensional, incompressible viscous ﬂuid ﬂow past a rotating circular cylinder of radius a in the presence of a rotlet of strength Γ,
which is located at the point (r, ϑ) = (c∗ , 3π/2), c∗ > a. At large distance from
the cylinder it is assumed that there is a uniform ﬂow of speed U , which is
parallel to negative x-axis. Initially the strength of the rotlet is set to zero and
the problem solved with Reynolds numbers 5 and 20. The results are in very
good agreement with those obtained by Tang (1990). Using this as an initial
estimate of the solution when a line singularity is present an iterative technique
is developed in order to solve the problem when a rotlet, at (c∗ , 3π/2), of small
strength is introduced into the ﬂow. As the drag, lift and moment on the circular cylinder are the most important physical quantities, as well as being easy
to measure experimentally, Tang (1990), then in this work particular attention
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has been paid to these quantities.

2.2

Basic Equations and the Boundary Conditions

The origin of the coordinate system is ﬁxed at the center of the circular cylinder
of radius a and the positive x-axis taken in the same direction as that of the
uniform ﬂow at large distances from the cylinder. Polar coordinates (r, ϑ) are
chosen such that ϑ = 0 coincides with the positive x-axis,

x = rcos(ϑ) and y = rsin(ϑ).

(2.2.1)

A line rotlet of strength Γ is located at the point r = c∗ , ϑ = 3π/2, where c∗ > a.
The steady ﬂow of an incompressible ﬂuid in a ﬁxed two-dimensional Cartesian
frame of reference can be described by the equations,
1
(u.∇)u = − ∇p + ν∇2 u
ρ

(2.2.2)

∇.u = 0

(2.2.3)

where u, ρ, p and ν are the velocity, density, pressure and the kinematic viscosity
of the ﬂuid, respectively.
Applying the curl operator to equation (2.2.2) produces

(u.∇)ω = ν∇2 ω

(2.2.4)

where ω = ∇Xu .
In two-dimensional motion the polar resolute of u can be expressed in terms
of the stream function Ψ by

vr =

1 ∂Ψ
∂Ψ
, vϑ = −
r ∂ϑ
∂r

(2.2.5)

where vr and vϑ are the velocity components in the r and ϑ directions, respectively. By introducing the dimensionless variables
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(2.2.6)

then the governing equations in non-dimensional form become

∇2 ω  = −

Re ∂(ψ  , ω  )
2 ∂(x , y  )

∇2 Ψ = −ω 

(2.2.7)

(2.2.8)

where ω  and Ψ are the non-dimensional scalar vorticity and stream function,
respectively. For convenience the , s will from now on be removed. It is required
to solve equations (2.2.7) and (2.2.8) subject to the no-slip conditions imposed
by the circular cylinder, namely

Ψ = 0,

∂ψ
= −α on r = 1, 0 ≤ ϑ < 2π
∂r

(2.2.9)

and the boundary conditions at large distances from the cylinder

∂ψ
1 ∂ψ
→ − sin(ϑ),
→ cos(ϑ) as r → ∞, 0 ≤ ϑ < 2π
∂r
r ∂ϑ

(2.2.10)

In the presence of a line rotlet the stream function behaves as

Ψ ≈ −β ln R1 as R1 → 0

(2.2.11)

where R1 measures the distance from the rotlet and is thus given by

R1 = (r2 + c2 + 2rc sin(ϑ))1/2 ,

(2.2.12)

where (c, 3π/2) is the position of the rotlet.
In the above deﬁnition of the stream function the signs appearing in the
expressions in (2.2.5) are the opposite to those given by Dorrepaal et al. (1984)
but follow those adopted by Tang (1990) since it is a comparison with their
results at non zero Reynolds number that is to be undertaken.
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For numerical convenience the perturbation stream function ψ is introduced

as

ψ = Ψ − y − βV,

(2.2.13)

where V = ln(r2 + c2 + 2rcsin(ϑ))1/2 with c = c∗ /a and β = Γ/(U a) being two
non-dimensional parameters. Expansion (2.2.13) has been taken so that ψ → 0
as r → ∞. If the parameter β = 0 then the problem reduces to that solved
by Tang (1990). However, with the Reynolds number equal to zero and the
parameter β = c then the situation is that studied by Dorrepaal et al. (1984)
except that the geometry in the present case corresponds to a rotation through
π/2 of their ﬂow pattern. Hence, their stream is ﬂowing along the negative
y-axis with their rotlet at (c∗ , 0), whereas in the present geometry the stream
ﬂows along the negative x-axis with the rotlet at (c∗ , 3π/2).
Using expression (2.2.13) in equations (2.2.7) and (2.2.8) gives
1 ∂2ω
∂ 2 ω 1 ∂ω
Re ∂ψ ∂ω ∂ψ ∂ω
+
−
)
+
=− (
∂r2
r ∂r
r2 ∂ϑ2
2r ∂r ∂ϑ
∂ϑ ∂r
r + csin(ϑ)
Re ∂ω
[ (sin(ϑ) + β 2
]
−
2r ∂ϑ
r + c2 + 2rcsin(ϑ)
rccos(ϑ)
Re ∂ω
[ (rcos(ϑ) + β 2
]
+
2r ∂r
r + c2 + 2rcsin(ϑ)
1 ∂2ψ
1 ∂ψ
∂2ψ
+ 2
+
= −ω
2
∂r
r ∂r
r ∂ϑ2

(2.2.14)

(2.2.15)

respectively.
The boundary conditions (2.2.9) and (2.2.10) are then expressed in the form

ψ = − sin(ϑ) − β ln(1 + c2 + 2csin(ϑ))1/2 on r = 1, 0 < ϑ < 2π

(2.2.16)

∂ψ
1 + c sin(ϑ)
= −α − sin(ϑ) − β(
) on r = 1, 0 < ϑ < 2π,
∂r
1 + c2 + 2c sin(ϑ)

(2.2.17)

∂ψ
1 ∂ψ
=
→ 0, as r → ∞, 0 ≤ ϑ < 2π.
∂r
r ∂ϑ

(2.2.18)
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Filon (1926) showed that in the absence of any rotlet the asymptotic form for
the dimensional stream function at large distances from the cylinder and outside
the wake region is given by

ψ ≈ rsin(ϑ) +

CL ln(r/a) CD (ϑ − π)
+
, as r → ∞, 0 < ϑ < 2π,
2π
2π

(2.2.19)

where CL = L/(ρU 2 a) and CD = D/(ρU 2 a), L and D being the lift and drag
on the cylinder . Imai (1951) found higher-order terms in this stream function
expansion and showed how the coeﬃcients related to the moment on the cylinder. In the case of zero Reynolds number no solution of the equation ∇4 Ψ = 0
is possible, which matches the free stream condition at inﬁnity and satisﬁes the
boundary condition on r = 1. The solution, which satisﬁes the no slip condition
on the cylinder and tends to inﬁnity most slowly as r → ∞ is

Ψ ≈ Asin(ϑ)[rln(r) − r/2 + 1/(2r)],

(2.2.20)

which has been obtained by discarding the term involving r3 . The non-dimensional
drag is directly related to the coeﬃcient A, via the expression 4πA, but the solution suﬀers from the defect that it does not determine the value of the constant
A. The neglected inertial terms are of the order ((A)2 ln(r))/r2 whilst the viscous forces are of the order A/(Rer3 ) and these terms are of comparable order
when ARe(r ln(r))/a  0(1). Hence, the Stokes solution should not be expected
to be valid beyond a value given by this expression. That is why the Stokes
solution may be an adequate representation of the ﬂuid ﬂow relatively close to
the cylinder but cannot represent a uniform approximation to the total velocity
distribution. However, it is possible to write the Stokes solution in the form

Ψ = A[(−rln(f (Re)) + rln(rf (Re))) − r/2 + 1/(2r)] sin(ϑ),

(2.2.21)

where f (Re) is an arbitrary function of Re . For f (Re) << 1 and rf (Re)
of order unity, the dominant term is −A(ln(f (Re))rsin(ϑ). If this is to represent the external ﬂow, namely a uniform stream Ursin(ϑ), then one must set
A = −1/ ln(f (Re)). By substituting this value of A and r = 1/f (Re) into
ARe(r ln(r))/a, one obtains
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Re/f (Re)  0(1).

(2.2.22)

So for f (Re) = Re the Stokes solution leads to a uniform stream of order unity
in that region where the Stokes equation ceases to be valid . This suggests that
for small Reynolds number the external uniform stream condition is reached
before the Stokes approximation breaks down, so the Stokes ﬂow represents the
solution in the inner region near the cylinder but the outer ﬂow requires the
introduction of an Oseen variable and the procedure involves the matching of
the inner and outer expansions. This matching process leads to the obvious
linkage between the coeﬃcients of the terms in Oseen’s expansion in the outer
region, closely related to Filon’s expansion, with those from the in the inner
region. Hence, the appropriate value of A can be obtained, as already indicated
from the solution in the outer region. Any similar term in a Stokes expansion,
such as a Brln(r) cos(ϑ) term in the stream function expansion, has its coeﬃcient
similarly related to the lift. Solutions of the Stokes equation represented by the
form f (r) sin(ϑ) or g(r) sin(ϑ) fail to produce any moment contribution, but it
can easily be seen that the solution of ∇4 Ψ = 0, which has a non-zero moment
arises from the ln(r/a) term. Using these results, it is possible from the Stokes
expansion far from the cylinder to establish both the force and the moment on
the cylinder. The Stokes solution produced by Dorrepaal, O, Neill and Ranger
(1984) is able to immediately produce the drag, lift and moment on the circular
cylinder from its expansion at large distances from the cylinder; although the
contribution from the singularity at the rotlet must ﬁrst be removed from the
coeﬃcient of the ln(r/a) term before it represents the moment on the cylinder.
Since the stream function and vorticity equations are both elliptical in nature
we should supply one condition for each of the variables rather than use directly
conditions (2.2.16), (2.2.17) and (2.2.18). It has been reported by Fornberg
(1980,1985)and Tang (1990) that the choice of the boundary condition for the
vorticity, ω, is not as sensitive as that for the stream function, ψ, and many
authors have paid particular attention to the boundary condition for ψ at large
distances from the cylinder.
In this work we use the technique described by Tang (1990) in order to avoid
having to enforce the boundary condition (2.2.19) at large distances from the
cylinder. We therefore introduce the transformation
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ξ=

1
2ϑ
,η =
r
π
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(2.2.23)

and

f (r, ϑ) = ψ(r, ϑ)/r,

(2.2.24)

f (ξ, η) = ξψ(ξ, η)

(2.2.25)

namely

Thus, we have f = 0 on ξ = 0(i.e. at r = ∞) and this requires no approximation
to be made for ψ at large distances from the cylinder.
With the transformation (2.2.23) then the solution domain (1 ≤ r < ∞, 0 ≤
ϑ < 2π) is transformed into a ﬁnite rectangular region in the (ξ, η) plane (0 ≤
ξ < 1, 0 ≤ η < 4), see ﬁgure (2.2.1). Substituting expressions (2.2.23) and
(2.2.24) into the governing equations (2.2.14) and (2.2.15) one obtains

(2.2.26)
ξ3

4ξ ∂ 2 f
∂2f
∂f
+ 2 2 + ξf = −ω
− ξ2
2
∂ξ
∂ξ
π ∂η

(2.2.27)

and the boundary conditions (2.2.10) and (2.2.11) now become
f = − sin(πη/2) − β ln(1 + c2 +1/2 2csin(πη/2))
= fB onr = 1, 0 ≤ η < 4,
1 + csin(πη/2)
∂f
= α + sin(πη/2) + β(
)
∂ξ
1 + c2 + 2csin(πη/2)

(2.2.28)

(2.2.29)

= fB on r = 1, 0 ≤ η < 4,
f = 0, ω = 0, on ξ = 0, 0 ≤ η < 4.

(2.2.30)

Further, since the solution is periodic in η we also require that

f (ξ, 4) = f (ξ, 0), ω(ξ, 4) = ω(ξ, 0), f or 0 ≤ ξ ≤ 1,

(2.2.31)

which along with all the other boundary conditions are indicated in ﬁgure 2.2.1.

26

CHAPTER 2. ROTATING CIRCULAR CYLINDER AND A ROTLET

Figure 2.2.1: The geometry of the solution domain.

2.3

The Solution Technique

In order to obtain numerical solutions of the equations (2.2.26) and (2.2.27)
subject to the boundary conditions (2.2.28), (2.2.29), (2.2.30) and (2.2.31) the
region of integration 0 ≤ ξ ≤ 1, 0 ≤ η < 4 is covered by a rectangular mesh
system of size h and k in the η and ξ directions, respectively, and a modiﬁed
ﬁnite-diﬀerence approximation to the diﬀerential equations (2.2.26) and (2.2.27)
is employed. If the standard central-diﬀerence approximation is employed, then
it is not always possible to obtain a convergent solution especially at moderate
and large values of the Reynolds number. A number of schemes have been
introduced with the object of improving the eﬃciency of the convergence of
such schemes, e.g. upwind and downwind diﬀerencing as discussed by Greenspan
(1968), Gosman et al. (1969), Runchal, Spalding and Wolfshtein (1969), etc..
These improved eﬃciencies arise from the fact that the diﬀerence equations are
associated with matrices, which are diagonally dominant and thus amenable to
iterative methods of solution. However, these schemes suﬀer from a deﬁciency in
that they are only of ﬁrst-order accurate since forward or backward diﬀerences
are employed to approximate ﬁrst derivatives rather than the more accurate
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second-order central-diﬀerence formula. The formulation in which all derivatives
are approximated by central diﬀerences is of second-order accuracy but the
matrix associated with the diﬀerence equations may not be diagonally dominant.
The iterative procedures may be slowly convergent or even divergent when this
method is applied .
There are also ﬁnite-diﬀerence schemes, which are of second-order accuracy
and for which the associated matrices are always diagonally dominant. These
methods rely upon rather specialized forms of local approximations and yield
diﬀerence equations, which involve the exponential function. These schemes
were ﬁrst introduced by Allen and Southwell (1955) in approximating the equation governing the vorticity during the course of ﬁnding numerical solutions for
the steady two-dimensional ﬂow past a circular cylinder. Dennis and Hudson
(1978) showed that by a suitable adaptation of an alternative to the Allen and
Southwell method suggested by Dennis (1960), an approximation of secondorder accuracy, yielding diﬀerence equations with an associated matrix, which
is diagonally dominant, can be obtained. These diﬀerence equations do not
involve the exponential function and can be looked upon as a rather more complicated version of the central-diﬀerence formulation. The Dennis and Hudson
method contains more terms in the ﬁnite-diﬀerence equations than the usual
central-diﬀerence approximation but the presence of these extra terms is very
important for the associated matrix to be diagonally dominant. Numerous authors have performed several numerical experiments, which conﬁrm that the
method by Dennis and Hudson succeeds where the standard central-diﬀerence
formulation fails, see Dennis (1960), Price, Varga and Warren, Nallasamy and
Krishna Prasad (1977) and Dennis and Hudson (1978). Thus, in this book a
modiﬁed version of the ﬁnite-diﬀerence approximation as described by Hudson
and Dennis, has been used.
It is found most convenient to set up a mesh system such that the mesh size in
both the ξ and η directions are k = h = 1/N , where N is a preassigned positive
integer. In view of the periodic conditions (2.2.31), an extra line of computation
η = 4 + h for 0 ≤ ξ ≤ 1 is introduced. Then we have (N + 1)x(M + 1) mesh
points, where M = 4N + 1, the mesh points (ξi , ηi )(0 ≤ i ≤ N, 0 ≤ j ≤ M )
are (ih, jh). If subscripts 0,1,2,3 and 4 denote quantities at the grid points
(ξ0 , η0 ), (ξ0 , η0 − h), (ξ0 + h, η0 ), (ξ0 , η0 + h) and (ξ0 − h, η0 ), respectively, then
on using the Dennis and Hudson scheme, equations (2.2.26) and (2.2.27) may
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be written in the form
2

(

2
β∗h
h2
1
β∗2
1
β∗
+
−
−
)f
=
(
)f
+
(
)f2 + (
)f3
0
1
2
2
2
2
2
2
2
4
8ξ0
π ξ0
4ξ0
π ξ0
π ξ0 2
β∗h
β∗
h2
+
+(
)f4 + (
)ω0
4
8ξ0
4ξ0 3

(2.3.1)

2

β∗
2
1
(
+ 2 2 )ω0 = ( 2 − a(ξ0 , η0 ) − D(ξ0 , η0 ))ω1
2
π ξ0
π ξ0
β∗2
1
+ b(ξ0 , η0 ) + E(ξ0 , η0 ))ω2 + ( 2 + a(ξ0 , η0 ) + D(ξ0 , η0 ))ω3 (2.3.2)
+(
4
π ξ0
β∗
− b(ξ0 , η0 ) − E(ξ0 , η0 ))ω4
+(
4
with β ∗ =

h
k

Reh
f0
1
2 (v0 + ξ + ξ sin(ϑ))
8πξ0
0
0

(2.3.3)

b(ξ0 , η0 ) = β(

Reh
h
Reh
u0 +
+
cos(ϑ))
8ξ0
16ξ0
8πξ0 2

(2.3.4)

D(ξ0 , η0 ) = −

βReh
1 + cξ0 sin(ϑ)
(
)
8πξ0 2 1 + c2 ξ0 2 + 2cξ0 sin(ϑ)

(2.3.5)

E(ξ0 , η0 ) = −

c cos(ϑ)
βReh
(
)
2
16 1 + c ξ0 2 + 2cξ0 sin(ϑ)

(2.3.6)

a(ξ0 , η0 ) =

where (u0 , v0 ) are deﬁned as

u0 =

∂f (ξ0 , η0 )
∂f (ξ0 , η0 )
, v0 =
∂η
∂ξ

(2.3.7)

The standard central-diﬀerence approximations may be obtained by setting
the extra terms D(ξ0 , η0 ), E(ξ0 , η0 ) to be zero.
We now brieﬂy outline how the boundary conditions (2.2.28)-(2.2.30) can be
implemented. The boundary condition for the vorticity on ξ = 1 can be found
by using Taylor expansion for f and ω and inserting in equation (2.2.27) to get
second-order accurate ﬁnite diﬀerences.
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boundary conditions for ω :

on ξ = 0, 0 ≤ η < 4 : i = 0, 0 ≤ j < M ; ω0j = 0;
on ξ = 1, 0 ≤ η < 4 : i = N, 0 ≤ j < M ; ω0j = ωnj ;
h3
h2
h2
− )fnj − f(n−1)j − ω(n−1)j
2
6
6
h3 
h2
4h3
3
h2
− )f nj + 2 (g2j − (1 + )g1j )]/( (1 + h))
− h(1 −
2
6
6π
h
3

(2.3.8)

ωnj = [(1 −

(2.3.9)

with

f  nj = α −

gij =

β(1 + csin( π2 ηj ))
β
π
+ ln(1 + c2 + 2csin( ηj ))
1 + c2 + 2csin( π2 ηj )
2
2

(2.3.10)

π
π2
βπ 2 (csin( π2 ηj (1 + c2 ) + 2c2 )
sin( ηj ) −
4
2
4 (1 + c2 + 2csin( π2 ηj ))2

(2.3.11)

βπ 2 c(3c + c3 + (1 + 3c2 )sin( π2 ηj ) − 2c3 cos2 ( π2 ηj ))
2(1 + c2 + 2csin( π2 ηj ))3

(2.3.12)

on η = 4 + h, 0 ≤ ξ ≤ 1 : 0 ≤ i ≤ N, j = M ; ωim = ωi1 ;

(2.3.13)

on η = 0, 0 ≤ ξ ≤ 1 : 0 ≤ i ≤ N, j = 0; ωi0 = ωim−1 ;

(2.3.14)

g2j = −

boundary conditions for f :
on ξ = 0, 0 ≤ η < 4 : 0 ≤ j < M, i = 0; f0j = 0;
on ξ = 1, 0 ≤ η < 4 : 0 ≤ j < M, i = N ;

(2.3.15)

π
β
π
fnj = − sin( ηj ) + ln(1 + c2 + 2csin( ηj ))
2
2
2

(2.3.16)

on η = 4 + h, 0 ≤ ξ ≤ 1 : 0 ≤ i ≤ N, j = M ; fim = fi1 ;

(2.3.17)

on η = 0, 0 ≤ ξ ≤ 1 : 0 ≤ i ≤ N, j = 0; fi0 = fim−1 ;

(2.3.18)

30

CHAPTER 2. ROTATING CIRCULAR CYLINDER AND A ROTLET

The resulting ﬁnite-diﬀerence equations (2.3.1) and (2.3.2), subject to the boundary conditions (2.3.8)-(2.3.18), were solved iteratively in a similar way to that
described by Tang (1990).
¿From equation (2.2.6) the non-dimensional speed of the uniform stream at
large distance from the cylinder is unity, whereas the non-dimensional strength
of the rotlet at the position (c, 3π/2), namely β, is variable. In order to compare
the results with Dorrepaal et al. (1984) the value of c is ﬁxed at the magnitude
used in their calculations, namely c = 3.
Since the force components (drag and lift) and the moment are very sensitive
to the method of solution, particular attention has been given to these quantities.
If Fx and Fy are the dimensional drag and lift on the cylinder, then

Fx =

2π

0


Fy = −

0

(σrr cos(ϑ) − σrϑ sin(ϑ))r=1 rdϑ

(2.3.19)

2π

(σϑr cos(ϑ) + σrr sin(ϑ))r=1 rdϑ

(2.3.20)

Introducing the constitutive relations

σrr = −p + 2μ

σrϑ = σϑr = μ(r

∂Vr
,
∂r

(2.3.21)

1 ∂Vr
∂ Vϑ
( )+
),
∂r r
r ∂ϑ

(2.3.22)

Vr
1 ∂Vϑ
+ ),
r ∂ϑ
r

(2.3.23)

σϑϑ = −p + 2μ(

into expressions (2.3.19) and (2.3.20) results in

Fx =

2π

r[
0


Fy = −

1 ∂ ∂2Ψ
∂p
− 2μ
(
+ Ψ) + μ∇2 Ψ] sin(ϑ)dϑ,
∂ϑ
r ∂r ∂ϑ2

2π

r[
0

1 ∂ ∂2Ψ
∂p
− 2μ
(
+ Ψ) + μ∇2 Ψ] cos(ϑ)dϑ,
∂ϑ
r ∂r ∂ϑ2

Using the ϑ component of the Navier Stokes equations, namely

(2.3.24)

(2.3.25)
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1 ∂p
∂∇2 Ψ
( ) = −μ
r ∂ϑ
∂r
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(2.3.26)

and substituting ∇2 Ψ = −ω, which is equation (2.2.8) but in its dimensional
form, the equations (2.3.24) and (2.3.25) can be written in the form

Fx = μ

2π

r[r
0


Fy = −μ

2 ∂ ∂2Ψ
∂ω
−ω−
(
+ Ψ)] sin(ϑ)dϑ,
∂ϑ
r ∂r ∂ϑ2

2π

r[r
0

2 ∂ ∂2Ψ
∂ω
−ω−
(
+ Ψ)] cos(ϑ)dϑ,
∂ϑ
r ∂r ∂ϑ2

(2.3.27)

(2.3.28)

The above expressions are still dimensional, but deﬁning the
lift and the drag coeﬃcients by

CD = Fx /(ρU 2 a) and CL = Fy /(ρU 2 a)

(2.3.29)

enables CD and CL to be written as
2
CD =
Re

CL = −



2
Re

2π

r[r
0



2 ∂ ∂2Ψ
∂ω
−ω−
(
+ Ψ)] sin(ϑ)dϑ,
∂ϑ
r ∂r ∂ϑ2

(2.3.30)

2 ∂ ∂2Ψ
∂ω
−ω−
(
+ Ψ)] cos(ϑ)dϑ,
∂ϑ
r ∂r ∂ϑ2

(2.3.31)

2π

r[r
0

where r, Ψ and ω are all non-dimensional.
In terms of the independent variables ζ and ϑ, CD and CL become

CD =

2
Re

CL = −

2
Re



2π

[−
0



∂ ∂2Ψ
∂ξ
− ω − 2 ( 2 + Ψ)] sin(ϑ)dϑ,
∂ϑ
∂ξ ∂ϑ

(2.3.32)

∂ ∂2Ψ
∂ω
− ω − 2 ( 2 + Ψ)] cos(ϑ)dϑ,
∂ϑ
∂ξ ∂ϑ

(2.3.33)

2π

[−
0

When the boundary conditions on the cylinder are introduced expressions (2.3.32)
and (2.3.33) reduce to those given by Tang (1990), except for a reversal of the
sign in CL and the omission of a factor 2 in the deﬁnition of both CL and CD .
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The moment on the cylinder


2π

M=

rσrϑ rdϑ

0

(2.3.34)

becomes, in dimensional form, on substituting the appropriate constitutive equation

M = −μ

2π

r2 [

0

1 ∂2Ψ
∂2ψ
1 ∂ψ
− 2
−
] dϑ.
2
∂r
r ∂r
r ∂ϑ2

(2.3.35)

Introducing the moment coeﬃcient deﬁned by

CM = M/(ρU 2 a2 )

(2.3.36)

results in the non dimensional expression

CM =

2
Re



2π

r2 [ω +

0

2 ∂ψ
2 ∂ 2Ψ
] dϑ.
+ 2
r ∂r
r ∂ϑ2

(2.3.37)

In terms of the independent variables ξ and ϑ the moment coeﬃcient becomes

CM

2
=
Re



2π

0

[ω − 2

∂ 2Ψ
∂ψ
+ 2 2 ] dϑ,
∂ξ
∂ϑ

(2.3.38)

and the boundary conditions on the cylinder reduce this expression to

CM =

2
Re


0

2π

[ω − 2ω0 ] dϑ.

(2.3.39)

Formulas (2.3.32), (2.3.33) and (2.3.39) are evaluated using Simpson’s rule. Due
to the need to evaluate the drag, lift and moment when Re = 0 we will work
with the non-dimensional quantities ReCD /2, ReCL /2 and ReCM /2 from now
on, namely Fx /(μU ), Fy /(μU ) and M/(μU a). However, when the Reynolds
number vanishes, that is the independence of the mainstream at inﬁnity from
the strength of the rotlet is no longer valid, then when discussing an iterative
scheme in the following results section it is necessary to redeﬁne the above three
quantities as (Fx a)/(μΓ), (Fy a)/(μΓ) and M/(μΓ).
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Results

Before we undertake a detailed discussion of the results it is important to stress
from Dorrepaal et al. (1984), and from our own investigation, that at Re = 0
it is impossible to obtain a solution for an arbitrary value of the parameter β,
which is contrary to what occurs at non zero Reynolds numbers. In the Re = 0
situation there is only one unique value of β, which will produce the uniform
stream at inﬁnity, and the diﬃculty numerically is to achieve some mechanism,
which will enable the numerical method to converge to this quantity. Since
Stokes ﬂow with a uniform ﬂow at inﬁnity means that the body must be free
of any force one can develop an iterative numerical scheme based upon this
fact to enable the unique value of β and the corresponding ﬂow solution to be
determined. Exactly how this is achieved will be discussed in detail later within
this section. In order to compare the results obtained by the present numerical
method with those obtained previously, the values of the Reynolds number
Re = 5 and Re = 20, together with the absence of any rotlet (β = 0) and
with the rotational parameter α = 0, 0.5, 1 and 2, were initially investigated.
Solutions are obtained for the mesh sizes h = 1/10, 1/15, 1/20 and 1/40. In
Tang (1990), at both the above Reynolds numbers, repeated extrapolation of
results derived from h2 extrapolation of the results from h = 1/10, 1/15, 1/20
and 1/40 produced only a 0.1% change in the coeﬃcients of the lift and the
drag when compared with the values derived directly from using h = 1/40.
As a consequence it is proposed not to implement extrapolation but instead to
utilize a small value of h, namely h = 1/40. Values of Re/2 times the coeﬃcients
of the lift, drag and moment are presented in table (2.4.1). The lift and drag
coeﬃcients are in good agreement with those produced by Tang (1990).
At this stage, having established that the numerical procedure is producing the correct results for Re = 0 and α = 0, then the condition β = 0 is
relaxed. However, since the interest is in whether the problem is well posed as
the Reynolds number tends to zero, it is proposed to set α to be zero in the
remainder of the calculations to be presented in this chapter. Although such a
restriction can easily be removed if required.
It has already been established analytically by Dorrepaal et al. (1984) that
at Re = 0a solution in which there is a uniform stream of unit non-dimensional
strength ﬂowing parallel to the positive y-axis is possible provided that the
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TABLE (2.4.1)
The variation of Re/2 times the coeﬃcients of lift, drag
and moment with α for Re = 5 and 20.
Re = 5

α

Re = 20

ReCL /2 ReCD /2 ReCM /2 ReCL /2 ReCD /2 ReCM /2

0.0

0.000

19.716

0.000

0.000

39.861

0.000

0.5

6.939

19.565

0.616

25.635

39.430

2.354

1.0

14.176

19.226

1.197

52.289

38.465

4.426

2.0

29.122

17.514

2.246

114.275

32.515

7.026

rotlet is placed at the non-dimensional position (c, 0), where the non-dimensional
strength of the rotlet is β =c. In the present situation the stream is ﬂowing
parallel to the positive x-axis and therefore the position of the rotlet has to be
(c, 3π/2) in order to produce a solution. The question is whether the solutions at
Re = 0 for a range of values of β, namely varying non-dimensional strengths of
the rotlet, can be used to predict the unique analytical value of this parameter,
which produces the solution at Re = 0. The results of the solution by Dorrepaal
et al. (1984) show that there is no force or moment on the cylinder. Hence, in
the numerical solution it is possible that the value of β will tend to its correct
value for Re = 0 if one considers the values of the parameter β at which the
quantities such as the force or moment on the cylinder are zero as the Reynolds
number tends to zero. To investigate this possibility values of ReCD , ReCL and
ReCM are calculated as functions of the parameter β for 0 ≤ β ≤ 3.5 at Re = 5, 3
and 1 with h = 1/10, 1/20 and 1/40.
Figures 2.4.1, 2.4.2 and 2.4.3 show the variation of ReCD , ReCL and ReCM as
a function of the strength of the rotlet, β, for Re = 5, 3 and 1, respectively, when
using mesh sizes 10 × 40, 20 × 80 and 40 × 160. It is observed from ﬁgures 2.4.2
and 2.4.3 that the variations of the lift and moment as a function of β are very
non-linear. However, the drag, see ﬁgure 2.4.1, appears to behave almost linearly
with respect to β, over the range 0 ≤ β ≤ 3.5 for all the values of Re considered.
Further, all the three values of Re considered in this book, predict that zero
drag appears to occur close to the value of β(= c) = 3. It has already been
established by Dorrepaal et al. (1984) that only for a stream whose direction and
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magnitude are related to the position and strength of the rotlet will a solution
be possible when Re = 0. In this case only for the speciﬁc value of β = c will
the problem be well posed and produce a solution for which the values for the
drag, lift and moment on the cylinder are all zero. For all other values of β
one will have the force and moment dependent on this parameter. It has been
shown elsewhere that when Re = 0 non-zero values of the drag and lift implies
that there are terms of the type rln(r) sin(ϑ) and rln(r) cos(ϑ) at large values of
r. Similarly non zero values of the moment requires a ln(r) term. Obviously the
presence of such terms violates the boundary condition that f = 0 as r → ∞,
and it is only when all such terms are absent that one will achieve the required
solution. This is why at Re = 0 it is impossible to obtain a convergent solution
for an arbitrary value of β, unlike the situation at Re = 0.
However, for Re = 0 one can think of the lift, drag and moment as functions
of β and only when these quantities acquire the value of zero will β achieve
its required value, namely β = c, and produce a convergent solution. Hence,
the technique adopted was that of a Newton Raphson iteration on CD (β). The
choice of CD , rather than CL or CM being based upon the linearity of this expression with respect to β, compared with the rather complex behavior of the latter
two quantities when considered as functions of this variable. The governing partial diﬀerential in ﬁnite-diﬀerence form, namely equations (2.3.1) and (2.3.2),
were solved for two values of β, say β1 and β2 , the number of iterations being
terminated after a prescribed number since due to the boundary condition posed
at ξ = 0 convergent solutions are impossible. The resulting two non-zero values
of CD (β1 ) and CD (β2 ) are the values used in the Newton Raphson method in
order to establish a new value of β, say β3 , at which CD (β3 ) is estimated to be
zero. Resolving for this new value of β, and using CD (β3 ) together with CD (β1 ),
or CD (β2 ), whichever is closest to zero, to produce from the Newton Raphson
solution a new value of β. The whole process is continued until the value of
CD (β3 ) reaches zero to within the required tolerance need to state what this is.
The value of β automatically results in the correct values of CL and CM . The
whole iterative procedure could equally well have been applied to setting either
the values of CL (β) or CM (β) to zero. The resulting value of β achieved by
this process was 3.0004, 3.0005 and 3.0010 for the mesh sizes 40 × 160, 20 × 80
and 10 × 40 respectively, compared with the exact analytical value of 3. The
streamline and vorticity patterns produced from the numerical computation and
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shown in ﬁgures 2.4.4 (a) and 2.4.5 (a) are identical with those obtained from
the analytical solution.
Figure 2.4.4 show the streamline pattern obtain for β = 3 and Re = 0, 1, 3
and 5 for ﬁne mesh size 40 × 160. In this ﬁgure the aﬀect of changing Reynolds
number it appear to be slight, but if we compare this ﬁgure by ﬁgure 2.4.8 the
aﬀect of Reynolds number become more clear. The region include the rotlet
causes the separating streamline to close nearer the body.
Figure 2.4.5 show the vorticity pattern for β = 3 and Re = 0, 1, 3 and 5 for
40 × 160. The aﬀect of changing Reynolds number not clear, since Reynolds
number is very small and the strength of the rotlet is very strong.
Figure 2.4.6 show the streamline pattern for β = 1.5 and Re = 1, 3 and 5.
The region include the rotlet becomes shorter but it appear to be unaﬀected by
the small change in the Reynolds number.
Figure 2.4.7 show the vorticity pattern for β = 1.5 and Re = 1, 3 and 5.
We note a slight movement of the line for equal vorticity. The vorticity in this
outer area is almost constant and the point wise change is much smaller than
the movement would seem to suggest.
Figure 2.4.8 shows the aﬀect of the strength of the rotlet and how the result
it tends to result obtained by Tang (1984). Figure 2.4.8 (f) is identical with the
ﬁgure obtained by Tang (1990).

2.5

Conclusion

Numerical solutions of the full, steady, two-dimensional Navier-Stokes equations
have been obtained for the ﬂuid ﬂow past a circular cylinder for Reynolds numbers Re = 1, 3, 5 and 20 and rotational parameter 0 ≤ α ≤ 2 when a rotlet of
any given strength is placed at various positions outside the cylinder. Although
numerical solutions can be found for any value of the Reynolds number greater
than zero it is well known that when the Reynolds number is zero that a solution
only exists provided there is a relationship between the strength of the rotlet and
its location. Further, when the Reynolds number is zero the analytical solutions
are such that the drag, lift and moment are all identically zero. Therefore in
this chapter we have concentrated on obtaining numerical results with the drag,
lift and moment zero and developed a technique for extrapolating the results
obtained at small values of the Reynolds number to predict the solution for zero
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Reynolds number. Using this technique it is found that the numerical results
are in excellent agreement with all the available theoretical results. We conclude
that the technique developed in this chapter may be used with conﬁdence to
predict solutions for ﬂows at zero Reynolds numbers for situations where there
are no analytical solutions.
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Figure 2.4.1: The variation of Re CD as a function of β.
10 × 40,

+ + +20 × 80,

∗∗∗

40 × 160

(a)Re = 5 (b)Re = 3, and (c)Re = 1.
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Figure 2.4.2: The variation of Re CL as a function of β.
10 × 40,

+ + +20 × 80,

∗∗∗

40 × 160

(a)Re = 5 (b)Re = 3, and (c)Re = 1.
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Figure 2.4.3: The variation of Re CM as a function of β.
10 × 40,

+ + +20 × 80,

∗∗∗

40 × 160

(a)Re = 5 (b)Re = 3, and (c)Re = 1.
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Figure 2.4.4: The numerically obtained streamlines, Ψ, for β = 3 with a mesh
size 40 × 160. The streamlines labeled 1, 2 and 3 correspond to Ψ = −1, 0 and
0.7, respectively.
(a)Re = 0,

(b)Re = 1,

(c)Re = 3,

and

(d)Re = 5.
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Figure 2.4.5: The numerically obtained vorticity , ω, for β = 3 with a mesh
size 40 × 160. The vorticity lines labeled 1, 2 and 3 correspond to ω = −0.4, 0
and 0.4, respectively. labeled 1, 2 and 3 correspond to ω = −0.4, 0 and 0.4,
respectively.
(a)Re = 0,

(b)Re = 1,

(c)Re = 3,

and

(d)Re = 5.
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Figure 2.4.6: The numerically obtained streamlines, Ψ, for β = 1.5 with a mesh
size 40 × 160. The streamlines labeled 1, 2 and 3 correspond to Ψ = −1, 0 and
0.7, respectively.
(a)Re = 1,

(b)Re = 3,

and

(c)Re = 5.
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Figure 2.4.7: The numerically obtained vorticity, ω, for β = 1.5 with a mesh
size 40 × 160. The vorticity lines labeled 1, 2 and 3 correspond to ω = −0.4, 0
and 0.4, respectively.
(a)Re = 1,

(b)Re = 3,

and

(c)Re = 5.
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Figure 2.4.8: The numerically obtained streamlines, Ψ, for Re = 20 with a mesh
size 40 × 160. The streamlines labeled 1, 2 and 3 correspond to Ψ = −1, 0 and
0.7, respectively.
(a)β = 3, (b)β = 1.5, (c)β = 1, (d)β = 0.5, (e)β = 0.1,

and

(f )β = 0.

Chapter 3

ANALYTICAL SOLUTION
3.1

Solution Using Fourier Series

In this section the problem originally discussed by Dorrepaal, O’Neill and Ranger
(1984), namely that of a rotlet of non dimensional unit strength placed at a non
dimensional distance c, where c > 1, from a cylinder whose radius a has been
used as the non-dimensional length scale is investigated by an alternative approach. With the origin of the coordinates coinciding with the center of the
cylinder, then the non-dimensional polar coordinate system (r, ϑ), where

x = r cos ϑ and y = r sin ϑ,

(3.1.1)

has the boundary of the cylinder at r = 1 and the position of the rotlet at (c, 0),
as shown in Figure 3.1.1. Since the equations to be considered are those arising
for two dimensional Stokes ﬂow, then the elimination of the pressure terms from
these equations, together with the introduction of a non dimensional stream
function ψ, results in the biharmonic equation being the governing equation.
In the present approach it is required to solve the biharmonic equation

∇4 ψ = 0

(3.1.2)

for the stream function ψ(r, ϑ), where r ≥ 1 and ∇2 is the standard Laplacian
operator. The no slip and no normal ﬂow boundary conditions imposed by the
circular cylinder are
47
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Figure 3.1.1: Position of circular cylinder and rotlet.

ψ=

∂ψ
= 0,
∂r

on r = 1.

(3.1.3)

At present there appears no obvious condition to impose at inﬁnity on the
ﬂow developed locally by a rotlet placed outside a cylinder. However, without
any restrictions whatsoever then there are an inﬁnite number of possibilities. As
such if one is to allow for the locally generated ﬂows at inﬁnity to be present,
then it appears realistic to assume that the ﬂow which is established there is
that with the slowest possible growth rate. This would seem plausible due to
such a solution requiring the least amount of energy.
Before embarking on the present approach a few words relating to the solution by Dorrepaal, O’Niell and Ranger (1984) ought to be included due to its
relatively clever and simplistic nature. The knowledge that the solution of the
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biharmonic equation can be expressed as the sum of two solutions of Laplace’s
equation, namely

ψ = φ1 + (r2 − 1)φ2 ,

(3.1.4)

where φ1 and φ2 are harmonic functions, enabled the function φ1 to be taken as
the potential solution for the ﬂow due to a rotlet or stokelet outside a circular
cylinder. This means that the function φ1 satisﬁes the constant stream function
condition on the boundary due to being formed from the singularity itself and
the two images inside the cylinder at the image point and the origin. The choice
of (r2 − 1) multiplying the harmonic function φ2 results in the stream function
maintaining its constant value on the boundary of the cylinder. Hence, the
only requirement still outstanding in order to determine the complete solution
is that on the boundary of the cylinder the normal derivative of (r2 − 1)φ2 is
the negative of the normal derivative of φ1 . This usage of (r2 − 1), instead of
the usual r2 , results in the above reducing to the necessity of ﬁnd an harmonic
function φ2 whose value on r = 1 is half the known normal derivative of φ1 there.
It is this neat argument that enables the construction of the solution

ψ = ln(R1 ) − ln(R2 c) + ln(r) +

(r2 − 1)(rc cos ϑ − 1)
,
R22 c2

(3.1.5)

from what appears at ﬁrst glance to be void of any analysis, where R1 and R2
are the distances from the rotlet and the image rotlet in the cylinder, and are
given by

R1 = (r2 + c2 − 2rccosϑ)1/2

(3.1.6)

1
r
− 2 cos ϑ)1/2
c2
c

(3.1.7)

and
R2 = (r2 +

respectively. The present method is a more routine and less sophisticated approach than that mentioned above, however it follows a similar method but
without the clever insight. Initially the value of ψ is expressed as

ψ = ψ1 + ψ2 ,

(3.1.8)
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where ψ1 is the stream function corresponding to a single rotlet at (c, 0) and
ψ2 is the change caused to this ﬂow due to the presence of the cylinder and is
free of any singularities in the region r > 1. The expression for ψ1

ψ1 =

1
ln(r2 + c2 − 2rccosϑ)
2

(3.1.9)

is obviously an even function in ϑ and following Oberhettinger (1973) can be
expressed as a Fourier Series representation, namely
∞

rn
ln(c) −
cos(nϑ)
ncn
n=1

1 ≤ r ≤ c.

(3.1.10)

The restriction on the domain of r is due to the series being convergent only for
r ≤ c. Using the result that the general solution of

∇4 ψ2 = 0,

(3.1.11)

can be written as ψ2 = φ1 + r2 φ2 , where φ1 and φ2 are harmonic functions,
enables ψ2 to be expressed as
ψ2 = c0 +
2

∞


(bn sin(nϑ) + cn cos(nϑ))/rn

n=1
∞


+ r d0 +

(3.1.12)
(an sin(nϑ) + dn cos(nϑ))/r

(n−2)

.

n=1

Obviously, the lowest positive power of r in the choice of φ1 and φ2 is taken
subject to being able to ﬁnd a ψ which satisﬁes the boundary conditions on
r = 1, and hence produces the solution with the slowest possible growth as
r → ∞ . Applying the boundary conditions given by expressions (3.1.3) results
in
c0 = − ln c,

d0 = 0

a1 = b1 = c1 = 0,
an = bn = 0,

1
2
1 1
cn = n ( − 1),
c n
d1 =

dn =

1
,
cn

(3.1.13)
n ≥ 1.
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The series in expression (3.1.12) can now be summed to produce the result
obtained by Dorrepaal, O’Neill and Ranger (1984), namely expression (3.1.5).
Using the relationship between the vorticity ω and the stream function ψ,

ω = ∇2 ψ

(3.1.14)

establishes the vorticity as

ω=

4 r cos ϑ 2r(rc cos ϑ − 1)(rc − cos ϑ) (rc cos ϑ − 1)
[
−
+
].
c R22
R24 c2
cR22

(3.1.15)

As the biharmonic equation and the boundary conditions are linear then the
modiﬁcation of the problem to accommodate the circular cylinder rotating with
a non-dimensional clockwise angular velocity α, instead of being at rest, can
easily be achieved by the addition of the term α ln(r) to expression (3.1.5).
This is possible since ln(r) is a solution of the biharmonic equation and satisﬁes
the boundary conditions

vr = −

1 ∂ψ
∂ψ
= 0 and vϑ =
= α on r = 1.
r ∂ϑ
∂r

(3.1.16)

Hence, the stream function becomes

ψ = ln(R1 ) − ln(R2 c) + ln(r) +

(r2 − 1)(rc cos ϑ − 1)
+ α ln(r),
R22 c2

(3.1.17)

whilst the vorticity remains unchanged.

3.2

Forces and Moment on the Cylinder

The components of force (Fx , Fy ) and the moment M acting on a volume of
ﬂuid V surrounded by the surface S can be expressed as

Fx =

S

(σxx nx + σxy ny )dS,

(3.2.1)

(σyx nx + σyy ny )dS,

(3.2.2)


Fy =

S
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M=
S

x(σyx nx + σyy ny ) − y(σxx nx + σxy ny )dS,

(3.2.3)

respectively, where = (nx , ny ) is the normal vector on the surface

Figure 3.2.1: Concentric surfaces with center O. CSC and CSCR represent concentric surfaces enclosing the circular cylinder and both the circular cylinder
and the rotlet respectively.
S. The quantity σij denotes the stress acting in the direction on a surface
element whose normal is in the direction. The reason for initially using the
cartesian stress tensor rather than the cylindrical polar form will become clear
in the the next section. In the special case when the surface is a cylinder with
radius r, r ≥ 1, and is represented in Figure 3.2.1 either by CSC or by CSCR ,
whose centers coincide with that of the ﬁxed cylinder of radius unity, the above
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expressions can be written as

Fx =

S

(σrr cos ϑ − σrϑ sin ϑ)rdϑ,

(3.2.4)

(σϑr cos ϑ + σrr sin ϑ)rdϑ,

(3.2.5)


Fy =

S


M=
S

rσrϑ rdϑ.

(3.2.6)

Introducing the constitutive relations

σrr = −p + 2μ

σrϑ = σϑr = μ{r

∂Vr
,
∂r

(3.2.7)

1 ∂Vr
∂ Vϑ
( )+
},
∂r r
r ∂ϑ

(3.2.8)

Vr
1 ∂Vϑ
+ },
r ∂ϑ
r

(3.2.9)

σϑϑ = −p + 2μ{

into expressions (3.2.4), (3.2.5) and (3.2.6) results in

Fx =

2π

r[
0


Fy = −

1 ∂ ∂2ψ
∂p
+ 2μ
{
+ ψ} − μ∇2 ψ] sin ϑdϑ,
∂ϑ
r ∂r ∂ϑ2

2π

r[
0

1 ∂ ∂ 2ψ
∂p
+ 2μ
{
+ ψ} − μ∇2 ψ] cos ϑdϑ,
∂ϑ
r ∂r ∂ϑ2


M =μ
0

2π

r2 [

1 ∂2ψ
∂2ψ
1 ∂ψ
− 2
−
]dϑ.
2
∂r
r ∂r
r ∂ϑ2

(3.2.10)

(3.2.11)

(3.2.12)

On using the equations of motion, namely Stokes Equation, and the vorticity,
the equations (3.2.10) − (3.2.12 can be written in the form

Fx = μ

2π

r[r
0

2 ∂ ∂2ψ
∂ω
−ω+
(
+ ψ)] sin(ϑ)dϑ,
∂r
r ∂r ∂ϑ2

(3.2.13)
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Fy = −μ

2π

r[r
0

2 ∂ ∂2ψ
∂ω
−ω+
(
+ ψ)] cos(ϑ)dϑ,
∂r
r ∂r ∂ϑ2


2π

M =μ
0

r2 [ω −

2 ∂2ψ
2 ∂ψ
− 2
] dϑ.
r ∂r
r ∂ϑ2

(3.2.14)

(3.2.15)

The above expressions are still dimensional, so expressions (3.1.5) and (3.1.15)
need to be modiﬁed accordingly before they are substituted. So, if one has
commenced with a rotlet of strength Γ at (c, 0), which means that the circulation
around the rotlet is 2πΓ, then the coeﬃcient values would have to be multiplied
by Γ. Unfortunately, the resulting integrals are such that they need to be
calculated numerically. Using Simpson’s rule to undertake this evaluation results
in

3.3

Fx = Fy = 0 and M = 0, for 1 ≤ r < c;

(3.2.16)

and Fx = Fy = 0 and M = −4πμΓ, for r > c.

(3.2.17)

Method of Obtaining the Forces

Instead of using the expressions for ψ and ω from equations (3.1.5) and (3.1.15)
respectively, one can view the solution of the biharmonic equation by separation
of variables as

ψ = F0 (r) +

∞


{Fn (r) sin(nϑ) + Gn (r) cos(nϑ)},

(3.3.1)

n=1

since periodicity in ϑ is required. Due to the linearity of the terms in the
integrands of equations (3.2.13) − (3.2.15) it is relatively straightforward to see
that contributions to the force must arise from the F1 (r) sin ϑ and G1 (r) cos ϑ,
whereas any contribution to the moment is solely due to the F0 (r) term. On
substituting expression (3.3.1) into equation (3.1.2) one obtains

F0 (r) = A0 (r2 ln(r) − r2 ) + B0 r2 + C0 ln(r) + D0 ,

(3.3.2)

F1 (r) = F A1 r3 + F B1 rln(r) + F C1 r + F D1 r−1 ,

(3.3.3)
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where A0 , B0 , C0 , Do, F A1 , F B1 , F C1 , F D1, GA1 , GB1 , GC1 and GD1 are constants.
The forms of Fn (r) and Gn (r) can be derived if required as

Fn (r) = F An rn+2 + F Bn rn + F Cn r−n+2 + F Dn r−n ,

(3.3.5)

Gn (r) = GAn rn+2 + GBn rn + GCn r−n+2 + GDn r−n .

(3.3.6)

At this stage a further digression from the original problem is undertaken. Since
the usual Stokes problem is likely to involve either (i)a uniform stream at inﬁnity, so requiring the stream function to behave like rcosϑ or rsinϑ at large
values of r, or (ii)a rotational ﬂow, so needing the stream function to behave as
r2 at large values of r, it seems appropriate to set A0 , F A1 , F B1 , GA1 and GB1 all
to be zero. However, whether this restriction should be applied to F B1 and to
GB1 is debatable since if one considers the classical problem of uniform ﬂow past
a circular cylinder such terms are present in the solution. Although it should be
stressed that this solution only satisﬁes the biharmonic equation and the boundary conditions on the cylinder. The failure of the solution at inﬁnity is due to
the presence of the rln(r) sin ϑ term which must be maintained in order for both
the velocity components to vanish on the cylinder. The solution that tends to
inﬁnity most slowly as r → ∞ is obtained by discarding only the F A1 r3 sin ϑ
and GA1 r3 cos ϑ terms. The resulting solution is valid at points not too far
from the cylinder but deteriorates as one moves further away. It also fails to
determine the value of the constant F B1 . It should be noted that no value of
GB1 is required due to the stream function being anti-symmetric and thus one
requires only terms in sin ϑ. However, the above unknown constant F B1 can
be found by treating the solution found so far as the ﬁrst approximation to
the inner ﬂow past the circular cylinder as the Reynolds number tends to zero,
and matching with the solution from the outer region derived from the Oseen
equations. Full details regarding these expansions and matching procedure can
be found in Proudman and Pearson (1957).
Returning now to the expressions (3.2.13), (3.2.14) and (3.2.15), when the
F1 (r) sin ϑ, G1 (r) cos ϑ and F0 (r) are substituted respectively into the integrands
in these expressions, the following values are produced
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[r

2 ∂ ∂ 2ψ
4F B1
∂ω
−ω+
{
sin ϑ,
+ ψ}] = −
∂r
r ∂r ∂ϑ2
r

(3.3.7)

[r

∂ω
2 ∂ ∂2ψ
4F B1
−ω+
{
cos ϑ,
+ ψ}] = −
∂r
r ∂r ∂ϑ2
r

(3.3.8)

[ω −

2 ∂2ψ
2 ∂ψ
2C0
− 2
]=− 2
r ∂r
r ∂ϑ2
r

(3.3.9)

The evaluation of the resulting integrals result in

Fx = −4πμΓF B1 a−1 , Fy = 4πμΓGB1 a−1 ,

(3.3.10)

M = −4πμΓC0 .

(3.3.11)

As all these quantities are independent of the radius of the surface on which the
evaluation of the integrals has been undertaken, it would appear that the force
components and the moment will be the same on the cylindrical body as what
they are on any concentric circular region of ﬂuid enclosing that body. This
phenomenon will be discussed in greater detail in the next section where it will
be generalized.
It should, however, be mentioned that for the force components and moment
to remain unchanged as the radius of the cylindrical surface CSC increases there
must be no additional singularities of the ﬂow included in the increased volume
of ﬂuid. In addition if the terms A0 (r2 ln(r) − r2 ), F A1 r3 and GA1 r3 had been
retained in the expansions of F0 (r), F1 (r) and G1 (r), so allowing solutions which
grow much more rapidly as r → ∞, then whilst Fx and Fy would have remained
unchanged the value of the moment M would have been modiﬁed to included a
contribution from A0 , so

M = −4πμΓ(C0 − r2 A0 ).

(3.3.12)

Initially this may appear to be a contradiction of a result to be established
later, namely that the moment on a surface CSC is independent of the radius,
however it can be seen that the inclusion in the stream function of the term
A0 (r2 ln(r) − r2 ) results in
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ω = ∇2 ψ = 4A0 (ln(r) + 1),

(3.3.13)

which in turn produces a pressure distribution

p = 4A0 ϑ

(3.3.14)

to within an arbitrary constant. The multivaluedness of the pressure must
obviously be avoided in the present problem and hence the requirement that

A0 = 0

(3.3.15)

has to be imposed. This produces the invariance of the moment on any surface
CSC , provided that 1 ≤ r < c.
If one now refers back to

ψ = ψ1 + ψ2 ,

(3.3.16)

where ψ1 and ψ2 are given by expressions (3.1.10) and (3.1.12), respectively,
provided that 1 ≤ r < c, then the absence of any of the terms rln(r) sin ϑ,
rln(r) cos ϑ and ln(r) conﬁrms the earlier result given by expression (3.2.16)
that in the problem of ﬂow caused by a rotlet outside a circular cylinder both
the components of the force and the moment acting on the cylinder are zero.
However, the expansion in expression (3.1.10) is valid only for 1 ≤ r < c,
whilst the expansion in (3.1.12) is valid for r ≥ 1. This means that to continue the solution analytically into r > c one must replace expression (3.1.10)
by expression (3.1.9), but expression (3.1.12) is perfectly acceptable as the contribution for ψ2 . In the region r > c expression (3.1.9) can be written as

Ψ1 = ln(r) +

c2
1
c
ln(1 + 2 − 2 cos ϑ),
2
r
r

(3.3.17)

which in turn can be expanded as

ψ1 = ln(r) −

∞

cn
cos(nϑ)
nrn
n=1

r > c.

(3.3.18)
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If in the region r > c one takes the stream function to consist of the sum
of expressions (3.1.12) and (3.3.17), then one can see that C0 will no longer be
zero. Hence, although the components of force acting on a concentric cylindrical
surface CSCR of ﬂuid of radius r > c will be zero, as they were on an identical
shaped surface CSC but with radius r < c, the moment on such surface will now
be −4πμΓC0 , where C0 = 1. This change in the moment value from zero to
−4πμΓ as the radius of the surface increases above c will be discussed in detail
in the next section.

3.4

Relations between the Forces

Returning to the expressions (3.2.1), (3.2.2) and (3.2.3) it is a relatively straightforward matter to show that the force and moment acting on any simply connected volume of ﬂuid V , void of any singularities, are both zero. Since the
surface integrals representing Fx and Fy can both be converted by the divergence
theorem into the following volume integrals

Fx =

[

∂σxy
∂σxx
+
]dV,
∂x
∂y

(3.4.1)

[

∂σyy
∂σyx
+
]dV,
∂x
∂y

(3.4.2)

V


Fy =

V

and the integrands are zero from the Stokes equations, namely

0=

∂σxx
∂σxy
+
,
∂x
∂y

(3.4.3)

0=

∂σyy
∂σyx
+
,
∂x
∂y

(3.4.4)

and hence both components of force Fx and Fy are zero.
The evaluation of M for the same volume of ﬂuid requires the integrand ﬁrst
being manipulated into the form

(xσyx − yσxx )nx + (xσyy − yσxy )ny ,

(3.4.5)
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which can be transformed into a volume integral by the divergence theorem,
resulting in


∂
∂
{xσyx − yσxx } +
{xσyy − yσxy }]dV
∂x
∂y

(3.4.6)

∂σyx
∂σxy
∂σxx
∂σyy
−y
+x
− σxy − y
]dV.
∂x
∂x
∂y
∂y

(3.4.7)

M=

[
V


=
V

[σyx + x

The Stokes equations (3.4.3) and (3.4.4), together with the symmetry of the
stress tensor, σij , produce the moment on the region as zero. The above results
mean that the force and moment on a surface S, which surrounds an object
around which the ﬂuid motion is governed by Stokes equations, are identical
to the force and moment values on any other surface S1 which encloses the
surface S. This can easily be seen by introducing a cut in the region between
S and S1 , so that the volume between the two surfaces can be treated as a
simply connected region. This enables information from the surface at inﬁnity to
predict the values of force and moment on the object. It is this information which
resulted in both the force components and the moment in the earlier section
being unchanged on any concentric cylindrical surface of ﬂuid SCC of radius r,
where 1 < r < c. However, it is possible to see that the same result applies on
all surfaces GSC of ﬂuid, regardless of their shape, which contain within it the
circular cylinder, provided that the surface does not enclose any singularizes.
The same information shows why the force components and the moment on
concentric cylindrical surfaces CSCR that, in addition to the cylinder, contain
the rotlet singularity at (c, 0) and have a radius r, where r > c, possess constant
values. Again the values remain unchanged on any surface GSCR containing
the cylinder and the rotlet regardless of the shape of the surface. The surfaces
GSC and GSCR are shown in Figure 3.4.1.
One can also see why there is a diﬀerence in the value of the moment of
−4πμΓ between surfaces containing the cylinder and those which in addition
contain the rotlet. Yet, there is no diﬀerence in the value of the force components
between surfaces containing the cylinder and those which in addition contain
the rotlet. In the case of the moment on any surface GSCR of ﬂuid containing
both the cylinder and the rotlet this value is equal to the sum of the moment
on any surface CSC of ﬂuid containing only the cylinder plus the contribution
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Figure 3.4.1: Generalized surfaces. GSc and GSCR represent general surfaces
enclosing the circular cylinder and both the circular cylinder and the rotlet
respectively.
from the moment on the rotlet. As the stream function near the rotlet can be
expressed as

ψ ≈ ln(R1 ),

(3.4.8)

which is equivalent to a ln(r) term in F0 (r) in the expansion of the stream
function given by expression (3.3.1), the contribution to the moment from the
rotlet is −4πμΓ. Hence, the zero contribution on the inner surface GSC combined
with that from the rotlet produces the result for the moment established earlier
on the outer surface GSCR . In a similar manner the force components between
the two surfaces can be related. However, the form of the stream function near
the rotlet, given by expression (3.4.8), results in there being no force in either
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direction on the rotlet. This results in the force components on the two surfaces
GSC and GSCR remaining the same. Hence, since they are both zero on the inner
surface, they are both zero on the outer surface. This means that provided one
knows the expansion of the stream function for ﬂow around a body at large
values of r, and the expansion close to any singularity, it is possible using the
coeﬃcients of F B1 and GB1 to determine the components of force acting both
on a surface of ﬂuid containing the object at inﬁnity and on the surface around
the singularity. The diﬀerence in these quantities will produce the force on the
body. In a similar manner the moment on the body can be produced from
the diﬀerence between the moment on the surface of ﬂuid at large values of r
which contains the body and the moment on the singularity. In this case, the
two moments are obtained directly from the values of the coeﬃcients of C0 in
the appropriate regions, and their diﬀerence produces the moment on the body
itself.

3.5

Flows at Inﬁnity

It has been establish earlier how the expansion of the stream function may be
used to predict the force and the moment acting on the circular cylinder. The
reverse situation will now be discussed, that is given a force and a moment acting
on a circular cylinder in the presence of a rotlet, what is the stream function
and how does this behave at large values of r?
In order to have a prescribed force −4πμΓ(A, −B)a−1 , together with a moment −4πμΓC, acting on the circular cylinder it is necessary for the expansion
at large values of r to include the C0 ln(r), F B1 rln(r) sin ϑ and GB1 rln(r) cos ϑ
terms. Obviously as these terms are solutions of the biharmonic equation and
satisfy the boundary condition that the normal velocity on the cylinder is zero,
the linearity of the problem allows them to be combined with the earlier result
given by applying the boundary conditions in expression (3.1.3). All that remains is to combine this result with another solution of the biharmonic equation
which satisﬁes the zero normal boundary condition but has a non zero tangential
velocity. The obvious choice of this additional solution is the uniform stream
potential ﬂow solution past such a circular cylinder in order to balance the
F B1 rln(r) sin ϑ and F B1 rln(r) cos ϑ terms, together with a rigid body rotation
arising from an (r2 − 1) term. The correct combination of the above extra solu-
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tions will produce the required zero tangential velocity boundary condition on
r = 1. Hence, the complete additional solution is
1
1
C0 [ln(r) − (r2 − 1)] + F B1 [rln(r) − (r − r−1 )] sin ϑ
2
2
1
+ GB1 [rln(r) − (r − r−1 )] cos ϑ
2
and in order to produce the prescribed force it will be necessary for

(3.5.1)

F B1 = A, GB1 = B,

(3.5.2)

and C0 = C + 1.

(3.5.3)

The moment on a surface GSCR surrounding the circular cylinder and the rotlet
will have a moment −4πμΓ(C + 1). When the value of the moment on the rotlet
−4πμΓ is subtracted for this value, it will produce the required value of −4πμΓC
on the circular cylinder itself. Hence, the required stream function is
(r2 − 1)(rc cos ϑ − 1)
R22 c2
1
1
+ C[ln(r) − (r2 − 1)] + A[rln(r) − (r − r−1 )] sin ϑ
2
2
1
−1
− B[rln(r) − (r − r )] cos ϑ,
2
together with a vorticity value given by
ψ = ln(R1 ) − ln(R2 c) + ln(r) +

(3.5.4)

4 r cos ϑ 2r(rc cos ϑ − 1)(rc − cos ϑ) (rc cos ϑ − 1)
[
−
+
]
c R22
c2 R24
cR22
(3.5.5)
2(A sin ϑ − B cos ϑ)
.
− 2C +
r
The expression (3.5.4), with A = B = 0, corresponds to the result obtained
ω=

by Avudainayagam and Jothiram (1987) for eccentric rotational ﬂow around a
circular cylinder in the presence of a rotlet singularity. The form of the above
stream function at large values of r will be
1
1
ψ ≈ − Cr2 + Arln(r) sin ϑ − Brln(r) cos ϑ − Arsinϑ
2
2
1 2
+ ( − B)rcosϑ + (C + 1) ln(r).
2 c

(3.5.6)
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In the special situation when there is no force or moment on the circular cylinder
then

A=B=C =0

(3.5.7)

and at large values of r the above form of the stream function reduces to

ψ≈

1
1
rcosϑ + ln(r) + 2 cos(2ϑ) − ln(c) + O(r−1 ).
c
c

(3.5.8)

In fact the O(r−1 ) term is ( c13 cos(3ϑ)). If ln(R1 ) is retained in the expansion (3.5.8) rather than ln(r) then the O(r−1 ) term is ( c13 cos(3ϑ)+ ccos(ϑ)).

Physically expression (3.5.8) represents at large distances from the cylinder,
a uniform stream of non-dimensional magnitude

1
c

ﬂowing towards the origin

from the direction of the negative y axis, together with the eﬀects of a rotlet of
non-dimensional strength unity at the origin. Hence, one has the situation ﬁrst
established by Dorrepaal, O’Neill and Ranger (1984), namely, that provided a
rotlet is added at the correct position to the problem of a uniform ﬂow past a
circular cylinder, its strength dependent on its distance from the origin and the
magnitude of the uniform stream, then what originally is an ill posed Stokes
problem becomes well posed. If ” * ” is used to denote dimensional quantities,
then expression (3.5.8) for the dimensional stream function becomes

ψ ∗ ≈ Γ[

1 ∗
a2
∗
∗
∗−1
r
cos
ϑ
+
ln(r
/a)
+
),
2 cos(2ϑ) − ln(c /a) + O(r
∗
∗
c
c

(3.5.9)

where c = c∗ /a, so the dimensional position of the rotlet is (c∗ , 0). The substitution of expressions (3.5.4) and (3.5.5) into expressions (3.2.13), (3.2.14) and
(3.2.15), together with the evaluations of the resulting integrals using Simpson’s
rule, conﬁrmed the values of A, B and C used to produce the analytical results.
It possible should show the force components and moments arising by Simpsons
rule corresponding to some values of A, B and C for which forces and moments
are known.
Numerical values of the integrals in expressions (3.2.13), (3.2.14) and (3.2.15)
were evaluated by Simpson’s rule for the non-dimensional stream function and
vorticity given by expressions (3.1.5) and (3.1.15) respectively. The procedure
was repeated with the non-dimensional steam function and vorticity represented
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by expressions (3.1.17) and (3.1.15) respectively, with the value of α equal to
1 and then 2. In each situation the contours along which the integrations were
undertaken where circles, with radii of 1, 2, 4, and 5, concentric with the circular
cylinder. The ﬁrst two contours enclose only the cylinder, whereas the last two
enclose both the cylinder and the rotlet. Due to the diﬀerent contours over
which the integrations were performed, diﬀerent step lengths were required in
order to acquire four decimal place accuracy. However, a step length of h = 1/40
proved suﬃcient to achieve this requirement on all the contours. Details of the
values of Fx , Fy and M on the various contours are shown in Table 3.5.1.
TABLE (3.5.1)
The values of Fx , Fy and M on concentric circles around the circular cylinder.

Radius of concentric circle

α Fx /(μΓa−1 ) Fy /(μΓa−1 )

M/(μΓ)

1

0

0.0000

0.0000

0.0000

2

0

0.0000

0.0000

0.0035

4

0

0.0000

0.0000

−12.5635

5

0

0.0000

0.0000

−12.5643

1

1

0.0000

0.0000

−12.5664

2

1

0.0000

0.0000

−12.5628

4

1

0.0000

0.0000

−25.1299

5

1

0.0000

0.0000

−25.1306

1

2

0.0000

0.0000

−25.1327

2

2

0.0000

0.0000

−25.1292

4

2

0.0000

0.0000

−37.6962

5

2

0.0000

0.0000

−37.6970

These results are as expected. Since in the case of the force components Fx
and Fy are both zero due to the absence of any rln(r)sinϑ and rln(r)cosϑ terms
from the non-dimensional stream function expression (3.1.5) and (3.1.17). The
M should undertake the value −4πμΓ(α + 1) on contours whose radius exceeds
the value C, that is includes the rotlet as well as the circular cylinder. Whereas,
on contours which exclude the rotlet the value should be −4πμΓα, due to the
need to exclude the contribution to the moment from the rotlet. In addition,
when the non-dimensional angular velocity of the cylinder is α, the analytical
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form of the non-dimensional stream function results in the asymptotic expansion
at large values of r containing an (α + 1)ln(r) term. The above numerical values
conﬁrm the theoretical result that the moment on the circular cylinder is −4πμΓ
times the coeﬃcient of the ln(r) term in the asymptotic expansion, provided any
contributions from singularities are excluded.

3.6

Conclusions

The Fourier Series Method has been used successfully to obtain an analytical
solution for the solution of the biharmonic equation outside a circular cylinder
with a rotelt placed in the solution domain.

Chapter 4

FLOW GENERATED BY
A ROTLET
4.1

Introduction

Before embarking on the numerical scheme which has been adopted to solve the
most general situation, namely when both the force and the moment on the
circular cylinder are non zero, a brief discussion of an alternate approach used
for the solution of the problem in the absence of any force or moment on the
circular cylinder, as yet unpublished, will be given. Hence, for the present, the
discussion relates to the well posed Stokes problem of a uniform stream ﬂowing
past a circular cylinder in the presence of a rotlet, but in the absence of any
force or moment on the cylinder. By outlining the reason for the failure of this
numerical approach to accommodate the situation when the force and moment
on the cylinder are non zero leads one to understand why the later particular
numerical method has been chosen.
This alternative approach follows directly the technique presented by Tang
(1990) for the problem of uniform ﬂow past a rotating circular cylinder at low
Reynolds number. In their paper the stream function was expressed as that
due to a uniform stream plus a perturbation aﬀect which arises solely from the
presence of the rotating cylinder. It was assumed that this removal from the
stream function of the contribution due to the uniform stream would result in
the stream function perturbation being O(r) at large values of r. Expressing
67
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the perturbation stream function as some function of r and ϑ, namely f (r, ϑ),
multiplied by r, meant that f (r, ϑ) tended to zero as r → ∞. Inversion of
the radial coordinate resulted in the conditions at inﬁnity being mapped to the
origin. Hence, the solution domain became 0 ≤ ϑ ≤ 2π and 0 ≤ ξ ≤ 1, where
ξ = r−1 . In addition, the ϑ coordinate was scaled by deﬁning η = (2ϑ)/π,
resulting in the ﬁnal solution domain being 0 ≤ ξ ≤ 1 and 0 ≤ η ≤ 4. Although
this extra scaling was mainly for convenience and not a necessary part of the
method. Hence, the resulting governing partial diﬀerential equations for the
function f (ξ, η) and the vorticity ω had to be solved subject to both these
quantities being (i) zero on ξ = 0, (ii) taking the same values on η = 0 and
η = 4 in order to produce single value expressions, and (iii) on ξ = 1 that in the
original coordinates and variables corresponded to the no slip and zero normal
velocity conditions on the surface of the circular cylinder.
In applying this technique to the problem of uniform ﬂow past a circular
cylinder in the presence of a rotlet the only modiﬁcation required is the removal
of the singularity due to the rotlet, as well as the uniform stream, from the
expression for the stream function expression. Hence, in this situation the perturbation solution was again solely due to a circular cylinder, with the basic
ﬂow being that of a uniform stream containing a rotlet. However, the diﬃculty
experienced was having placed a rotlet at the non-dimensional position (c, 0),
then in which direction should the uniform stream ﬂow and what should be its
magnitude? Initially it was assumed that the non-dimensional stream function
for the uniform stream should have the form

ψ = λ1 rcosϑ,

(4.1.1)

that is it ﬂows along the y-axis rather than along a general direction which
would have been indicated by choosing

ψ = λ1 rcosϑ + λ2 rsinϑ.

(4.1.2)

However, although expression (4.1.1) has, to a certain extent, introduced information from the asymptotic solution by the knowledge of the direction of the
stream, it does no more than that since the magnitude of the stream required to
produce a well posed problem is still unknown. This conveyance of information
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can be readily seen if one compares expression (3.5.8) with expression (4.1.1).
Obviously this unknown value of λ1 prevents any direct solution.
An alternative approach to determining the direction of the stream could
have been the physical argument. This implies that the velocity at (r, ϑ), given
by (vr , vϑ ) = (a, b), is related to that at (r, −ϑ), where (vr , vϑ ) = (−a, b). Hence,
the velocity components in terms of the stream function, as shown in expression
(3.1.16), requires that the stream function is even in ϑ. This in turn requires
that the stream function is devoid of terms containing sin(nϑ).
The actual approach followed to overcome the unknown magnitude of the
stream was the realization that having expressed the form of the solution at
large values of r as

ψ ≈ λ1 rcosϑ + ln(R1 ),

(4.1.3)

where the coeﬃcient of ln(R1 ) was identical to the non-dimensional strength of
the rotlet at (c, 0), then the force and moment on the circular cylinder would
be zero. However, only when λ1 is a particular value, in this case c−1 , will the
problem be well posed and produce these values for the force and moment. For
all other values of λ1 one will have Fx , Fy and M dependent on this parameter.
This means one can think of these three quantities as functions of λ1 , and
only when λ1 possesses the correct value will all these quantities acquire their
necessary values. Hence, the technique adopted was that of a Newton Raphson
iteration on Fx (λ1 ). Prior to this the governing partial diﬀerential equations
were expressed in ﬁnite diﬀerence form and then solved for two values of λ1 ,
say λ1 = α and λ1 = β. The resulting two non zero values of Fx (λ1 = α)
and Fx (λ1 = β) being the values used in the Newton Raphson method in order
to establish a new value of λ1 , say λ1 = γ, at which Fx (λ1 ) is zero. The ﬁnite
diﬀerence equations are resolved for this new value of λ1 , and the resulting value
of Fx (λ1 = γ) used together with either Fx (λ1 = α), or Fx (λ1 = β), whichever
is closest to zero, to produce from the Newton Raphson solution a new value
of λ1 . The process is continued until the value of Fx (λ1 ) reaches zero to within
the required tolerance. The value of λ1 obtained automatically resulted in the
correct values for Fy and M. This procedure could equally well have been applied
to setting either the value of Fy (λ1 ) or M (λ1 ) to zero.
However, what would have happened had one allowed the form of the stream
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function at large values of r due to the uniform stream to be more general,
namely that given by expression (4.1.3), so that neither the magnitude nor the
direction of the stream is known?. Hence, the problem is only well posed for
the special case of λ1 = c−1 and λ2 = 0. This in turn means that Fx , Fy
and M are functions of the parameters λ1 and λ2 and it is necessary to apply
Newton Raphson iteration on both these quantities for the two independent
parameters in order to produce Fx (λ1 , λ2 ) = Fy (λ1 , λ2 ) = 0. Again the value of
M acquires its required value. It should be emphasized that the ln(R1 ) term,
with coeﬃcient unity, in the stream function at large values of r also conveys
a certain knowledge from the analytical solution into the numerical approach.
Since this term behaves like ln(r) at large values of r, so that its coeﬃcient is
identical to the non-dimensional strength of the rotlet at (c, 0), it is implied
from the analytical solution that there is no moment on the cylinder.
It is possible to generalize the form of the solution at large values of r to

ψ ≈ λ1 rcosϑ + λ2 rsinϑ + λ3 ln(r) + ln(R1 ),

(4.1.4)

in which case it is possible to iterate on the three expressions for Fx , Fy and M ,
which are now functions of the three parameters λ1 , λ2 and λ3 , until the zero
values for Fx , Fy and M are reached. In this situation the three parameters
acquire the values

λ1 = c−1 , λ2 = 0, λ3 = 0.

(4.1.5)

If, however, one wishes to introduce a non zero force on the cylinder, say F = Fx∗ ,
then it is necessary to amend the expression for the stream function at large
values of r to the form

ψ ≈ λ1 rcosϑ + λ2 rsinϑ + λ4 rlr(r) sin ϑ + ln(R1 ).

(4.1.6)

Similarly, for Fy = Fy∗ , then
ψ ≈ λ1 rcosϑ + λ2 rsinϑ + λ5 rlr(r) cos ϑ + ln(R1 ).

(4.1.7)

In both these instances the ln(R1 ) has continued to introduce some of the information derived from the asymptotic solution by way of the fact that its
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coeﬃcient remains unity. Since the ln(R1 ) term at large values of r is identical
to the ln(r) in expression (3.5.8) which implies such a choice has introduced a
constraint that there is no moment on the cylinder. Again the Newton Raphson
iteration procedure was applied, but this time the quantities being iterated on
were (Fx − Fx∗ ), Fy and M , or Fx , (Fy − Fy∗ ) and M.
However, once one moves to the situation when the moment is a non zero
quantity, regardless of whether the force remains so or not, then it is necessary
to have an expression for the stream function of the form

ψ ≈ λ1 rcosϑ + λ2 rsinϑ + λ3 ln(r) + λ6 r2 + ln(R1 ).

(4.1.8)

If in addition the components of force are also non zero, then one needs an
expression

ψ ≈ λ1 rcosϑ + λ2 rsinϑ + λ3 ln(r) + λ4 rlr(r) cos ϑ + λ5 rlr(r) sin ϑ + λ6 r2 + ln(R1 ).
(4.1.9)
For the situation given by expression (4.1.8) and by expression (4.1.9) the number of unknown parameters exceeds the three dependent variables that are to
be prescribed, namely the two force components and the moment. Hence, the
previous approach fails since there is no longer any obvious extra quantities,
such as the value of the force and moment, that can be introduced.
The above approach has utilized the values of the force and moment, and as
these are quantities that naturally arise from the values of ψ and ω, and their
higher derivatives, around the circular cylinder it seems appropriate to switch to
an approach where such boundary quantities play the major role in the solution.
Hence, the numerical approach to be adopted in solving the general problem, as
well as the more restricted situations, is that of the Boundary Element Method.
Before discussing the Boundary Element Method in detail it should be
stressed that the method requires that the stream function and the vorticity
be expressed as a combination of two parts, where one part contains the terms
that tend to zero as r → ∞. Hence, the stream function is expressed as
ψ = λ1 rcosϑ + λ2 rsinϑ + λ3 ln(r) + λ4 rlr(r) cos ϑ + λ5 rlr(r) sin ϑ
+ λ6 r2 + λ7 + λ8 sin(2ϑ) + λ9 cos(2ϑ) + ln(R1 ) + ψ ∗ ,

(4.1.10)
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where ψ ∗ → 0 as r → ∞. The additional terms of O(1), namely

λ7 + λ8 sin(2ϑ) + λ9 cos(2ϑ),

(4.1.11)

arise from the expressions (3.3.2), (3.3.5) and (3.3.6). Hence,

λ7 = D0 , λ8 = F C2 and λ9 = GC2 .

(4.1.12)

It is possible to include the additional term λ8 (r2 ln(r)−r2 ) in expression (4.1.10)
but if this is the case then the condition on the single valuedness of the pressure
must be included in the numerical procedure in order to ensure that λ8 becomes
zero. This was discussed in detail in the earlier section on the analytical solution.
In the case when there is neither a force nor a moment acting upon the
cylinder then it is possible from a physical argument to set

λ2 = λ5 = λ8 = 0.

(4.1.13)

However, this restriction will not be imposed as the method is required to accommodate (i) non zero force and moment and in the future (ii) ﬂows involving
multi-bodies for which a physical argument will no longer be possible.

4.2

The Boundary Element Method (BEM)

The BEM has become an accepted and powerful method for the numerical solution of a range of problems such as the diﬀusion of heat, some types of the
ﬂuid ﬂow motion, ﬂows in porous media, viscous ﬂow with the Reynolds number assumed to be zero, electrostatics and many others in which the governing
equations are the classical Laplace or biharmonic equation. The BEM consists
of the transformation of the partial diﬀerential equations into integral equations
relating only boundary values followed by the determination of the solution of
these integral equations. If the values at interior points are required, then they
may be calculated from the boundary data. Since all the numerical approximations occur on the boundaries, the dimensionality of the problem is reduced by
one and a smaller system of equations is obtained compared with those achieved
by diﬀerential methods.
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Over the past decades, numerous books and papers addressing the applications of the BEM to various problems, see for example Jaswon and Symm
(1976), Banerjee and Butterﬁeld (1981), Brebbia et al (1984), Manzoor (1984)
and Kelmanson (1984), Brebbia and Gipson (1991), etc have been published.
As such it is now unnecessary to discuss fully the basic theory of the BEM.
The present section is concerned with the application of the BEM for the numerical solution of a viscous steady ﬂow problem at zero Reynolds number (the
biharmonic equation).
The crucial step in the application of the BEM is the transformation from
the diﬀerential equations to the integral equations. This is achieved by using
the divergence theorem

∂Ω


A · nds =

divAds,

(4.2.1)

Ω

where A is a smooth vector function, which is second-order continuously
diﬀerentiable, deﬁned within a domain Ω which is bounded by the closed contour
∂Ω, n is the outward normal to the domain, ds denotes the length element on
∂Ω and dS denote the surface element in Ω. The sense of the integration around
∂Ω is such that the domain is on the left as ∂Ω is traversed in the positive sense.
In order to be able to show how the integral identity (4.2.1) can be used
to transform diﬀerential equations into integral equations consider the Laplace
equation within a region Ω,

∇2 ω(x, y) = 0,

(x, y) ∈ Ω.

(4.2.2)

Applying the divergence theorem to the vector function A = ω gradτ , where τ
is any smooth function deﬁned within Ω, one obtains

∂Ω


(ωgradτ ) · nds =

div(ωgradτ )dS,

(4.2.3)

Ω

but gradτ · n = ∂τ /∂n, therefore


∂τ
ω ds =
∂n
∂Ω


Ω

(gradω · gradτ + ω∇2 τ )dS,

(4.2.4)
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Similarly, applying the divergence theorem to the vector function τ gradω gives

τ
∂Ω

∂ω
ds =
∂n


Ω

(gradτ · gradω + τ ∇2 ω)dS,

Subtracting equation (4.2.5) from equation (4.2.4) one obtains


∂ω
∂τ
−τ
)ds = (ω∇2 τ − τ ∇2 ω)dS.
(ω
∂n
∂n
∂Ω
Ω

(4.2.5)

(4.2.6)

This identity is known as Green’s Theorem and it holds for any smooth functions
ω and τ deﬁned within a plane domain Ω which is bounded by a closed contour
∂Ω.
Using the fact that ∇2 ω = 0 in Ω, equation (4.2.6) becomes


∂ω
∂τ
−τ
)ds =
(ω
∂n
∂n
∂Ω



ω∇2 τ dS.

(4.2.7)

Ω

Furthermore, taking τ to be a particular solution of the Poisson equation

∇2 τ (p, q) = δ(p − p0 ),

(4.2.8)

where p = (x, y) and p0 = (x0 , y0 ) are in Ω and δ is the Dirac delta function.
Then equation (4.2.7) becomes

η(p)ω(p) =

ω(q)
∂Ω

∂τ (p, q)
ds −
∂n


∂Ω

∂ω(q)
τ (p, q)dS,
∂n

(4.2.9)

where p ∈ Ω ∪ ∂Ω, q ∈ ∂Ω and η(p) is a constant dependent upon the location
of the point p and is given by
⎧
⎪
2π when p ∈ Ω
⎪
⎪
⎪
⎪
⎪
⎨θ when p ∈ ∂Ω, θ is the angle between
η(p) = η(p) =
⎪
⎪
the tangents to ∂Ω on either side of p
⎪
⎪
⎪
⎪
⎩0 when p ∈
/ Ω ∪ ∂Ω.

(4.2.10)

This boundary integral equation is usually refer
| p − p0 |= {(x − x0 )2 + (y − y0 )2 }1/2 .

(4.2.11)
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Taking the prime ( ) to denote the derivative in the direction of the outward
normal to ∂Ω, and the boundary value of ω(p) as φ(p), then the integral equation
(4.2.9) becomes




∂Ω

φ(q) ln | p − q | dq −


∂Ω

φ (q) ln | p − q | dq = η(p)ω(p).

(4.2.12)

Using the equation (4.2.12), the ω can be determined at any point Ω ∪ ∂Ω provided φ and ∂φ/∂n are known at all points on the boundary ∂Ω. Unfortunately,
in most of the physical problems φ and ∂φ/∂n are not simultaneously prescribed
at all such points. However, it is still possible to apply Green’s Integral Formula.
In equation (4.2.12) taking p, q ∈ ∂Ω one has

∂Ω

φ(q) ln | p − q | dq −


∂Ω

φ (q) ln | p − q | dq = η(p)φ(p).

(4.2.13)

If one knows either φ(p) or φ (p) on ∂Ω one can obtain the other function by
using equation (4.2.13). Then substitution of both these values into equation
(4.2.12) gives the solution of the Laplace equation in Ω.
In practice analytical solutions of the integral equations (4.2.12) and (4.2.13)
are usually impossible and thus some form of numerical approximation is necessary. This is achieved by ﬁrst subdividing the boundary ∂Ω into N segments
∂Ωj , j = 1, 2, . . . ,N. On each segment φ and φ are approximated by constants
φj , and φj , where φj and φj take the values of φ and φ at the midpoint of
the segment ∂Ωj , respectively. Then the integral formula (4.2.12) and (4.2.13)
become
N



φj

∂Ωj

j=1

N

j=1


φj

∂Ωj



ln | p − q | dq −

N


φj



j=1

ln | pi − q | dq − ηi φi −

∂Ωj

N


ln | p − q | dq = η(p)ω(p),

φj

j=1


∂Ωj

ln | pi − q | dq = 0,

i = 1, 2, . . . N.
where pi is the midpoint of the segment ∂Ωi and ηi = η(pi ).
Using the expression (4.2.15) one obtains

(4.2.14)

(4.2.15)
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N



φj (

∂Ωj

j=1



ln | pi − q | dq − ηi δij ) −

N


φj


∂Ωj

j=1

ln | pi − q | dq = 0,

(4.2.16)

i = 1, 2, . . . N.
If one writes

Gij =

ln | pi − q | dq,

(4.2.17)

ln | pi − q | dq − η(pi )δij ,

(4.2.18)

∂Ωj

and

Eij =

∂Ωj

where δij is Kronecker’s delta function. Then the equation (4.2.16) may be
written as follow
N


Eij φj −

j=1

N


Gij φj = 0.

i = 1, 2, . . . , N.

(4.2.19)

j=1

A more accurate approximation of the solution of the Laplace equation using
the BEM can be obtained by using a linear function to approximate φ and φ
on each boundary segment. In this case one lets

φj = (1 − ξ)φ(q j−1 ) + ξφ(q j ),

(4.2.20)

φj = (1 − ξ)φ (q j−1 ) + ξφ (q j ),

(4.2.21)

where qj−1 and qj are the end points of ∂Ωj , ξ is a linear function which increases
from zero at q j−1 to unity at q j . Inserting these functions φj and φj into
equations (4.2.12) and (4.2.13) one obtains
N



{φj−1

j=1

−

N


∂Ωj

{φj−1

j=1

= η(p)ω(p)





(1 − ξ) ln | p − q | dq + φj


∂Ωj

(1 − ξ) ln | p − q | dq +
p ∈ Ω̄

q ∈ ∂Ω

φj

∂Ωj

ξ ln | p − q | dq}


∂Ωj

ξ ln | p − q | dq}

(4.2.22)
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N



{φj−1

∂Ωj

j=1

−

N


{φj−1

j=1





(1 − ξ) ln | pi − q | dq + φj


∂Ωj

(1 − ξ) ln | pi − q | dq +

= η(pi )φi ,

∂Ωj

φj
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ξ ln | pi − q | dq}


∂Ωj

ξ ln | pi − q | dq}

(4.2.23)

pi , q ∈ ∂Ω

i = 1, 2, . . . , N

where φj and φj denote φ(pj ) and φ (pj ), and φ0 = φN and φ0 = φN respectively. As with the classical BEM (4.2.19), the expression (4.2.23) reduces to a
linear system of algebraic equations of the form
N


∗
Eij
φj −

j=1

N


G∗ij φj = 0, i = 1, 2, . . . , N

(4.2.24)

j=1

where

∗
Eij
=


∂Ωj+1

G∗ij =

(1 − ξ) ln | pi − q | dq +


∂Ωj



ξ ln | pi − q | dq − ηi δij ,

(4.2.25)

ξ ln | pi − q | dq,

(4.2.26)



∂Ωj+1

(1 − ξ) ln | pi − q | dq +

∂Ωj

∂ΩN +1 = ∂Ω1 and pi is the common point of the segments ∂Ωi and ∂Ωi+1 .
If the segment ∂Ωj is a straight line, then the integrals occurring in the
equations (4.2.12), (4.2.13), (4.2.22) and (4.2.23) may be evaluated exactly to
obtain

∂Ωj

ln | p − q | dq = I1 ,

(4.2.27)

ln | p − q | dq = J1 ,

(4.2.28)


∂Ωj


∂Ωj

ξ ln | p − q | dq =

1
(a cos βI1 + I2 ),
h

(4.2.29)

ξ ln | p − q | dq =

1
(a cos βJ1 + J2 ),
h

(4.2.30)


∂Ωj
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with, see Manzoor (1984),

I1 = γ,

(4.2.31)

I2 = asinβ(lnb − lna),

(4.2.32)

J1 =acosβ(lna − lnb) + h(lnb − 1) + aγ sin β,

(4.2.33)

J2 =

1 2
1
(b lnb − a2 lna) − (b2 − a2 ),
2
4

(4.2.34)

where qj−1 and qj are the endpoints of ∂Ωj , see ﬁgure 4.2.1, and a, b and h
are the lengths of the lines joining p to qj−1 , p to qj and qj−1 to qj , respectively,
and β and γ are the angles qj qj−1 p and qj−1 pqj , respectively.
For steady two-dimensional ﬂow of an incompressible Newtonian ﬂuid the
Navier-Stokes and continuity equations reduce to

∇p = ∇2 u,

(4.2.35)

∇ · u = 0,

(4.2.36)

when the Reynolds number is assumed to be very small. On introducing
the stream function, ψ say, such that ∂ψ/∂x = −vy and ∂ψ/∂y = vx , then ψ
satisﬁes the biharmonic equation, see Batchelor (1967),

∇4 ψ = 0.

(4.2.37)

On introducing the vorticity, ω, equation (4.2.37) may be written in the
form

∇2 ψ = ω,

(4.2.38)

∇2 ω = 0.

(4.2.39)
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Figure 4.2.1: The notation for the analytic evaluation of integrals on straight
line segment geometry.

In order to solve the equations (4.2.38) and (4.2.39) in the domain Ω one uses
the BEM. For any p = (x, y) ∈ Ω ∪ ∂Ω and q = (x0 , y0 ) ∈ ∂Ω, let

F1 (p, q) = ln | p − q |,

(4.2.40)

F2 (p, q) =| p − q |2 (ln | p − q | −1),

(4.2.41)

where | p − q |= {(x − x0 )2 + (y − y0)2 }1/2 . Applying Green’s second identity
one has
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η(p)ψ(p) =
ψ(q)F1 (p, q)dq −
ψ  (q)F1 (p, q)dq
∂Ω
∂Ω


1
1

ω(q)F2 (p, q)dq −
ω  (q)F2 (p, q)dq,
4 ∂Ω
4 ∂Ω

η(p)ω(p) =
∂Ω

ω(q)F1 (p, q)dq −


∂Ω

ω  (q)F1 (p, q)dq.

(4.2.42)

(4.2.43)

A similar strategy is now followed to that employed above when solving
the Laplace equation in order to produce a solution from the integral equations
(4.2.42) and (4.2.43). That is, the boundary is ﬁrst subdivided into N segments,
∂Ωj , and the stream function, ψ, its derivative, ψ  , the vorticity, ω, and its
derivative, ω  , are approximated by piecewise constant functions. This results
in equation (4.2.42) producing the system of algebraic equations
N


{Eij ψj − Gij ψj + Lij ωj − Mij ωj } = 0, i = 1, . . . , N

(4.2.44)

j=1

where Gij and Eij are as given in equations (4.2.17) and (4.2.18) respectively,
and Lij and Mij are given by

Lij =

1
4

Mij =

1
4


∂Ω

ω(q)F2 (p, q)dq,

(4.2.45)

ω(q)F2 (p, q)dq,

(4.2.46)


∂Ω

Equation (4.2.44) represents N equations in 4N unknowns and a further
N equations are derived from equation (4.2.19). This produces the system of
algebraic equations
N

j=1

Eij ψj − Gij ψj + Lij ωj − Mij ωj
N

j=1 Eij ωj − Gij ωj

=0
=0

i = 1, . . . , N

(4.2.47)

With the application of the appropriate boundary conditions the system of
equations (4.2.47) can be solved and equations (4.2.42) and (4.2.43) used to ﬁnd
the value of the stream function, ψ, and the vorticity, ω, at any point within
the solution domain, Ω.
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In order to obtain a more accurate numerical solution linear elements may
be used. In this case the unknown functions ψ, ψ  , ω and ω  are approximated
by linear functions on each boundary segment such that

ψj = (1 − ξ)ψ(q j−1 ) + ξψ(q j ),

(4.2.48)

ψj = (1 − ξ)ψ  (q j−1 ) + ξψ  (q j ),

(4.2.49)

ωj = (1 − ξ)ω(q j−1 ) + ξω(q j ),

(4.2.50)

ωj = (1 − ξ)ω  (q j−1 ) + ξω  (q j ),

(4.2.51)

where ξ is as deﬁned in equations (4.2.19) and (4.2.20). Inserting these
approximations into the integral equations (4.2.42) and (4.2.43) and rearranging
the resulting equations produces the following system of algebraic equations
N

j=1

∗
∗ 
Eij
ψj − G∗ij ψj + L∗ij ωj − Mij
ωj
N
∗
∗ 
j=1 Eij ωj − Gij ωj

=0
=0

i = 1, . . . , N

(4.2.52)

∗
and G∗ij are given in equations (4.2.25) and (4.2.26) respectively
where Eij
∗
and L∗ij and Mij
are given by

L∗ij =

∗
Mij

N

1
{
4 j=1
N



1
=
{
4 j=1

∂Ωj+1

(1 − ξ)F2 (p, q)dq +





∂Ωj

ξF2 (p, q)dq},

(4.2.53)

ξF2 (p, q)dq}.

(4.2.54)



∂Ωj+1

(1 − ξ)F2 (p, q)dq +

∂Ωj

Similarly, if the segment ∂Ωj is a straight line, then the integrals occurring in
the equations (4.2.45), (4.2.46), (4.2.53) and (4.2.54) may be evaluated exactly
using the notation shown in ﬁgure 4.2.1, namely

∂Ωj

F2 (p, q)dq = a(2J1 − h) sin β,

(4.2.55)
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∂Ωj


∂Ωj

1
4
(h − a cos β)3 (lnb − ) +
3
3
1
4
(a cos β)3 (lna − ) +
3
3
1
2
(a sin β)2 (J1 − h − aγ sin β),
3
3

F2 (p, q)dq =

ξF2 (p, q)dq =

2
a sin β(a cos βJ1 + J2 ) −
h

1
ah sin β,
2

∂Ωj

ξF2 (p, q)dq =

1
a cos β
h

(4.2.56)

(4.2.57)


∂Ωj

F2 (p, q)dq +

5 4
1 4
(b lnb − a4 lna) −
(b − a4 )
4h
16h

(4.2.58)

It should be stressed that throughout the present work the emphasis when
applying the Boundary Element Method has been on constant elements rather
linear elements.

4.3

The Numerical Solution

In applying the above method to the ﬂow past a circular cylinder in the presence
of a rotlet the ﬂuid domain Ω is the area outside the cylinder and the ∂Ω is the
contour of the cylinder. However, prior to using the method it is necessary to
accommodate the inﬁnity boundary conditions. Since the BEM requires that
the non-dimensional stream function and vorticity used in equations (4.2.47)
are both O(r−1 ) at large values of r, it is necessary that these quantities are
expressed as perturbation values about their asymptotic expansions at large
values of r and the perturbation parts used in these equations. The number
of terms in the expansions being suﬃcient to ensure that both perturbation
quantities decay to zero to satisfy the above inﬁnity conditions. Hence,

ψ = ψA + ψ ∗ , and ω = ωA + ω ∗ ,

(4.3.1)

where ψA and ωA are the asymptotic expansions of ψ and ω as r → ∞, and ψ ∗
and ω ∗ are the perturbations values about these expansions that tend to zero
as r → ∞, where
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∇2 ψA = ωA and ∇2 ωA = 0.

(4.3.2)

So the biharmonic equation for the stream function can be written as

∇2 ψ ∗ = (ωA − ∇2 ψA ) + ω ∗ ,

(4.3.3)

∇2 ω ∗ = −∇2 ωA .

(4.3.4)

Using the equations in (4.3.2) reduces equations (4.3.3) and (4.3.4) to

∇2 ψ ∗ = ω ∗ ,

(4.3.5)

∇2 ω ∗ = 0.

(4.3.6)

This results in the stream function and vorticity expressions in the above Boundary Element Method being replaced by ψ ∗ and ω ∗ . The original boundary conditions on the cylinder, provided the cylinder is not rotating, are as given in
expression (3.1.3). However, the boundary conditions on ψ ∗ and ω ∗ will be as
follows,

ψ ∗ = −ψA and

∂ψA
∂ψ ∗
=−
, . . . on r = 1.
∂r
∂r

(4.3.7)

∗

Hence, in equations (4.2.47)ψj∗ and ψj , which have been replaced ψj and

.
ψj , will now take the values −ψAj and −ψAj

In expression (4.2.47) there are 2n equations in 4n unknowns. However,
∗

if the values of ψj∗ and ψj are free of any unknowns then these will provide
another 2n conditions, so after their substitution one has a closed system of 2n
∗

equations in 2n unknowns. Unfortunately, the expressions for ψj∗ and ψj will,
from expression (4.1.10), be given by

ψj∗ = −λ1 cos(θj ) − λ2 sin(θj ) − λ6 − λ7 − λ8 sin(2θj ) − λ9 cos(2θj ) − ln(R1 (1)),
(4.3.8)
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∗

ψj = − λ1 cos(θj ) − λ2 sin(θj ) − λ3 − λ4 cos(θj )
− λ5 sin(θj ) − 2λ6 −

(1 − c cos(θj ))
, j = 1, . . . , N,
R12 (1)

(4.3.9)

where R12 (1) = (1 + c2 − 2c cos(ϑj )).
Case (a) uniform stream at inﬁnity, so general situation has λ3 = λ4 = λ5 =
λ6 = 0.
Obviously the extra unknowns λj , where j = 1, . . . , 9, in the most general
situation of non-zero force and moment on the cylinder, will require extra conditions. For the present the unknowns related to the non zero force and moment
on the cylinder, namely λ3 , λ4 , λ5 and λ6 , will be set to zero. In addition, if the
direction of the stream is introduced by way of prescribing λ2 also to be zero,
then this results in there being an extra 4 unknowns, which require an extra 4
conditions. However, this extra restriction will not be imposed. It is proposed
to introduce the conditions that there should be no force or moment on the
cylinder, so expressions (3.2.13), (3.2.14) and (3.2.15) have ψ and ω replaced
by ψ ∗ + ψA and ω ∗ + ωA , respectively. The parts of the integrals involving
ψA and ωA are evaluated analytically, producing linear expressions in the unknowns λj .The other parts involving ψ ∗ and ω ∗ are expressed after numerical
∗

∗

integration by Simpson’s method as linear expressions of ψj , ψj , ωj∗ and ωj .
Hence, the resulting expressions for the force and moment on the cylinder may
be written as

Fx = 0

=+

(N −1)/2

j=1
∗
−(ω2j−1
+

Fy = 0 = −

(N −1)/2
j=1

∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)

∗
4ω2j

∗
+ ω2j+1
)](sin(θj )(2π/(3N )),

∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)

∗
∗
∗
−(ω2j−1
+ 4ω2j
+ ω2j+1
)](cos(θj )(2π/(3N )),

(4.3.10)

(4.3.11)

(N −1)/2

M =0=−



∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)](2π/(3N )),

(4.3.12)

j=1
∗
∗
∗
∗
where ω1∗ = ωN
, ω1∗ = ωN
and ψ1∗ = ψN
, ψ1∗ = ψN
.

Hence, equations (4.2.47), together with equations (4.3.10), (4.3.11) and
(4.3.12), and the expressions (4.3.8) and (4.3.9) result in (2N + 3) equations in
terms of the (2N + 5) unknowns, namely ωj∗ , ωj∗ , j = 1, . . . .., N, λ1 , λ2 , λ7 , λ8
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and λ9 . Obviously, two further equations are required to close the above system.
One of these arises from the fact that the pressure distribution must be single
valued. Hence, from the component of the Stokes equation in the ϑ direction,
namely

0=−

1 ∂p ∂ω
+
,
r ∂θ
∂θ

(4.3.13)

one obtains that

0=
0

2π

∂ω
dθ.
∂θ

(4.3.14)

On applying Simpson’s rule to evaluate the integral one obtains
(N −1)/2

0=−



∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)].

(4.3.15)

j=1

This results in equations (4.3.10), (4.3.11), (4.3.12) and (4.3.15) providing 4
of the necessary 5 extra equations that are required. In order to obtain the
other equation it is necessary to appeal to the form of ψ ∗ at large values of r.
If in equation (4.2.42) p is taken as p(r1 , ϑ1 ), where r1 is some large value of r,
then ψ ∗ (p(r1 , ϑ1 ) is approximately zero. Unfortunately, from the expansion in
expression (4.1.10) and expression (4.3.1) this means that one has introduced
an error of O(r1−1 ) into the solution. Hence, extremely large values of r1 are
required to generate accurate results, but this diﬃculty can be overcome to
some extent by adding the next term in the expansion into expression (4.1.10),
namely
1
(λ10 sin ϑ + λ11 cos ϑ + λ12 sin(3ϑ) + λ13 cos(3ϑ)) .
r

(4.3.16)

By introducing these extra terms into the expansion, the approximation of
ψ ∗ (p(r1 , ϑ1 ) by zero results in an error of only O(r1−2 ), and therefore a higher
degree of accuracy can be achieved without the need for such a large value of
r1 . However, before one can obtain this solution it is necessary to ﬁnd further
equations to balance the additional unknowns λ10 , λ11 , λ12 and λ13 that have
been introduced. The obvious means of achieving these is to take another 4
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values of p at large values of r, namely p(rj , ϑj ) with rj > 10 for j = 2, 3, 4, 5
and apply equation (4.2.42) with ψ ∗ (p(rj , ϑj ) = 0 for j = 2, 3, 4, 5.
Even with the extra terms in the equations the error that has been introduced
by setting ψ ∗ (p) in equation (4.2.42) to be zero is O(r−2 ), or O(r−1 ) without
the additional terms, where r is the smallest of the values of rj , j = 1, 2, 3, 4, 5.
The necessity for these extra terms can be avoided if instead of choosing point
p in expression (4.2.42) to be at some large value of r one takes it to be inside
the cylinder, namely p(rI1 , ϑ1 ), where rI1 < 1. This means that η(p) vanishes
and there is no need to approximate ψ ∗ (p).
Case (b) Unbounded ﬂow at inﬁnity corresponding to a stokeslet at the
origin, so general situation has λ3 = λ6 = 0.
In this situation one has a speciﬁed non-dimensional force 4π(−A, B), and
the terms λ4 rln(r) sin ϑ and λ5 rln(r) cos ϑ must now be retained in the asymptotic expansion (4.1.10) of ψ. Hence, equations (4.3.10) and (4.3.11) have to be
replaced by
Fx = −4πA

= −4πλ5 +
∗
−(ω2j−1
+

Fy = 4πB

= 4πλ4 −

(N −1)/2

j=1
∗
4ω2j
+

∗
ω2j+1
)](sin(θj )(2π/(3N )),

(N −1)/2

∗
−(ω2j−1
+

j=1
∗
4ω2j
+

∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)

∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)

∗
ω2j+1
)](cos(θj )(2π/(3N )).

(4.3.17)

(4.3.18)

However, the introduction of the extra unknowns λ4 and λ5 makes it necessary to apply equation (4.2.42) three times with p as p(rIj , ϑj ), where rIj < 1
for j = 1, 2, 3, with the corresponding η(p) being zero as the points are all within
the cylinder.
Case (c) Unbounded ﬂow at inﬁnity which is a combination of a uniform
stream and a rotational far ﬁeld, so general situation has λ4 = λ5 = 0.
In this situation one has a prescribed non-dimensional moment, −4πC, hence
the need to retain the terms λ3 ln(r) and λ6 r2 in the asymptotic expansion of ψ
given by expression (4.1.10). Equations (4.3.10) and (4.3.11) replace equations
(4.3.17) and (4.3.18). In addition, equation (4.3.12) is replaced by
(N −1)/2

M = −4πC = 8πλ6 −


j=1

∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)](2π/(3N )).

(4.3.19)

4.4. NUMERICAL RESULTS

87

Again the introduction of two additional constants, this time λ3 and λ6 , require
the enforcement of equation (4.2.42) at three points within the cylinder.
Case (d) Combination of unbounded ﬂows at inﬁnity due to stokeslet at the
origin together with a rotational far ﬁeld, so general situation has λj = 0, for
j = 1, . . . .., 9.
With both the force and the moment speciﬁed it is necessary to apply the
equations (4.3.17), (4.3.18) and (4.3.19). As with cases, (a), (b) and (c) the
single valued pressure condition, given by equation (4.3.15), remains one of the
extra equations. As now all the constants λj , j = 1, . . . . . . , 9, are present it is
necessary to enforce equation (4.2.42) at 5 points (rIj , ϑj ) within the cylinder
instead of at just 3 points as in Cases (b) and (c).
It is possible to include the term A0 (r2 ln(r) − r2 ) from expression (3.3.2),
which vanished due to the single valueness of the pressure, in the asymptotic
part of expression (4.1.10). However, on doing so, in the form λ0 (r2 ln(r)−r2 ) to
conform with the adopted notation, it would require the modiﬁcation of equation
(4.3.15), together with the implementation of equation (4.2.42) at another point
within the circular cylinder. Hence, increasing the number of points where this
equation has to be applied in the most general situation, namely Case (d), from
5 to 6. The actual condition that would replace equation (4.3.15) would be

(N −1)/2

0 = 8πλ0 −



∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)](2π/(3N )).

(4.3.20)

j=1

The term in ψ which is just a multiple of ϑ will not be considered at any stage
since it obviously violates the periodicity and has been neglected throughout.

4.4

Numerical Results

In all the numerical calculations the rotlet has been located along the x-axis at
the non-dimensional distance c from the center of the cylinder and the value
of c has been taken to be 3 in order to correspond with the calculations by
Dorrepaal et al. (1984)
Figure 4.4.1 shows the streamlines relating to expression (3.1.5). The pattern
is identically to that presented by Dorrepaal et.al. (1984). Figures 4.4.2 and
4.4.3 show the corresponding streamline patterns when the cylinder rotates with
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the non-dimensional angular speeds α = 1 and α = 2, respectively, where α > 0
represents counter clockwise rotation. It should be noted that once the cylinder
starts to rotate the four points on the cylinder where the streamlines leave the
surface in ﬁgure 4.4.1 move into the ﬂuid. In the ﬁgures presented by Dorrepaal
et.al. (1984), when α = 0.5 then there exists two stagnation points on the xaxis, one either side of the cylinder. The point on the same side of the cylinder
as the rotlet lies between the cylinder and the rotlet. Figures 4.4.2 and 4.4.3
show that increasing the strength of the rotation of the cylinder appears to

Figure 4.4.1: The streamlines obtained numerically for Re = 0 and α = 0. The
streamline labeled 1, . . . , 4 correspond to Ψ = −0.2, 0.0, 0.4 and 0.8 respectively.
labeled 1, . . . , 4 correspond to Ψ = −0.2, 0.0, 0.4 and 0.8 respectively.
move the stagnation point which is between the rotlet and the cylinder slightly
closer to the rotlet. At the same time the stagnation point on the other side of
the cylinder rapidly moves away from the cylinder with increasing values of the
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Figure 4.4.2: The streamlines obtained numerically for Re = 0 and α = 1. The
streamline labeled 1, . . . ,6 correspond to Ψ = -0.2, 0.0, 0.388, 0.8, 1.2 and 1.5
respectively. labeled 1, . . . , 6 correspond to Ψ = -0.2, 0.0, 0.388, 0.8, 1.2 and
1.5 respectively.

parameter α. Also, as expected, with increasing α the amount of ﬂuid rotating
in closed contours, both around the cylinder and the rotlet, increases.
In ﬁgure 4.4.4 the non dimensional vorticity pattern corresponding to the
streamlines for ﬁgures. 4.4.1, 4.4.2 and 4.4.3, (the analytical solution from expression (3.1.15)), is shown. These are all identical since the extra contribution
to the streamline pattern in the form of the term α ln(r), due to the rotation
of the cylinder, produces no additional vorticity. The pattern is symmetrical
about the x-axis and shows the contours of constant vorticity leaving the surface
only to return within the same quadrant, where the boundaries of the quadrants
are at ϑ  (2n − 1)π/4, with n = 1, 2, 3 and 4. In addition the diagrams appear
to show only a limited departure from a symmetrical pattern about the y−axis.
Numerical values of the integrals in expressions (3.2.13), (3.2.14) and (3.2.15)
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Figure 4.4.3: The streamlines obtained numerically for Re = 0 and α = 2. The
streamline labeled 1, . . . , 7 correspond to Ψ = 0.4, 0.8, 1.105, 1.2, 1.5, 2.5 and 3.0
respectively.

were evaluated by Simpson’s rule for the non dimensional stream function and
vorticity given by expressions (3.1.5) and (3.1.15) respectively. The procedure
was repeated with the non dimensional stream function and vorticity represented
by expressions (3.1.17) and (3.1.15) respectively, with the value of α equal to 1
and then 2. In each situation the contours along which the integrations were undertaken were circles, with radii of 1, 2, 4, 5, concentric with the circular cylinder.
The ﬁrst two contours enclose only the cylinder, whereas the last two enclose
both the cylinder and the rotlet. Due to the diﬀerent contours over which the
integrations were performed, diﬀerent step lengths were required in order to
acquire four decimal place accuracy. However, a step length of h = 1/40 proved
suﬃcient to achieve this requirement on all the contours. Details of the values
of Fx , Fy and M on the various contours are shown in Table 4.4.1.
These results are as expected. Since in the case of the force components, Fx
and Fy are both zero due to the absence of any rln(r) sin ϑ and rln(r) cos ϑ terms
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The vorticity corresponding to the streamlines for ﬁg-

ures 4.4.1, 4.4.2 and 4.4.3.

The labeled 1, . . . , 8 correspond to Ψ =

−0.7, −0.5, −0.2, −0.1, 0.0, 0.1, 0.2 and 0.3 respectively.
from the non dimensional stream function expressions (3.1.5) and (3.1.17). The
moment M should undertake the value −4πμΓ(α + 1) on contours whose radius
exceeds the value c, that is includes the rotlet as well as the circular cylinder.
Whereas, on contours which exclude the rotlet the value should be−4πμΓα,
due to the need to exclude the contribution to the moment from the rotlet. In
addition, when the non-dimensional angular velocity of the cylinder is α, the
analytical form of the non dimensional stream function results in the asymptotic
expansion at large values of r containing an (α + 1) ln(r) term. The above
numerical values conﬁrm the theoretical result that the moment on the circular
cylinder is −4πμΓ times the coeﬃcient of the ln(r) term in the asymptotic
expansion, provided any contributions from singularities are excluded.
Figure 4.4.5 represents the non dimensional streamline pattern for expression
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(3.5.4) with A = 1, B = C = 0. Physically the magnitude of the additional term
[rln(r) − 12 (r − r−1 )] sin ϑ into expression (3.1.5) corresponds to a stokelet type
term at the origin, pointing along the positive x-axis. Hence, it is not surprising
that the pattern of the streamlines resembles that obtained by Dorrepaal et.al.
(1984) when a stokelet, pointing in same direction was placed at (c, 0). However,
in the present case the velocity is unbounded at inﬁnity. In both situations the
ﬂuid approaches the cylinder from the negative x-axis direction, yet whereas
in the present situation there exists a stagnation point nearly exactly below

Figure 4.4.5: The streamlines corresponding to the expression (3.5.4) with A =
1, B = C = 0. The labeled 1, . . . , 6 correspond to Ψ = −1.5, −0.7, −0.2, 0.0, 0.4
and 0.8 respectively.
the rotlet, in the case studied by Dorrepaal et.al. the absence of any rotlet
term, together with the presence of an anti-clockwise rotation of the cylinder,
produced a stagnation point above the x-axis and only a small distance away
from the surface of the cylinder.
Figure 4.4.6 shows the non-dimensional vorticity corresponding to the streamline pattern which occurs in ﬁgure 4.4.5. The addition to the vorticity shown in
ﬁgure 4.4.4 of a term of the form r−1 sin ϑ from the stokelet produces a pattern
which is nearly symmetrical about the y-axis, but nearly anti symmetric about
the x-axis. However, in this case the contours leave the surface of the cylinder
and rejoin it either within the upper half half space or within the lower half
space. Not within the four quadrants as is the situation in the absence of any
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=

−1.4, −1.0, −0.7, −0.5, −0.2, −0.1, 0.0, 0.1, 0.2, 0.3, 0.7, 1.0 and 1.7 respectively.
stokeslet type term which is displayed in ﬁgure 4.4.4.
Figure 4.4.7 represents the non-dimensional streamline pattern for expression
(3.5.4) with B = 1, A = C = 0. Physically the magnitude of the additional term
[rln(r) − 12 (r − r−1 )] cos ϑ into expression (3.1.5) corresponds to a stokelet type
term at the origin, pointing along the positive y-axis. Hence, it is not surprising
that the pattern of the streamlines resembles that obtained by Dorrepaal et.al.
(1984) when a stokelet was placed at (c, 0), pointing in the same direction.
However, in the present case the velocity is unbounded at inﬁnity. In both
situations the ﬂuid approaches the cylinder from the negative y-axis direction,
yet whereas in the present situation there exists a stagnation point on the x-axis
between the cylinder and the rotlet, in the case studied by Dorrepaal et.al. the
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absence of any rotlet term, together with the presence of a clockwise rotation of
the cylinder, produced two stagnation points approximately the same distance
above and below the x-axis and only a small distance away from the surface of
the cylinder.
Figure 4.4.8 shows the non-dimensional vorticity corresponding to the streamline pattern which occurs in ﬁgure 4.4.7. The addition to the vorticity shown in
ﬁgure 4.4.4 of a term of the form r−1 cos ϑ from the stokelet produces a pattern
which is nearly symmetrical about the x-axis, but nearly anti symmetric about
the y axes. However, in this case the contours leave the surface of the cylinder
and rejoin it either within the half half space x > 0 or within the half space
x < 0. Not within the four quadrants as is the situation in the absence of any
stokeslet type term which is displayed in ﬁgure 4.4.4.
Figure 4.4.9 represents the non-dimensional streamline pattern for expression
(3.5.4) with C = 1, A = B = 0. Physically the magnitude of the additional
term [ln(r) − 12 (r2 − 1)] into expression (3.1.5) corresponds to a far ﬁeld which is
rotational about the cylinder. Hence, it is not surprising that the pattern of the
streamlines resembles that obtained by Avudainayagam and Jothiram (1987)
when a rotlet was placed in the presence of a cylinder with a rotational ﬂow at
inﬁnity. In both cases the streamlines form closed contours either around the
cylinder or around the cylinder and the rotlet, together with a stagnation point
on the x-axis. However, due to the diﬀerent values of c the position of stagnation
points diﬀer. In the present case it is further along the x-axis than the rotlet,
whereas in the case considered by Avudainayagam and Jothiram (1987) it lies
between the rotlet and the cylinder. At inﬁnity the form of the non-dimensional
stream function from Avudainayagam and Jothiram (1987) assumes the form

ψ ≈ (K − Lc−1 )rcosϑ − L(ln(r) −

r2
) + ln(r)
2

(4.4.1)

which results in their corresponding value of moment on the cylinder being

M = −4πμΓ(cK − 2L).

(4.4.2)

It should be stressed that in order for the boundary conditions to be satisﬁed
it is necessary for cK−L to be unity, which results in expression (4.4.1) becoming
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The streamlines corresponding to expression (3.5.4) with
C

=

0.

The labeled 1, . . . , 7 correspond to Ψ

=

−3.0, −2.0, −0.425, 0.0, 0.425, 2.0 and 3.0 respectively.

ψ≈

1
r2
rcosϑ − L(ln(r) − ) + ln(r).
c
2

(4.4.3)

Hence, for the analytical non-dimensional stream function for non zero C to correspond exactly with that of Avudainayagam and Jothiram (1987), who applied
K = L = 0.5, it was necessary to choose C = −0.5. The two streamline patterns
then correspond exactly. However, the moment on the cylinder in our case is
2πμΓ, whereas according to expression (4.4.2) it is −2πμΓ. This discrepancy
is due to the failure of Avudainayagam and Jothiram (1987) to account for the
contribution within their expression of the rotlet by the subtraction of the term
4πμΓ. This can be further emphasized by considering the case corresponding
to that investigated by Dorrepaal et.al. (1984) when L = 0 and K = c−1 . For
which expression (4.4.2) produces a moment on the cylinder of −4πμΓ instead
of the correct value of zero. In order to correspond to the present situation one
requires L = −1 and K = 0, in which case the moment M assumes the value
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−4πμΓ. This value is conﬁrmed by the results in Table 4.4.4.
In ﬁgure 4.4.11 the value of −2C has been added to the non-dimensional
vorticity given by expression (3.1.15) in order to produce the vorticity pattern
corresponding to the streamline ﬂow in ﬁgure 4.4.9. The contours are identical
to those shown in ﬁgure 4.4.4, but for their constant change in magnitude.
The above tables clearly show that the force components and the moment
on the circular cylinder from expressions (3.2.13), (3.2.14) and (3.2.15) are directly related to the coeﬃcients of the rln(r) sin ϑ, rln(r) cos ϑ and ln(r) terms
respectively in the expansion of the stream function at large distances, as seen
by expressions (3.3.10) and (3.3.11), provided that account is taken of any contributions arising from singularities with the enclosed domain.
So far the results presented have been the numerical data of analytical so-
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Figure 4.4.9: The streamlines corresponding to expression (3.5.4) with C = 1,
B = A = 0. The labeled 1, . . . , 4 correspond to Ψ = -5.5, -4.85, -4.0 and -2.0
respectively.

lutions for the stream function and the vorticity. However, having established
these it is intended to investigate how good the application of the Boundary Element Technique is in determining the solution when the force and moment on
the cylinder are known. Use is made of the asymptotic form of the stream function and the vorticity in relating the coeﬃcients of some of the terms in this
expansion to the force components and the moment, as given by expressions
(3.3.10) and (3.3.11), in order to validate the results.
Initially case (a), with λ2 = 0, was investigated. This was chosen since
the unknown constants λ1 , λ7 , λ8 and λ9 could be determined without the need
to introduce extra conditions either from considering points inside the cylinder
or at large values of r outside the cylinder. The conditions given by expressions (4.3.10), (4.3.11), (4.3.12) and (4.3.15) produced streamline and vorticity
patterns identical to those shown in ﬁgures. 4.4.1 and 4.4.4 respectively. The
values of λ1 , λ7 , λ8 and λ9 which analytically are c−1 , − ln(c), 0 and c−2 numer-
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Figure 4.4.10: The streamlines corresponding to expression (3.5.4) with C =
-0.5, B = A = 0. The labeled 1, . . . , 6 correspond to Ψ = 0.0, 0.05, 0.1, 0.2, 0.9,
and 2.7 respectively.

ical are 0.3333, −1.0986, 0.0002 and 0.1105 respectively.
Introducing an unknown λ2 requires an extra condition, which can be achieved
by assuming that the value of the perturbation stream function ψ ∗ from its
asymptotic value at some large value of r is approximately zero. However, if
this is all that was undertaken, then the error would be O(r−1 ). Hence, the
extra terms of O(r−1 ) are taken into the asymptotic expansion resulting in
a reduction in the error to O(r−2 ). This means that the asymptotic expansion (4.1.10) now contains the extra 4 terms given in expression (4.3.16). As
a result it was necessary to choose ψ ∗ to be zero at 5 large values of r. The
magnitude of r for all these points was taken to be around 20. The streamline and vorticity patterns are again identical to those shown in ﬁgures. 4.4.1
and 4.4.4 respectively. The values of λ1 , λ7 , λ8 and λ9 which analytically are
c−1 , − ln(c), 0 and c−2 numerical are now 0.3333, −1.0986, 0.0002 and 0.1112 respectively, hence showing a small change from their earlier values. The values
of λ10 , λ11 , λ12 and λ13 are all identically zero apart from λ13 which assumes the

4.4. NUMERICAL RESULTS

99

value c−3 . Their corresponding numerical values are −0.0005, −0.0293, 0.0000
and 0.3705 when 40 points are taken around the cylinder, but these become
−0.0001, −0.0148, 0.0000 and 0.3703 when the number of points is increased to
160.
The above inaccuracies arising in the coeﬃcient λ11 can be overcome by
choosing the extra points to be within the cylinder rather than at some large
value of r. In fact since ψ ∗ is exactly zero there is no necessity to include the
extra terms from the expression (4.3.16) within the asymptotic expansion of
the stream function. Introducing an extra point within the cylinder to produce
an equation to compensate for the extra unknown coeﬃcient λ2 , results in the
same values of λ1 , λ7 , λ8 and λ9 as given above, together with the value of λ2
as 0.0000.
In case (b) where λ3 = λ6 = 0 the non dimensional force components Fx
and Fy have non zero values - A and B respectively, which is why the coeﬃcients λ4 and λ5 must be included. Setting A = 1 and B = 0 produced the
streamline and vorticity patterns shown in ﬁgures 4.4.5 and 4.4.6 respectively,
with the values of λ1 , λ7 , λ8 and λ9 unchanged from above, together with the
coeﬃcients λ2 = −0.4961, ( exact value −0.5000), λ4 = 1.0000 and λ5 = 0.0000.
Reversing the values of A and B reverse the values of λ4 and λ5 , together with
λ2 = 0.0000, λ1 = −0.1627, ( exact value (c−1 − 12 ) ), λ7 , λ8 and λ9 remaining unchanged, and produced the streamlines and vorticity patterns shown in
ﬁgures 4.4.7 and 4.4.8.
In case (c) where λ4 = λ5 = 0 the non dimensional moment M has non
zero value −C, which is why the coeﬃcients λ3 and λ6 must be included.
Setting C = 1 produced the streamline and vorticity patterns shown in ﬁgures 4.4.9 and 4.4.11 respectively, with the values of λ8 and λ9 unchanged but
λ1 = 0.3333, λ2 = 0.0000, λ3 = 0.9938( exact value 1), λ6 = −0.5000( exact
value - 12 ), λ7 = −0.5935( exact value − ln(c) + 12 ).
In case (d) all the λj , j = 1, . . . . . . , 9 were included in the asymptotic expansion, hence requiring ψ ∗ to be set to zero at 5 points within the cylinder.
With the parameters A, B and C set in turn to their above values the inclusion
of the previous zero coeﬃcients λj , for example in case (b) namely λ3 and λ6 ,
were numerically calculated to be 0.0000 in all cases. Similarly, the inclusion
of the λ0 (r2 ln(r) − r2 ) term resulted in unchanged values of the coeﬃcients λj ,
for j = 1, . . . .9, together with λ0 = 0.0000.
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Identical ﬁgures to those presented in ﬁgures 4.4.1 to 4.4.11 for the stream
function and the vorticity were produced by using the results obtained from the
BEM as opposed to their analytic expressions.
In all the above cases the integrals in expressions (3.2.13), (3.2.14) and
(3.2.15) were evaluated numerically from the values of the stream function and
vorticity on the cylinder, together with the normal derivatives of these quantities, derived during the Boundary Element Solution. In each situation the
values obtained agreed within 3 decimal places to those introduced in the form
of constraints by expressions (4.3.17), (4.3.18) and (4.3.19).

4.5

Conclusions

The relation of the coeﬃcients of some of the terms in the asymptotic expansion
of the stream function to the force components and the torque on a body,
together with the imposition of an integral constraint, enables the Boundary
Element Method (BEM), to provide a closed system of equations for the ﬂow
generated by a rotlet in the presence of a circular cylinder.
Excellent agreement is obtained between the numerical results and previous
analytical expressions. The numerical scheme has been extended to solve the
most general situation when both force and moment on the cylinder are nonzero, and neither the magnitude nor the direction of the stream is known.
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Figure 4.4.11:
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The vorticity pattern corresponding to the stream-

lines in ﬁgure 4.4.9.

The labeled 1, . . . , 8 correspond to ω

−2.7, −2.5, −2.2, −2.1, −2.0, −1.9, −1.8 and -1.7 respectively.
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Chapter 5

THE ROTATION OF TWO
CIRCULAR CYLINDERS
5.1

Introduction

So far our problems have been restricted to Stokes ﬂow in the presence of a single
body, although one could argue that a rotlet, in the presence of either a circular
cylinder or an ellipse, may be regarded as a small rotating circular cylinder and
represents a special case of a two body problem. However, such situations have
been treated as single body problems. In the case of a rotlet outside an ellipse,
Smith (1993) has shown that the Stokes ﬂow at inﬁnity is solid body rotation,
except when the rotlet is placed at one particular position, or to be exact at four
positions due to symmetry, whose coordinates are dependent on the strength of
the rotation of the rotlet. In that special case, like that of a rotlet outside a
circular cylinder, the far ﬁeld corresponds to that of a uniform stream. It has
been shown by Jeﬀery (1922) and Smith (1991) that for two body problems a
similar phenomenon occurs, together with a special case.
The paradox which occurred for the above two body problem, (both cylinders of equal radii and rotating with equal speeds, but opposite senses about
parallel axes), when Jeﬀery (1922) obtained his unusual result of the presence
of a uniform stream at inﬁnity was resolved by the work of Proudman and Pearson (1957) and Kaplun and Lagerstrom (1957), where it was shown that such a
Stokes ﬂow was only the far ﬁeld of an inner solution and that an outer region
103
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was required where the Navier-Stokes equations, or some modiﬁed approximation of them, are valid. Although at the time Jeﬀery’s result was known to be
in error due to such a ﬂow having an inﬁnite amount of kinetic energy, whilst
supplied by torques acting on the cylinders for only a ﬁnite time so producing
only a ﬁnite amount of work. It was probably this unresolved situation which
caused Jeﬀery to present his solution for only the one particular case when the
cylinders are of the same radii and rotate with equal speeds, but with opposite
senses, about parallel axes, even though he had formulated the general problem
for two cylinders with diﬀerent radii and diﬀerent angular velocities.
It was left to Smith (1992) to utilize these expressions to establish that
Jeﬀery’s result was just a special case of the more general situation where the
far ﬁeld solution of the Stokes ﬂow corresponds to a rigid body rotation. In fact
Smith was further able to use his solution as the inner boundary condition for the
outer region, where the complete Navier-Stokes equations hold, to produce the
solution in that region. Hence, producing a complete solution over the whole
ﬂuid domain to the problem of two cylinders of diﬀerent radii and diﬀerent
angular velocities. This was achieved by means of an inner solution satisfying
the Stokes equation and an outer solution which satisﬁes the Navier-Stokes
equations. These two solutions being matched at the boundary of the far ﬁeld
of the inner region, or equivalently the near ﬁeld of the outer region. This need
for the Stokes solution before one can establish the complete solution over the
whole ﬂuid domain makes the far ﬁeld form of the Stokes solution considerably
more important that a mere paradox. Before embarking upon a numerical
attempt to establish the Stokes ﬂow using information from the far ﬁeld of the
inner region in the form of the coeﬃcients of the stream function related to
values of the lift, drag and moment generated on the two bodies, a resume of
the analytical work by Jeﬀery (1922) and Smith (1991), inter dispersed with
additional information, will be undertaken.

5.2

Co-ordinate System

Jeﬀery (1922) and Smith (1991) both adopted the bipolar coordinates system

x=

A sin(η)
A sinh(ξ)
, y=
,
cosh(ξ) − cos(η)
cosh(ξ) − cos(η)

(5.2.1)
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where (0,A) and (0,-A) are the limiting points of the two coaxial cylinders.
These equations having arisen from the solution of the equation
ξ + iη = ln[

x + i(y + A)
],
x + i(y − A)

(5.2.2)

where both sides of equation (5.2.2) represent conjugate functions. As will be
seen shortly, ξ = ξ1 and ξ = −ξ2 , where ξ1 and ξ2 are both positive constants, result in two circular cylinders of radii Acosech(ξ1 ) and Acosech(ξ2 ) respectively,
which do not enclose each other. Dorrepaal, O’Neill and Ranger (1984), who
presented streamlines for the problem solved by Jeﬀery (1922) at diﬀerent values of d/R1 , where 2d represents the distance between the centers of the two
cylinders each of radius R1 , set A in the numerator of equations (5.2.1) to be
A = R1 sinh(ξ1 ), or equivalently R1 sinh(ξ2 ), since in their work ξ1 = ξ2 .
The coordinate scheme is shown in ﬁgure 5.2.1, where 01 and 02 are the points
(0, A) and (0, −A), respectively and P is any point in the plane. If the distances
01 P and 02 P are r1 and r2 and 01 P and 02 P are inclined at angles ϑ1 and ϑ2 to
the x-axis, respectively,
then,

ξ = ln(r2 /r1 )

and

η = ϑ2 − ϑ1 .

(5.2.3)

The curves ξ =constant are a set of co-axial circles of the limiting point kind
with 01 and 02 as the limiting points of the system, whereas the curves η =
constant are a system of co-axial circles of the common point kind. All the
circles of one system intersect all the circles of the other system orthogonally.
The circles corresponding to positive values of ξ are above the x-axis, whereas
those corresponding to negative values are below. The x-axis itself corresponds
to ξ = 0. The arcs of circles corresponding to positive values of η are on the
right hand side of the y-axis, whereas those corresponding to negative values are
on the left hand side. On the y-axis η = 0, unless the point is between 01 and
02 when η = ∓π, see ﬁgure 5.2.2.
¿From equation (5.2.3) it is easily seen that as r → ∞, then ξ and η →
0. As P approaches 01 and 02 , then ξ → ∞ and−∞, respectively. Elements
measured along the normals to the curves ξ and η = constant are h1 dξ and
h2 dη respectively, where h21 = h22 = 1/(h2 ) and
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Figure 5.2.1: The geometry of the two cylinders and the coordinate scheme.

1/(h2 ) = (

∂x 2
∂y
) + ( )2 = A2 /((cosh(ξ) − cos(η))2 ).
∂ξ
∂ξ

(5.2.4)

The equations of the circles are
x2 + (y − Acoth(ξ1 ))2 = A2 cosech2 (ξ1 )
and

x2 + (y + Acoth(ξ2 ))2 = A2 cosech2 (ξ2 )

(5.2.5)

respectively, see ﬁgure 5.2.3. Obviously the modiﬁcation to the transformation
adopted by Dorrepaal et al. (1984), results in the centers of the two circles being
at (0, R1 cosh(ξ1 )) and (0, −αR1 ), where αR1 = R1 sinh(ξ1 ) coth(ξ2 ), with the
radii R1 and R2 = βR1 = R1 sinh(ξ1 )cosech(ξ2 ). For the remainder of the
analysis it is proposed to adopt the non-dimensional form of the transformation
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Figure 5.2.2: (ξ, η) coordinate system.

used by Dorrepaal et al. (1984), so the circles have radii unity and β with
centers at (0, cosh(ξ1 )) and (0, −α), respectively. Hence, the cylinders are given
by ξ = ξ1 and ξ = −ξ2 and the distance between the axes of the cylinders by
(cosh(ξ1 ) + α), with the ﬂow region deﬁned by −ξ2 < ξ < ξ1 and −π < η < π.
Instead of adopting the non-dimensional chosen by Dorrepaal et al. (1984),
namely scaling the coordinates with respect to the radius of the upper cylinder,
Smith (1991) scaled the x and y coordinates with respect to the distance A,
resulting in the centers of the two cylinders having non-dimensional coordinates
(0, coth(ξ1 )) and (0, − coth(ξ2 )), together with non-dimensional radii cosech(ξ1 )
and cosech(ξ2 ), respectively. However, to avoid undue confusion their nondimensionalisation will be discussed separately later.
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Figure 5.2.3: The radii of the two cylinders and the distances from the centers
of the two cylinders to the origin.

5.3

Stream Function Expansion

In addition to the above non-dimensionalisation of the coordinates, the stream
function and the vorticity are non-dimensionlised with respect to R1 ω1 and ω1 ,
respectively, where ω1 is the angular velocity of the upper cylinder. If the nondimensional components of the velocity in the directions of increasing ξ and η
are uξ and uη respectively, see ﬁgure 5.3.4,
then the continuity equation

h2 (

∂ −1
∂ −1
(h uξ ) +
(h uη ))
∂ξ
∂η

can be satisﬁed by the stream function Ψ expressed by

(5.3.1)
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Figure 5.3.4: The direction of the non-dimensional components of the velocity
uξ and uη .

uξ = −h

∂Ψ
,
∂ξ

uη = h

∂Ψ
∂η

(5.3.2)

where in this situation h is in its non-dimensional form, namely (cosh(ξ) −
cos(η))/ sinh(ξ1 ). In the rest of this section, when h occurs it will be assumed to
be in its above non-dimensional form, as will A which adopts the form sinh(ξ1 ).
Eliminating the pressure from the non-dimensional form of the two dimensional Navier-Stokes equation by operating with curl and introducing the stream
function Ψ, results in the diﬀerential equation

∇4 Ψ = ∇2 (∇2 Ψ) = 0,

(5.3.3)
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where

∇2 Ψ = ∇.(∇Ψ) = h2

∂2
∂2
+
∂ξ 2
∂η 2

(5.3.4)

However, on changing the dependent variable from Ψ to hΨ, expression (5.3.4)
becomes

∇2 Ψ = [h(

∂
∂2
∂2
∂
− 2sin(η)
+
) − 2sinh(ξ)
∂ξ 2
∂η 2
∂ξ
∂η

(5.3.5)

+ cosh(ξ) + cos(η)](hΨ),
which on repeating the operation, plus a small amount of simpliﬁcation, results
in equation (5.3.3) becoming a linear partial diﬀerential equation with constant
coeﬃcients, namely
∂4
∂4
∂4
∂2
∂2
+
2
+
−
2
+
2
+ 1 (hΨ) = 0.
∂ξ 4
∂ξ 2 ∂η 2
∂η 4
∂ξ 2
∂η 2

(5.3.6)

Seeking a solution of equation (5.3.6) of the form hΨ = f (ξ) cos(nη) or f (ξ) sin(nη),
the periodicity, necessary from the geometry of the problem, gives rise to the
ordinary diﬀerential equation
d4
d2
2
−
2(n
+
1)
+ n4 − 2n2 + 1 f (ξ) = 0.
dξ 4
dξ 2

(5.3.7)

The solution of equation (5.3.7) has the form
f (ξ) = An cosh((n + 1)ξ) + Bn cosh((n − 1)ξ) + Cn sinh((n + 1)ξ)
+ Dn sinh((n − 1)ξ),

for n ≥ 2,

f (ξ) = A1 cosh(2ξ) + B1 + C1 sinh(2ξ) + D1 ξ, for n = 1,

(5.3.8)

(5.3.9)

and

f (ξ) = A0 cosh(ξ) + B0 ξ cosh(ξ) + C0 sinh(ξ) + D0 ξ sinh(ξ), for n = 0,
(5.3.10)
where Ai , Bi , Ci and Di for i = 0, 1, . . . . . . . are the constants of integration.
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Due to the general solution of equation (5.3.6) being

hΨ = exp(±ξ)f (ξ ± iη)

(5.3.11)

the terms ξ sin(η), ξ cos(η), ξ cosh(ξ) and ξ sinh(η) in expressions (5.3.8), (5.3.9)
and (5.3.10) result in the addition solutions

hΨ = η,

(5.3.12)

where E, F, G and H are unknown constants. However, these solutions can
be rejected due to the requirement of single-valuedness of the solution. In the
present problem the stream function is an even function in η, as is the function
h, and therefore all the terms involving sin(nη) may be omitted. Thus hΨ
assumes the form
hΨ = A0 cosh(ξ) + B0 ξcosh(ξ) + C0 sinh(ξ) + D0 ξsinh(ξ)
+ [A1 cosh(2ξ) + B1 + C1 sinh(2ξ) + D1 ξ]cos(η)
+

∞


[An cosh((n + 1)ξ) + Bn ξcosh((n − 1)ξ)

(5.3.13)

n=2

+ Cn sinh((n + 1)ξ) + Dn ξsinh((n − 1)ξ)]cos(nη).
At this point it should be observed that Jeﬀery (1922) noted that the above
series may converge only for positive or for negative values of ξ. That is to
say that diﬀerent expansions of hΨ on either side of ξ = 0 may be required.
However, as will be discussed later he was able to justify his choice of hΨ for
the domain ξ > 0 and to establish a solution for the whole ﬂuid space using a
symmetry argument. From the component form of the Navier Stokes equation
it is readily seen that both the pressure p and the expression ∇2 Ψ satisfy the
Cauchy-Riemann equations, which means that the function p+i∇2 Ψ is a regular
function of z = x + iy, so x and y can only occur in the combination x + iy.
However, equation (2) clearly shows that p + i∇2 Ψ must also be a regular
function of ζ = ξ + iη. Evaluating ∇2 Ψ by substituting expression (18) into the
right hand side of equation (10) results in a term (B0 + D1 )ξ, which means that
the pressure p must contain a term −(B0 + D1 )η. The inclusion of such a term
would violate the condition regarding the single-valuedness of the velocity and
the pressure, hence it is necessary for the constraint
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(B0 + D1 ) = 0,

(5.3.14)

to be applied.

5.4

Boundary Bonditions

Jeﬀery showed that a solution of the biharmonic equation ∇4 Ψ = 0 in the region
−ξ2 < ξ < ξ1 , −π < η < π which satisﬁes the no slip condition on ξ = −ξ2 and
on ξ = ξ1 is given by

hΨ = A0 cosh(ξ) + B0 ξ cosh(ξ) + C0 sinh(ξ) + D0 ξ sinh(ξ)

(5.4.1)

+ (A1 cosh(2ξ) + B1 + C1 sinh(2ξ) + D1 ξ) cos(η).
The zero normal velocity boundary conditions are that on

ξ = −ξ2 , Ψ = −Ψ2 ;

(5.4.2)

ξ = ξ1 , Ψ = Ψ1 .

(5.4.3)

whilst on

This choice of Ψ = −Ψ2 on ξ = −ξ2 has been taken to coincide with that taken
by Smith (1991), who followed Jeﬀery (1922), since the latter had employed that
on ξ = 0 the value of Ψ was zero, so making his value of Ψ = −Ψ1 on ξ = −ξ2 by
the symmetry of the particular case studied.
The components of the non-dimensional ﬂuid velocity in terms of the nondimensional stream function in expression (5.3.2) can be rewritten in terms of
the dependent variable hΨ as follows
∂(hΨ) Ψ
∂Ψ
= −[
− sin(η)],
∂η
∂η
A

(5.4.4)

∂(hΨ) Ψ
∂Ψ
= −[
− sinh(ξ)],
∂ξ
∂ξ
A

(5.4.5)

uξ = −h

uη = h
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where uξ and uη are in the directions of ξ and η increasing. This means that on
ξ = ξ1 , uη = −1, and by substituting A = sinh(ξ1 ), one obtains
∂
(hΨ) = Ψ1 − 1.
∂ξ

(5.4.6)

An alternative way of expressing this equation is
∂Ψ
= −1/h = − sinh(ξ1 )/[cosh(ξ! ) − cos(η)],
∂ξ

(5.4.7)

which agrees, but for the sign, with the condition employed by Dorrepaal et
al. (1984). The sign diﬀerence arising due to the upper cylinder rotating in
the clockwise direction in the work of Dorrepaal et al. (1984), but in the anticlockwise in that of Smith (1992) and of Jeﬀery (1922). Also
on ξ = −ξ2 , uη = −(ω2 /ω1 ) sinh(ξ1 )cosech(ξ2 ) = −βω2 /ω1 ,
= −R2 ω2 /(R1 ω1 ),

(5.4.8)

which produces
∂
(hΨ) = Ψ2 sinh(ξ2 )/[sinh(ξ1 ) − (ω2 /ω1 )sinh()ξ1 cosech(ξ2 )]
∂ξ
= ψ2 /β − βω2 /ω1 .

(5.4.9)

(5.4.10)

Again this expression may be written as
∂Ψ
= −βω2 /(hω1 ),
∂ξ
= − sinh(ξ1 )cosech(ξ2 )ω2 /[ω1 (cosh(ξ2 ) − cos(η))]

(5.4.11)

(5.4.12)

which with ξ1 = ξ2 , that is two identical cylinders, and ω1 = ω2 , reduces to that
adopted by Dorrepaal et al. (1984), but for the sign. With Ψ1 = Ψ2 , ω1 = ω2 and
ξ1 = ξ2 , then equations (5.4.6) and (5.4.9) are identical, and agree with the
conditions, apart from the diﬀerence of sign, applied by Dorrepaal et al. (1984).
The angular velocities of the two cylinders in the above have been taken as

ω = ω1 k on ξ = ξ1 and ω = −ω2 k on ξ = −ξ2 .

(5.4.13)
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Linear Equation of the Boundary Conditions

The constant values of the stream function on ξ = ξ1 and ξ = −ξ2 are Ψ1 and
−Ψ2 , respectively, with Ψ1 − (−Ψ2 ) = Ψ1 + Ψ2 , the diﬀerence between the
stream function on the two cylinders being an independent quantity. Hence,
the nine unknowns are Ψ1 + Ψ2 , Aj , Bj , Cj , Dj , where j = 0 and 1, whilst the
nine equations necessary to determine these values are the constraint equation
(5.3.14), plus the eight equations arising from substituting the stream function
from expression (5.4.1) into the boundary conditions (5.4.2), (5.4.3), (5.4.6) and
(5.4.9) and equating the coeﬃcient of the cos(η) term and that of the constant
term both to zero, so producing
A0 cosh(ξ1 ) + B0 ξ1 cosh(ξ1 ) + C0 sinh(ξ1 ) + D0 ξ1 sinh(ξ1 )

(5.5.1)

= Ψ1 cosh(ξ1 )/(sinh(ξ1 )).
A1 cosh(2ξ1 ) + B1 + C1 sinh(2ξ1 ) + D1 ξ1 = −Ψ1 /(sinh(ξ1 )),

A0 sinh(ξ1 ) + B0 ξ1 sinh(ξ1 ) + C0 cosh(ξ1 )
+ D0 (ξ1 cosh(ξ1 ) + sinh(ξ1 ) = Ψ1 − 1.

2A1 sinh(2ξ1 ) + 2C1 cosh(2ξ1 ) + D1 = 0,
A0 cosh(ξ2 ) − B0 ξ2 cosh(ξ2 ) − C0 sinh(ξ2 ) + D0 ξ2 sinh(ξ2 )
= −Ψ2 cosh(ξ2 )/(sinh(ξ1 )).
A1 cosh(2ξ2 ) + B1 − C1 sinh(2ξ2 ) − D1 ξ2 ) − D1 ξ2 = Ψ2 /(sinh(ξ1 )),
A0 cosh(ξ2 ) − B0 ξ2 cosh(ξ2 ) − C0 sinh(ξ2 ) + D0 ξ2 sinh(ξ2 )
= −Ψ2 cosh(ξ2 )/(sinh(ξ1 )).
−2A1 sinh(2ξ2 ) + 2C1 cosh(2ξ2 ) + D1 = 0.

(5.5.2)

(5.5.3)

(5.5.4)

(5.5.5)

(5.5.6)

(5.5.7)

(5.5.8)

Although the non-dimensionalisation in the above work has followed that of
Dorrepaal et al. (1984), it is possible to adopt the procedure chosen by both
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Jeﬀrey (1922) and Smith (1991). There the length non-dimensionalisation was
undertaken with respect to the parameter A, where 2A represents the distance
between the limiting points of the two cylinders in the bipolar coordinate system, instead of with respect to the radius R1 of the upper cylinder. With such
a non-dimensionalisation the centers of the upper and lower cylinders are at
(0, coth(ξ1 )) and (0, − coth(ξ2 )) respectively, whilst the radii are cosech(ξ1 )
and cosech(ξ2 ). In addition the non-dimensional form of the function h will
be (cosh(ξ) − cos(η)). Application of the form for hΨ expressed in equation
(5.4.1) into the boundary conditions on the two cylinders produces, in this nondimensional system, a modiﬁed form of the equations (5.5.1) to (5.5.8), namely
A0 cosh(ξ1 ) + B0 ξ1 cosh(ξ1 ) + C0 sinh(ξ1 ) + D0 ξ1 sinh(ξ1 ) = Ψ1 cosh(ξ1 ).
(5.5.9)
A1 cosh(2ξ1 ) + B1 + C1 sinh(2ξ1 ) + D1 ξ1 = −Ψ1 ,
A0 sinh(ξ1 ) + B0 (ξ1 sinh(ξ1 ) + cosh(ξ1 )) + C0 cosh(ξ1 )
+ D0 (ξ1 cosh(ξ1 ) + sinh(ξ1 )) = Ψ1 sinh(ξ1 ) − cosech(ξ1 ),
2A1 sinh(2ξ1 ) + 2C1 cosh(2ξ1 ) + D1 = 0,

(5.5.10)

(5.5.11)

(5.5.12)

A0 cosh(ξ2 ) − B0 ξ2 cosh(ξ2 ) − C0 sinh(ξ2 ) + D0 ξ2 sinh(ξ2 ) = −Ψ2 cosh(ξ2 ).
(5.5.13)
A1 cosh(2ξ2 ) + B1 − C1 sinh(2ξ2 ) − D1 ξ2 ) − D1 ξ2 = Ψ2
A0 sinh(ξ2 ) + B0 (ξ2 sinh(ξ2 ) + cosh(ξ2 )) + C0 cosh(ξ2 )
ω2
+ D0 (ξ2 cosh(ξ2 ) + sinh(ξ2 )) = Ψ2 sinh(ξ2 ) − ( )cosech(ξ2 ),
ω1
−2A1 sinh(2ξ2 ) + 2C1 cosh(2ξ2 ) + D1 = 0.

(5.5.14)

(5.5.15)

(5.5.16)

If the stream function and the coeﬃcients Aj , Bj , Cj and Dj , where j = 0 and
1, in equations (5.5.9) to (5.5.16) are redeﬁned as sinh2 (ξ1 ) times the stream
function value and sinh(ξ1 ) times the coeﬃcients, respectively, then equations
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(5.5.1) to ((5.5.8) are identical with the equations (5.5.9) to (5.5.16). This means
that the coeﬃcients obtained by solving the non-dimensional set of equations in
Smith (1991), namely equations (5.5.9) to (5.5.16), can be seen on multiplication
by sinh(ξ1 ) to give identical values to those obtained by solving equations (5.5.1)
to (5.5.8). Likewise, multiplication by sinh2 (ξ1 ) of the streamfunction in Smith
(1991) produces the form obtained by Dorrepaal et al. (1984).
Returning to equations (5.5.1) to (5.5.8), then the work of Dorrepaal et al.
(1984), with the rotation of both cylinders reversed in order to agree with the
directions chosen by Jeﬀery (1922) and by Smith (1991), shows that there is an
analytical solution when ξ1 = ξ2 and ω1 = ω2 , namely,

[

cosh(ξ) − cos(η)
]Ψ = hΨ
sinh(ξ)

= A0 cosh(ξ) + B0 ξ cosh(ξ) + C0 sinh(ξ) + D0 ξ sinh(ξ)

(5.5.17)

+ (A1 cosh(2ξ) + B1 + C1 sinh(2ξ) + D1 ξ) cos(η),
where
A0 = A1 = B1 = D0 = 0, B0 = −D1 = −(coth(2ξ1 ))/ sinh(ξ1 ),
C0 = (coth(ξ1 ))/(2 sinh(ξ1 )), C1 = −(cosech(2ξ1 ))/(2 sinh(ξ1 )),

(5.5.18)

which agree, on division by sinh(ξ1 ) with the coeﬃcients presented in Jeﬀery
(1922). These results also highlight the fact that the stream functions in the
work in Jeﬀery (1922), or in Smith (1991), and in Dorrepaal et al. (1984) diﬀer
by a factor sinh2 (ξ1 ).
In addition to the solutions by Jeﬀery (1922) and by Dorrepaal et al. (1984)
for the case of cylinders of equal radii rotating with equal speeds but in opposite
senses, Smith (1991) has solved equations (5.5.9) to (5.5.17) for the most general
situation, namely diﬀerent radii and diﬀerent angular velocities. Unfortunately,
the expressions for the various coeﬃcients in the function hΨ are rather lengthy
and as a result only those combinations necessary for the evaluations of the form
of the stream function at large distances from the cylinders and the torques on
the two cylinders are presented. Rather than produce algebraic expressions for
the coeﬃcients, the two sets of equations (5.5.1) to (5.5.8) and equations (5.5.9)
to (5.5.16) have been solved numerically for various cylinder radii and angular
velocities, and the values for the combinations of the constants, presented in
Smith (1991), checked. Streamlines have been drawn for some of these radii and
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angular velocities and are shown in ﬁgures 5.5.5 and 5.5.6. These cases included
the special situation when the value of (A0 + A1 + B1 ) is zero, since, as will
be seen later, the solution for this special value should at large distances from
the cylinders correspond to a uniform stream rather than solid body rotation
as occurs for all non zero values of this parameter. Corresponding to each
streamline pattern, the vorticity distribution, resulting from the substitution of
the expression for hΨ, given by equation (5.4.1), into equation (5.3.5), producing
the non-dimensional vorticity
ω = ∇2 ψ = (cosh(ξ) − cos(η)) (p2 + (q2 − q0 ) cos(η))
− 2 sinh(ξ)(p1 + q1 cos(η)) + q0 sin2 (η)

(5.5.19)

+ (cosh(ξ) + cos(η))(p0 + q0 cos(η)),
where
⎫
p0 = A0 cosh(ξ) + B0 ξcosh(ξ) + C0 sinh(ξ) + D0 ξsinh(ξ), ⎪
⎪
⎪
⎪
⎪
⎪
q0 = A1 cosh(2ξ) + B1 + C1 sinh(2ξ) + D1 ξ,
⎪
⎪
⎪
⎪
⎪
p1 = A0 sinh(ξ) + B0 (cosh(ξ) + ξsinh(ξ)) + C0 cosh(ξ)
⎪
⎪
⎪
⎬
+D (sinh(ξ) + ξcosh(ξ)),
0

q1 = 2A1 sinh(2ξ) + 2C1 cosh(2ξ) + D1 ,
p2 = A0 cosh(ξ) + B0 (2sinh(ξ) + ξcosh(ξ)) + C0 sinh(ξ)
+D0 (2cosh(ξ) + ξsinh(ξ),
q2 = 4A1 cosh(2ξ) + 4C1 sinh(2ξ).

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭

(5.5.20)

has been presented in Figures 5.5.6.

5.6

Asymptotic Form of the Stream Function

It seems that now is the appropriate time to investigate the behavior of the
streamfunction at large distances from the cylinder, as documented by Smith
(1991). It has already been mentioned that the condition of x, y → ∞ requires
ξ, η → 0, which results in
(ξ 2 + η 2 )Ψ/ sinh(ξ1 )  2(A0 + A1 + B1 ) + 2(C0 + 2C1 )ξ
+ (A0 + 2D0 + 4A1 )ξ 2 /2 − (A1 + B1 )η2 /2 + O(((ξ 2 + η 2 )3/2 ),

(5.6.1)
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where
Δ(A0 +A1 + B1 ) = (ξ1 + ξ2 )(ω1 sinh2 (ξ2 ) − ω1 sinh2 (ξ1 )) sinh(ξ1 ),

(5.6.2)

Δ(C0 + 2C1 ) = ω1 sinh(ξ1 )sinh(ξ2 )[(ξ1 + ξ2 )sinh(ξ1 )cosech(ξ1 + ξ2 )
+ sinh(ξ2 ) + (ξ1 + ξ2 )cosh(ξ2 ) − ξ2 sinh(ξ1 + ξ2 )cosech(ξ1 )]
+ ω2 sinh2 (ξ1 )[(ξ1 + ξ2 )sinh(ξ2 )cosech(ξ1 + ξ2 ) + sinh(ξ1 )

(5.6.3)

+ (ξ1 + ξ2 )cosech(ξ1 ) − ξ1 sinh(ξ1 + ξ2 )cosech(ξ2 )]
with
Δ = (ξ1 + ξ2 ){sinh2 (ξ1 ) + sinh2 (ξ2 )}

(5.6.4)

+ 2sinh(ξ1 )sinh(ξ2 )sinh(ξ1 + ξ2 ).
As at small values of ξ and η, the non-dimensional values x and y take the form
x  2η sinh(ξ1 )/(ξ 2 + η 2 ),

(5.6.5)

y  2ξ sinh(ξ1 )/(ξ 2 + η 2 ),

(5.6.6)

and

it follows that
Ψ  (A0 + A1 + B1 )(x2 + y 2 )/(2 sinh(ξ1 )) + (C0 + 2C1 )y
+ sinh(ξ1 ) {−(A0 + 2D0 + 5A1 + B1 )cos(2ϑ)} /2

(5.6.7)

+ sinh(ξ1 ) {(A0 + 2D0 + 3A1 − B1 )} /2
as x and y → ∞. Expression (5.6.7) can easily be changed to its form presented
in Smith (1992). However, care must be taken to apply not only the modiﬁcation
necessary between the stream functions and the coeﬃcients A0 , etc. in the two
diﬀerent non-dimensionalised systems but also to note that x and y are nondimensional. The non-dimensionalisation being with respect to R1 in the present
work, and in that by Dorrepaal et al. (1984), whereas in Smith (1991) it is with
respect to A, where A = R1 sinh(ξ1 ). The O(1) term in the asymptotic series
of the stream function at large distances from the cylinder was not presented
by Smith (1991), and under normal circumstances would be unnecessary since
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it neither conveys the strength of the solid body rotation, if present, nor the
magnitude of the uniform stream. However, in later work it will provide a useful
check of the accuracy of the results since then the stream function is considered
as the sum of its value at inﬁnity plus a perturbation. The perturbation term
being ﬁnite in the vicinity of the cylinders but tending to zero at inﬁnity. A
non-zero value of the leading order term in expression (5.6.7), (A0 + A1 + B1 )r2 ,
clearly indicates that, based on the Stokes equation, there is solid body rotation
far from the cylinders. This fact appeared to have been overlooked by all workers
on this problem prior to Smith (1992) and probably arose due to the physical
situations being studied being restricted to cylinders of equal radii, with angular
velocities of equal magnitude but opposite senses. If one views equation (5.6.2),
excluding the situation that either ξ1 or ξ2 are zero, which means that neither of
the cylinders is a plane and hence in reality possess zero angular velocity, then
it is only possible to have zero rotation at inﬁnity when

ω1 sinh2 (ξ2 ) = ω2 sinh2 (ξ1 ).

(5.6.8)

Multiplication of equation (5.6.8) by the dimensional A2 , namely R12 sinh2 (ξ1 ),
results in the more physically recognizable relationship, namely

ω1 R12 = ω2 R22 .

(5.6.9)

This requires that the angular momenta of the two cylinders must exactly balance, and in such a situation there is just a uniform stream at inﬁnity in the
direction perpendicular to the line of centers of the cylinders. The actual direction corresponding to that of the direction the surfaces of the cylinders when
they meet the line connecting their centers. Hence, in the present case when
ω1 and ω2 in expressions (5.4.13) are both positive the stream will be directed
parallel to the x-axis and in the direction of x increasing. Since Dorrepaal
et al. (1984) reversed both these directions of rotation, it follows that their
stream should have been directed in the direction of x decreasing. However, the
opposite direction appears to have been their choice.
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Validation of the Expansions for hΨ

Before embarking into a detailed discussion regarding the forces and the torques
acting on the cylinders it seems an appropriate place to refer back to the point
mentioned earlier, and discussed by Jeﬀery (1922), relating to whether diﬀerent
expansions are required in the separate domains ξ > 0 and ξ < 0 when one of
the two cylinders fails to enclose the other. However, Jeﬀery (1922) rather than
pursue the diﬀerent expansions on opposite sides of the plane ξ = 0 opted for
cylinders of equal radii, rotating with equal speeds but in opposite senses. This
meant that by using a symmetry argument, together with the stream function
being a constant and the shearing stress vanishing on the plane ξ = 0, it was
possible to obtain a solution in the whole ﬂuid domain from an expansion for the
region ξ > 0 only. Jeﬀery (1922) found that the most general form of expression
(5.3.13) which satisﬁed the boundary conditions on the upper cylinder and the
boundary conditions on the plate ξ = 0 was that presented in expression (5.4.1).
The question as to whether the expansion (5.3.13) is valid on the plane ξ = 0,
in other words ”Is it absolutely and uniformly convergent”, was simply assumed
for the matter of obtaining the solution, with a full physical argument presented
as to its validity. Jeﬀery (1922) concluded that since it was possible to solve
uniquely the problem of a cylinder rotating in a viscous ﬂuid contained within
a non-concentric vessel whose inner surface was smooth and so unable to exert
any tangential stress on the ﬂuid, then by allowing the radius of the outer vessel
to then become inﬁnitely large that solution should correspond to his result,
found with the help of symmetry, in the upper half plane. As the ﬂow in the
contained vessel was unique and did tend at large distances from the rotating
cylinder to that already found by using expansion (5.4.1) for the region ξ > 0,
then the use of the more general form of expansion (5.3.13), namely expansion
(5.4.1), on the boundary ξ = 0, must, regarding its convergence, be valid. Both
Dorrepaal et al. (1984) and Smith (1991) assumed that an expansion of the form
in expression (5.4.1), rather than that in expression (5.3.13), was acceptable
and that there was no need for diﬀerent expansions in the regions ξ > 0 and
ξ < 0. However, it could be argued that Dorrepaal et al. (1984) had the stronger
grounds for this assumption, based upon the fact that Jeﬀery (1922) had already
found such a solution for the region ξ ≥ 0 and could extend, by symmetry,
that solution to the region ξ < 0. For Smith (1991), this argument was no
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longer possible due to the complete lack of symmetry in the physical situations
being investigated. However, Jeﬀery (1920), in a paper entitled, ”Plane stress
and plane strain in bipolar coordinates”, outlined the restrictions under which
a single expansion like expression (5.3.13), and hence like expression (5.4.1),
might be valid throughout the whole region. If the plate was such that it
contained two circular holes, neither of which enclosed the other, then it was
possible to establish that provided the forces and torque acting over the two
circular boundaries were in equilibrium when considered together, then a single
expansion would suﬃce. However, if situations were studied where this was not
so, then hX, where X represents the stress function, requires a term of the form
hX = (cosh(ξ) − cos(η)) ln(cosh(ξ) − cos(η)),

(5.7.1)

since this allows the most general force and torque conditions to be applied
at the circular boundaries. When the function (5.7.1) is expanded by Fourier
Series, like expression (5.3.13), then diﬀerent forms are needed on opposite sides
of the plane ξ = 0 and hence the requirement of diﬀerent expansions on the two
sides of ξ = 0. The expansions must diverge as one tends to inﬁnity as it will
be necessary for forces and torques to be applied there in order to maintain
the overall equilibrium of the plate. This appears to imply that provided one
looks for a solution to the ﬂow outside two rotating cylinders, neither of which
encloses the other, by means of a single expansion valid throughout the whole
ﬂuid domain then the combination of the forces and the torques on the two
cylinders must produce a system in equilibrium when the two cylinders are
considered together. In Smith (1991) the expressions for the torques on the two
cylinders were

T1 = −4πμω1 R12 (B0 sinh(ξ1 ) + D0 cosh(ξ1 )),

(5.7.2)

T2 = 4πμω1 R12 (B0 sinh(ξ1 ) − D0 coth(ξ2 ) sinh(ξ1 )),

(5.7.3)

and

on the upper and lower cylinders, respectively, where the constants B0 and
D0 have been modiﬁed to the form related to the non-dimensionalisation of the
problem with respect to R1 , i.e. here they correspond to sinh(ξ1 ) times the

CHAPTER 5. THE ROTATION OF TWO CIRCULAR CYLINDERS

122

value used by Smith (1991). The expression (5.7.3) diﬀers from that given by
Smith (1991) in the sign of the D0 coth(ξ2 ) sinh(ξ1 ) term, with his error probably resulting from ξ2 being assumed negative when in reality it had earlier been
set positive, with the negative value of ξ on the lower cylinder achieved by
considering ξ = −ξ2 there. This correction of sign will be validated later, both
in detail and in an argument based upon the conditions necessary to maintain
the equilibrium of the forces and the torques on the two cylinders. In fact the
expressions (5.7.2) and (5.7.3) in Smith (1991) corrected those in Jeﬀery (1922)
where the dimensions were in error with the omission of aR1 sinh(ξ1 ) factor. In
the case of cylinders of equal radii, with equal magnitudes but opposite senses
of rotational velocities, then the values of the coeﬃcients A0 , etc., are those
expressed in equation (5.5.18), and their substitution into expressions (5.7.2)
and (5.7.3) produces

T1 = 4πμω1 R12 coth(2ξ1 ) = −T2 .

(5.7.4)

The expressions for the torques are identical to the values obtained by Dorrepaal
et al. (1984), apart from the previously mentioned sign modiﬁcation to account
for the opposite senses of rotation. This further supports the omission of the
factor R1 sinh(ξ1 ) from the values of T1 and T2 in Jeﬀery (1922). It should be
stressed that since in the above situation T1 and T2 on the two cylinders are
equal in magnitude but opposite in sign, then in order to maintain the combined
equilibrium of the two cylinders, no force in the x direction can be present on
either cylinder, a fact which again will be conﬁrmed later. In addition, for all the
situations where the total angular momenta of the two cylinders balance, which
is that the condition in expression (5.6.9) is applied, then the coeﬃcient D0 is
always zero. This results in the combination of T1 from expression (5.7.2) and
T2 from expression (5.7.3) being zero. Hence to maintain an overall equilibrium
state on the combined system then not only must the forces on the two cylinder
be equal and opposite, but each of the components in the x direction must be
zero.
In the situation when the condition given by expression (5.6.9) is violated,
then in order to maintain equilibrium of the combined system non-zero forces
must be present on the cylinders. Assuming the forces in the (x, y) directions
on the upper and lower cylinders are (F1 , L1 ) and (F2 , L2 ) it is necessary for
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(5.7.5)

and the total combined torque on the two cylinders to be zero, i.e.
T1 + T2 − F1 (R1 cosh(ξ1 ) + R1 sinh(ξ1 ) coth(ξ2 )) = 0.

(5.7.6)

On substituting for T1 and T2 from expressions (5.7.3) and (5.7.4) into equation (5.7.6) one obtains

F1 = −4πμω1 R1 D0 .

(5.7.7)

This result will be conﬁrmed in detail later but it can, to some extent, be predicted from Jeﬀery (1920). In his work it was established that when the forces
and torques on the two cylindrical holes cut in the plate are in a combined equilibrium state then the torque on the upper cylinder about its limiting point can
be split into two parts, namely 2πR12 sinh(ξ1 )G∗ and −2πR12 sinh(ξ1 )H∗, whilst
that on the lower cylinder it divides into −2πR12 sinh(ξ1 )G∗ and −2πR12 sinh(ξ1 )H∗.
This means that about their limiting points the cylinders have a pair of equal
and opposite torques in the form of 2πR12 sinh(ξ1 )G∗, and a pair of equal torques,
each of the same strength and direction, namely−2πR12 sinh(ξ1 )H∗. In addition,
the forces acting at the limiting points of the two cylinders are (2πR1 H∗, 0) on
the upper one and (−2πR1 H∗, 0) on the lower one. As the distance between
the limiting points is 2R1 sinh(ξ1 ) it is relatively easy to see that the forces and
torques on the combined system of the two cylindrical holes are in equilibrium.
One would expect a similar type of structure to occur in the present problem,
with a pair of torques of equal magnitude but in opposite senses, a pair of torques
of equal magnitude and direction and a force system which balances with the
pair of equal torques to produce a system in overall equilibrium. This alone
would suggest the sign modiﬁcation to one of the terms in the torque expression
presented by Smith (1991). Even without any detailed analysis, since the terms
in expressions (5.7.2) and (5.7.3) involving the constant B0 provide the equal and
opposite torque terms, whilst those involving D0 provide the equal ones, both in
magnitude and sense. In addition their combined eﬀect provides an expression
containing a factor R1 (cosh(ξ1 ) + coth(ξ2 ) sinh(ξ1 )), which is the distance between the axes of the two cylinders. This leads one to expect the same structure
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will occur here, as for the case of the circular holes within the plate, and that
the coeﬃcient of the above factor in the expression for the combined torques
(T1 + T2 ) will be the multiple of the force parallel to the x axis.

5.8

Forces and Torques on the Cylinders

As the forces and torques on the two cylinders are to play an important part in
the numerical calculation a detailed analysis of them will now be undertaken.
An appropriate place to commence is with a deﬁnition of the rates of strain,
the stress and the vorticity. The rates of strain necessary to undertake the force
and torque calculations are eξξ and eξη , where
∂(uξ )
∂h
− uη ,
∂ξ
∂η

(5.8.1)

1 ∂(huη ) ∂(huξ )
{
+
},
2
∂ξ
∂η

(5.8.2)

eξξ = h
and

eξη =

and the required stress components are

τξξ = −p + 2μeξξ and τξη = 2μeξη ,

(5.8.3)

in which h, uξ and uη are taken in their dimensional form.
Substitution of expressions (5.8.1) and (5.8.2), together with the dimensional
form of expressions (5.3.2), into the stress components in equations (5.8.3) produce, after some algebra and the use of the fact that
∂2h
=0
∂ξ∂η

(5.8.4)

∂2Ψ
∂Ψ
=
= 0,
∂η
∂η 2

(5.8.5)

and on the cylinders
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τξξ

∂
= −p − 2μh
∂η



∂(hΨ)
∂ξ
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,

(5.8.6)

and


τξη

∂ 2 (hΨ)
∂ 2 (h)
=μ h
−
hΨ
∂ξ 2
∂ξ 2


,

(5.8.7)

in terms of the function h1l1 and its derivatives. Substitution of the dimensional form of (5.4.1) expression into equation (5.8.7) produces, after some
algebra,
τξη = μω1 {cosh(ξ)(B0 sinh(ξ) + D0 cosh(ξ))
− (A1 cosh(2ξ) + C1 sinh(2ξ)) − {(B0 sinh(ξ) + D0 cosh(ξ))
− (2A1 cosh(2ξ) + C1 sinh(2ξ))cosh(ξ) } cos(η)

(5.8.8)

− (A1 cosh(2ξ) + C1 sinh(2ξ))cos(η) }
where ξ = ξ1 or ξ = −ξ2 , according as to whether one is considering 1 2
the upper or the lower cylinder, respectively. Before looking at the expression
(5.8.6) it is necessary to obtain a form for the pressure. This can be achieved
by ﬁrst considering the equations of motion
0=−

1 ∂p
μ ∂ω
−
,
h1 ∂ξ
h2 ∂η

(5.8.9)

0=−

1 ∂p
μ ∂ω
−
,
h2 ∂η h1 ∂ξ

(5.8.10)

Using the dimensional form of the vorticity from equation (5.5.19), (5.8.10)
followed by integration of the resulting equation (8.10), then the pressure can
be expressed as

p = μω1 (A∗ sin(η) + B ∗ sin(2η)/2)

(5.8.11)

to within an arbitrary function of ξ, where
A∗ = (4A1 sinh(2ξ) + 4C1 cosh(2ξ) − 2D1 )cosh(ξ)
− (4A1 coSh(2ξ) + 4C1 sinh(2ξ))sinh(ξ) − 2(B0 cosh(ξ) + D0 Sinh(ξ)),
(5.8.12)
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and
B ∗ = −(4A1 sinh(2ξ) + 4C1 cosh(2ξ)).

(5.8.13)

It should be emphasised that in obtaining this result it is necessary to apply
the condition in expression (5.3.14) to ∂p/∂η in order to maintain the single
valuedness of the pressure. The arbitrary function of be ignored from the resulting can calculations since it will neither eﬀect the forces or the torques on
the cylinders. Substitution of expressions (5.4.1) and (5.8.11) into expression
(5.8.6) for τξξ produces
τξξ = μω1 {4(A1 cosh(2ξ) + C1 sinh(2ξ))sinh(ξ)
+ 2(B0 cosh(ξ) + D0 sinh(2ξ) + 4D1 cosh(ξ) } sin(η) − μω1 D1 sin(2η).
(5.8.14)
Following Jeﬀery (1920). Fourier expansions are assumed for the normal and
tangential stresses over the surface ξ = ξ1 , namely

R1 sinh(ξ1 )τξη = a0 +

∞


(an cos(nη) + bn sin(nη)),

(5.8.15)

n=1

R1 sinh(ξ1 )τξξ = C0 +

∞


(cn cos(nη) + dn sin(nη)),

(5.8.16)

n=1

where

a0 = μω1 R1 sinh(ξ1 ){2cosh(ξ)(B0 sinh(ξ) + D0 cosh(ξ))
− 2(A1 cosh(2ξ) + C1 sinh(2ξ))},
a1 = −μω1 R1 sinh(ξ1 ){2(B0 sinh(ξ) + D0 cosh(ξ))
− 4(A1 cosh(2ξ) + C1 sinh(2ξ))cosh(ξ)},
a2 = −μω1 R1 sinh(ξ1 ){2(A1 cosh(2ξ) + C1 sinh(2ξ))}

(5.8.17)

d1 = μω1 R1 sinh(ξ1 ){4(A1 cosh(2ξ) + C1 sinh(2ξ))sinh(ξ)
+ 2(B0 cosh(ξ) + D0 sinh(ξ)) + 4D1 cosh(ξ)},
d2 = −μω1 R1 sinh(ξ1 )D1 ,
with b1 , b2 , c0 , c1 , c2 and an , bn , cn and dn zero for n ≥ 3. If the 12012 n
n n n surface stresses over the upper cylinder are equivalent to forces (F1 , L1 )
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on its axis and a torque T1 (these being the values necessary to maintain the
motion of the cylinder), then

F1 =

2π

0


L1 =

T1 = −R12



2π

0

τξξ

∂x
∂y
− τξη
∂ξ
∂ξ

dη,

(5.8.18)

τξξ

∂y
∂x
+ τξη
∂ξ
∂ξ

dη,

(5.8.19)

2π

0

(τξη sinh(ξ1 )/(cosh(ξ) − cos(η))) dη,

(5.8.20)

The functions τξξ and τξη have already been expanded in terms of Fourier Series,
and the other expressions in equations (5.8.18), (5.8.19) and (5.8.20), namely
∂x/∂ξ, ∂y/∂ξ and sinh(ξ1 )/(cosh(ξ) − cos(η)), may be similarly expanded on
the may surface ξ = ξ1 , resulting in
sinh(ξ)sin(η)
∂x
= −R1 sinh(ξ1 )
∂ξ
(cosh(ξ) − cos(η))2

= −2R1 sinh(ξ1 )

∞


{ne−nξ1 sin(nη)}

(5.8.21)

(5.8.22)

n=1

∂y
(cosh(ξ)cos(η) − 1)
= −R1 sinh(ξ1 )
∂ξ
(cosh(ξ) − cos(η))2

= −2R1 sinh(ξ1 )

∞


{ne−nξ1 cos(nη)sinh(ξ1 )/(cosh(ξ) − cos(η))}

(5.8.23)

(5.8.24)

n=1

=1+2

∞


{ne−nξ1 cos(nη)}

(5.8.25)

n=1

Substituting these, and the expansions for Tξξ and Tξη ), into the expressions
(5.8.18), (5.8.19) and (5.8.20) for F1 , L1 and T1 , one obtains

F1 = 2π

∞


{(an − dn )ne−nξ1 }

n=1

(5.8.26)
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L1 = −2π

∞


{(bn + cn )ne−nξ1 }

(5.8.27)

n=1

T1 = −2πR1 cosech(ξ1 )

∞


{an e−nξ1 }

(5.8.28)

n=1

Due to the number of non-zero terms in these series being limited to at most
three it is a relatively easy task to sum them, producing

F1 = −4πμω1 R1 D0 ,

(5.8.29)

L1 = 0

(5.8.30)

T1 = −4πμω1 R12 sinh(ξ1 )(B0 + D0 coth(ξ1 )),
= −4πμω1 R12 (B0 sinh(ξ1 ) + D0 cosh(ξ1 )).

(5.8.31)

When investigating the forces and the torque necessary to maintain the motion
of the lower cylinder it must be remember that unlike the upper cylinder where
the forces are applied from ξ  ξ1 (these forces balancing those exerted by the
ﬂuid from the region ξ ≺ ξ1 , the forces must be applied from the region ξ ≺ −ξ2 ,
these balancing those exerted from the ﬂuid in the region ξ  −ξ2 . Also, there
is not an overall sign change in going from T1 to T2 , unlike F2 and L2 , when
compared with F1 and L1 . This arises due to the torque T2 being about an
axis in the lower half plane, whereas T1 is about an axis in the upper half
plane. However, rather than simply cause a sign change to expressions (5.8.26)
and (5.8.27) care must be taken due to the fact that in the region ξ ≺ 0 the
direction cosine in expression (5.8.22) changes sign, unlike the direction cosine in
expression (5.8.24). This is easily seen since ∂x/∂ξ is an odd function, whereas
∂y/∂η is an even function, with respect to the independent variable ξ. The
result of this is that a sign change is required to the terms involving bn and dn
when one moves from the ξ = ξ1 surface to the surface ξ = −ξ2 . There is no
change in the expression for the torque when one moves onto the lower cylinder
resulting from the sign change in the direction cosines since T 2 contains neither
the term ∂x/∂ξ nor ∂y/∂η , but only the term sinh(ξ)/(cosh(ξ) − cos(η)) which
is an even function in ξ. For the reasons mentioned earlier, the expansion for hΨ
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is assumed to be valid throughout the whole ﬂuid domain and then the resulting
forces and torque on the lower cylinder become

F2 = −2π

∞


{(an + dn )ne−nξ1 }

(5.8.32)

{(−bn + cn )ne−nξ1 }

(5.8.33)

n=1

L2 = 2π

∞


n=1

T2 = −2πR1 cosech(ξ1 )

∞


{an e−nξ1 }

(5.8.34)

n=1

The quantities a1 and a2 , in expressions (5.8.17) have the functions multiplying
the parameters A1 and D0 even with respect to the independent variable ξ,
whilst the functions multiplying the parameters B0 and C1 are odd functions.
Similarly, the quantities dl and d2 have the functions multiplying the parameters
A1 and D0 odd functions with respect to that independent variable, whilst
the functions multiplying the parameters B0 and C1 are even functions. The
consequence of this is that the summations in expression (5.8.32) are identical
to those in the summation (5.8.26), resulting in
F2 = 4πμω1 R1 D0 .

(5.8.35)

Obviously, since all the constants bn and cn are zero, the force L2 in expression (5.8.33) will be

L = 0.

(5.8.36)

As the torque term contains only the an quantities, then the same cancellation of
terms will occur in expression (5.8.34) as happened in expression (5.8.28). The
fact that the functions multiplying the parameters which remained in expression
(5.8.28), namely B0 and D0 are odd and even functions, respectively, with
respect to the variable ξ, means that compared with expression (5.8.31) the
sign of the quantity multiplying B0 in expression (5.8.34) will be reversed, whilst
that multiplying D0 will remain unchanged. This results in expression (5.8.34)
becoming
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T2 = −4πμω1 R12 sinh(ξ1 )(−B0 + D0 coth(ξ2 )),
= 4πμω1 R12 (B0 sinh(ξ1 ) − D0 sinh(ξ1 )cosh(ξ2 )).

(5.8.37)

This conﬁrms the discussion following equation (5.7.3) regarding the requirement that T2 in Smith (1991) needs a sign correction, together with the
statement relating to the forces and the torques on the whole system, namely,
that the two combined cylinders are in an equilibrium state with both zero total
force and zero total torque. This fact has not hitherto been available since none
of the earlier workers investigated the forces on the cylinders.

5.9

Alternative Expressions for the Forces

Later in this work it is proposed to introduce the Boundary Element Method
(BEM) in order to determine a numerical solution of this in particular problem.
technique the Validation of the situation of two rotating cylinders of diﬀerent radii will enable it to be applied with conﬁdence to other multiple body
problems, for which no analytical solution is possible. In such problems the
cross-sections of the bodies can diﬀer, even within a particular problem, and
the limitation to the number of such bodies present will be due only to the computing restriction relating to the number of required elements. As increasing
the number of bodies present will have to be met by a corresponding increase
in the number of elements in order to maintain the required accuracy. However, in order to apply the BEM it is necessary for the solution the that is
being derived, in the present case streamfunction, to tend to zero at inﬁnity.
This can be achieved in the standard manner, see Tang (1990), by redeﬁning
the streamfunction to be its asymptotic value at inﬁnity, plus a perturbation,
with the BEM so modiﬁed so that it is applied to the perturbation part of the
streamfunction. This means that those terms forming the non-zero part of the
streamfunction at inﬁnity will occur in values on the the governing with their
equations cylindrical boundaries. Since it is known from the analytical 2 solution that terms of O(r2 ) may be present at inﬁnity the non-zero streamfunction
part must include all solutions of the biharmonic equation whose magnitude
are greater or equal to 0(1). This requires the presence of r2 , rsin(ϑ)ln(r),
rcos(ϑ)ln(r), rsin(ϑ), rcos(ϑ), ln(r) , cos(2ϑ) , sin(2ϑ) and constant terms.
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Perturbing the streamfunction about its inﬁnity value will introduce into the
equations to be solved the nine unknown coeﬃcients of the above terms. A
further unknown in the problem is the diﬀerence between the streamfunction
values on the two cylinders, namely Ψ1 + Ψ2 , so increasing the overall number
of unknowns to ten. The same number of conditions are required to be found
in order for the number of unknowns in the equations to match the number of
equations present.
As the forces and torques on the cylinders are related to the various coeﬃcients of the above terms in the asymptotic form of the streamfunction at large
distances, it is proposed to utilize this information to provide some of the extra
conditions required. It has been establish in the work on the ﬂow created by
a rotlet in the presence of a circular cylinder that the forces on the cylinder in
the (x, y) directions are (Fx , Fy ), whilst the torque is M k, with the values

Fx = −4πμΓF B1 /a,

(5.9.1)

Fy = 4πμΓGB1 /a,

(5.9.2)

M = −4πμΓF C0∗ ,

(5.9.3)

where a is the radius of the cylinder, Γ the strength of the rotlet, C0∗ the
coeﬃcient of the ln(r) term, F B1 the coeﬃcient of the r sin ϑ ln r term and GB1
the coeﬃcient of the r cos ϑ ln r term; these coeﬃcients being those occurring in
the Fourier Series for the streamfunction solution of the biharmonic equation.
It was also shown that the forces (Fx , Fy ) and the torque M could be written
in the form

Fx = μ

2π

r r
0


Fy = −μ

2 ∂ ∂2Ψ
∂ω
−ω+
+Ψ
∂r
r ∂r ∂ϑ2

2π

r r
0

sin(ϑ)dϑ,

2 ∂ ∂2Ψ
∂ω
−ω+
+Ψ
∂r
r ∂r ∂ϑ2


M =μ
0

2π

r2 ω −

2 ∂2Ψ
2 ∂Ψ
− 2
r ∂r
r ∂ϑ2

cos(ϑ)dϑ,

dϑ,

(5.9.4)

(5.9.5)

(5.9.6)
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If one now introduces the notation of the present problem, together with the

fact that it is the forces and the torques on the cylinders that are required to
maintain the motion which are being considered, rather being exerted the than
the forces and the torques on cylinders by the ﬂuid, then one obtains

F1 + F2 = 4πμω1 R1 F B1 ,

(5.9.7)

L1 + L2 = −4πμω1 R1 GB1 ,

(5.9.8)

T1 + T2 − R1 (cosh(ξ1 ) + sinh(ξ1 )coth(ξ2 )) = 4πμω1 R12 C0∗ .

(5.9.9)

Similarly the forces and torques on the separate cylinders can be expressed
as

F1 = −μω1 R1

M=

r∗

0


L1 = μω1 R1

2π

2π

r∗

0

∂2Ψ
∂ω
2 ∂
−
ω
+
+Ψ
∂r∗
r∗ ∂r∗ ∂ϑ∗1 2

∂2Ψ
∂ω
2 ∂
−
ω
+
+Ψ
∂r∗
r∗ ∂r∗ ∂ϑ∗1 2

−μω1 R12



2π

0

ω−

2 ∂2Ψ
2 ∂Ψ
−
r∗ ∂r∗
r∗ 2 ∂ϑ∗1 2

sin(ϑ∗1 )dϑ∗1 , (5.9.10)

cos(ϑ∗1 )dϑ∗1 ,

(5.9.11)

dϑ∗1 ,

(5.9.12)

on the upper cylinder, where r- is the non-dimensional distance, the nondimensionalisation being with respect to R1 , measured from the axis of the upper
cylinder, ϑ∗1 is the angle between a line drawn through the axis of the cylinder
and a line parallel to the x-axis and Ψ and ω are in their non-dimensional
form. In the integrals in expressions (5.9.10), (5.9.11) and (5.9.12), r∗ is unity.
Likewise, on the lower cylinder the forces and the torque are given by

F2 = −μω1 βR1

2π

β
0

∂ω
∂2Ψ
2 ∂
−ω+
+Ψ
∗∗
∗∗
∂r
β ∂r
∂ϑ∗2 2

sin(ϑ∗2 )dϑ∗2 ,
(5.9.13)


L2 = μω1 βR1

2π

β
0

∂2Ψ
2 ∂
∂ω
−ω+
+Ψ
∗∗
∗∗
∂r
β ∂r
∂ϑ∗2 2

sin(ϑ∗2 )dϑ∗2 , (5.9.14)
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2π

2 ∂2Ψ
2 ∂Ψ
−
β ∂r∗∗
β 2 ∂ϑ∗2 2

ω−

0

dϑ∗2 ,

133
(5.9.15)

where r∗∗ is the non-dimensional distance, with the non-dimensionalisation
again with respect to R1 , measured from the axis of the lower cylinder and
ϑ2 is the angle between a line from the axis of the cylinder to a line parallel to
the x-axis. In the integrals in the expressions (5.9.13), (5.9.14) and (5.9.15) the
value of r∗∗ will be β. As there is no variation in either Ψ or the normal derivative of Ψ around either cylinder then some of the terms in the above integrals
are zero. If use is also made of the boundary conditions on the upper cylinder.
namely that on
∂Ψ
= 1,
∂r∗

r∗ = 1,
then one obtains that on r∗ = 1
 2π
F1 = −μω1 R1

∂ω
− ω + 2 sin(ϑ∗1 )dϑ∗1 ,
∂r∗

0


L1 = μω1 R1

2π

0

∂ω
− ω + 2 cos(ϑ∗1 )dϑ∗1 ,
∂r∗

T1 = −μω1 R12



2π

0

(ω − 2) dϑ∗1 ,

(5.9.16)

(5.9.17)

(5.9.18)

(5.9.19)

Likewise, use of the boundary condition that
∂Ψ
= −β(ω2 /ω1 ),
∂r∗∗

on r∗∗ = β,

(5.9.20)

results in the following expressions on r∗∗ = β, namely

F2 = −μω1 βR1

β
0


L2 = μω1 βR1

2π

2π

β
0

∂ω
− ω − 2(ω2 /ω1 ) sin(ϑ∗2 )dϑ∗2 ,
∂r∗∗

∂ω
− ω − 2(ω2 /ω1 ) sin(ϑ∗2 )dϑ∗2 ,
∂r∗∗

T2 = −μω1 β

2

R12


0

2π

(ω + 2(ω2 /ω1 )) dϑ∗2 ,

(5.9.21)

(5.9.22)

(5.9.23)
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If instead of using local coordinate systems with their origins on the axes of the
cylinders one opts for a continuation of the bi-polar coordinate system, i.e. the
substitution of expressions (5.8.21) and (5.8.23) into equations (5.8.18), (5.8.19)
and (5.8.20), together with the use of equations (5.8.1), (5.8.2) and (5.8.3), then,
after the removal of the pressure term by performing an integration with respect
to the independent variable η, followed by use of the boundary conditions, one
acquires the following expressions

F1 = μω1 R1 sinh(ξ1 )

2π
0


L1 = μω1 R1 sinh(ξ1 )

2π

0


T1 = −μω1 R1 sinh(ξ1 )

0

−

1 ∂ω
−ω+2
h1 ∂ξ

(1 − cosh(ξ1 )cos(η))
dη,
(cosh(ξ1 ) − cos(η))2
(5.9.24)

−

1 ∂ω
−ω+2
h1 ∂ξ

sinh(ξ1 )sin(η)
dη,
(cosh(ξ1 ) − cos(η))2
(5.9.25)

2π

(ω − 2)

1
dη,
(cosh(ξ1 ) − cos(η))2

(5.9.26)

on ξ = ξ1 .
Since on ξ = ξ1 , or equivalently on r∗ = 1,
∂ϑ
sinh(ξ1 )
=−
,
∂η
(cosh(ξ1 ) − cos(η))
sinh(ξ1 )sin(η)
,
(cosh(ξ1 ) − cos(η))

(5.9.28)

(1 − cosh(ξ1 )cos(η))
,
(cosh(ξ1 ) − cos(η))

(5.9.29)

cos(ϑ∗1 ) = −
sin(ϑ∗1 ) = −

(5.9.27)

∂ω
1 ∂ω
= − ∗,
h1 ∂ξ
∂r

(5.9.30)

the expressions (5.9.24), (5.9.25) and (5.9.26) are identical to the expressions
(5.9.17), (5.9.18) and (5.9.19).
On the lower cylinder one has
 2π
β ∂ω
− ω − 2(ω2 /ω1 )
F2 = μω1 R1 sinh(ξ1 )
h
1 ∂ξ
0

(1 − cosh(ξ2 )cos(η))
dη,
(cosh(ξ2 ) − cos(η))2
(5.9.31)
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L2 = μω1 R1 sinh(ξ1 )

2π
0
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sinh(ξ2 )sin(η)
dη,
(cosh(ξ2 ) − cos(η))2
(5.9.32)

β ∂ω
− ω − 2(ω2 /ω1 )
h1 ∂ξ


T2 = −μω1 R1 R2 sinh(ξ1 )

2π

0

(ω + 2(ω2 /ω1 ))

and since on ξ = −ξ2 , or equivalently on r = R2 ,

1
dη,
(cosh(ξ1 ) − cos(η))2
(5.9.33)

∂ϑ
∂η

will be positive as opposed

to its negative value on ξ = ξ1 , or r = R1 , due to taking the form
∂ϑ
sinh(ξ2 )
=−
,
∂η
(cosh(ξ2 ) − cos(η))

(5.9.34)

∂ω
1 ∂ω
= ∗∗ ,
h1 ∂ξ
∂r

(5.9.35)

and

the expressions (5.9.21), (5.9.22) and (5.9.23). In equations (5.9.7) to (5.9.9)
the forces on the two cylinders, namely F1 and F2 , and the torques, T1 and
T2 , are linked to certain coeﬃcients of the asymptotic expansion of the streamfunction at large distances from the cylinders. Likewise, expressions (5.9.17) to
(5.9.19) and (5.9.21) to (5.9.23) contain the unknown values of the vorticity and
its normal derivative on the two cylinders. As the BEM not only contains the
above unknown coeﬃcients, but solves for the vorticity and its normal derivative on the cylinders, the relationships (5.9.7), (5.9.8) and (5.9.9), with F1 , L1
and T1 from equations (5.9.17), (5.9.18) and (5.9.19), and F2 , L2 and T2 from
equations (5.9.21), (5.9.22) and (5.9.23) can be used to form three additional
equations (see section 5.11)

5.10

Additional Conditions

In addition to the above three conditions it is also necessary for the pressure to
remain single valued on any contour surrounding either, or both, of the cylinders.
The dimensional form of the equation of motion, in the direction, namely,
0=−

∂ω
1 ∂p
+μ ,
r ∂ϑ
∂r

(5.10.1)

can be expressed relative to an origin on the axis of the upper cylinder by
0=−

1 ∂p
∂ω
+ ∗,
r∗ ∂ϑ∗1
∂r

(5.10.2)
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and relative to an origin on the axis of the lower cylinder by
0=−

1 ∂p
∂ω
+ ∗∗ ,
r∗∗ ∂ϑ∗2
∂r

(5.10.3)

where ω in equations (5.10.2) and (5.10.3) is the non-dimensional vorticity,
whilst in the same equations the pressure has been non-dimensionalised with
respect to μω1 . The single valuedness of the pressure requires that
 2π
∂ω
r∗ ∗ dϑ∗1 = 0,
∂r
0


2π

r∗∗

0

∂ω
dϑ∗ = 0.
∂r∗∗ 2

(5.10.4)

(5.10.5)

Using expressions (5.9.27) and (5.9.30). together with h1 on ξ = ξ1 from expression (5.2.4), then

on ξ = ξ1 ,

0

2π

∂ω
dη = 0.
∂ξ

(5.10.6)

Similarly, expressions (5.9.34) and (5.9.35). together with h1 on ξ = ξ1 from
expression (5.2.4). produces
 2π
0

∂ω
dη = 0, on ξ = −ξ2 ,
∂ξ

(5.10.7)

It should be noted that the expressions (5.10.6) and (5.10.7) could have been
obtained directly by integration of equation (5.8.10) round the contours ξ = ξ1
and ξ = −ξ2 , respectively.

5.11

Boundary Element Method

The solution of the biharmonic equation
∇4 Ψ = 0,

(5.11.1)

by introducing the vorticity, ω, so enabling equation (5.11.1) to be written
in the form
∇2 Ψ = ω,

(5.11.2)

∇2 ω = 0,

(5.11.3)
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has already been discussed, see chapter 4 in the section entitled. the ”Boundary
Element Method”. However, in that work the rotlet was subtracted out of the
problem by including the term ln(R1 ) in the expression for the non-dimensional
streamfunction function. where R1 is the non-dimensional distance from the
rotlet. In the present problem no such singularity occurs provided that the
radius of the However, in order lower cylinder, R2 , remains non-zero. However
in order to apply the BEM bounded boundary is required. Let S be the surface
of a circle of radius R whose center is at the origin of the cartesian axes x
and y and with R large enough such that cylinders are both the and the lower
contained within the circular region, see Figure (5.11.8). As the upper

solution domain, Ω, is multiply connected, cuts are required along the y-axis
from L1 to L2 and from L3 to L4 in order to produce a simply connected the
domain, Ω. This domain is enclosed by boundaries S, L2 L1 , the surface of the
upper cylinder, L1 L2 , L3 L4 , the surface of the lower cylinder and L4 L3 . Application of Green’s second identity to the domain Ω∗ . reduces contributions
to those from the surfaces of the upper and the lower cylinders, due to the
integrals on L1 L2 and L2 L3 , and L3 L4 and L4 L3 , being equal in magnitude
but opposite in sign and the integrals on S tending to zero, see Brebbia et al.
(1984), as the radius R → ∞. The boundary ∂Ω in this problem consists of
the two parts, that from around the upper cylinder together with that from
the lower cylinder. However, prior to using the BEM it is necessary to divide
both the non-dimensional streamfunction and the vorticity into two parts. In
each expression one part consists of the asymptotic expansion at large distances
from the cylinders, whilst the other part represents the perturbation from this
expansion. The asymptotic expansions at large values of r are such that the
operators remaining in equations (5.11.2) and (5.11.3) are only on the perturbation functions. The number of terms included in the asymptotic expansions
for both the streamfunction and the vorticity must be suﬃcient to allow for the
possibility of rigid body rotation at inﬁnity, which is achieved by the presence
of terms of O(r2 ), together with the remaining perturbation quantities tending
to zero as r → ∞. Following the notation in the problem of the rotlet outside
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the circular cylinder the streamfunction and the vorticity are expressed as
Ψ = λ1 rcos(ϑ) + λ2 rsin(ϑ) + λ3 ln(r) + λ4 rln(r)cos(ϑ) + λ5 rln(r)sin(ϑ)
+ λ6 r2 + λ7 + λ8 sin(2ϑ) + λ9 cos(2ϑ) + Ψ∗ ,
(5.11.4)
= ψA + Ψ∗ ,

(5.11.5)

ω = 4λ6 + 2(λ4 cos(ϑ) + λ5 sin(ϑ))r−1 − 4(λ8 sin(2ϑ) + λ9 cos(2ϑ))r−2 + ω ∗ ,
= ωA + ω ∗ ,
(5.11.6)
where
∇2 Ψ∗ = ω ∗ ,

(5.11.7)

∇2 ω ∗ = 0.

(5.11.8)

and

The boundary conditions on the upper cylinder, that is when
x = cosϑ∗1

and

y = cosh(ξ) + sinϑ∗1 ,

(5.11.9)

are
Ψ∗ = Ψ1 − ΨA ,

(5.11.10)

∂Ψ∗
∂ΨA
=1−
,
∂r∗
∂r∗

(5.11.11)

Whilst on the lower cylinder, when
x = cosϑ∗2

and

y = sinh(ξ)cosech(ξ2 ) + sinϑ∗2 ,

(5.11.12)

the appropriate conditions are
Ψ∗ = −Ψ2 − ΨA ,

(5.11.13)

∂ΨA
∂Ψ∗
= −β(ω2 /ω1 ) − ∗∗ .
∂r∗∗
∂r

(5.11.14)
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In turn the vorticity and its normal derivative can be expressed on the upper
cylinder part of the boundary, as
ω = ωA + ω ∗ ,

(5.11.15)

∂ωA
∂ω ∗
∂ω
=
+
,
∂r∗
∂r∗
∂r∗

(5.11.16)

whilst on the lower cylinder the conditions are
ω = ωA + ω ∗ ,

(5.11.17)

∂ω
∂ωA
∂ω ∗
= ∗∗ + ∗∗ ,
∗∗
∂r
∂r
∂r

(5.11.18)

In the BEM, when the partial diﬀerential equations (5.11.7) and (5.11.8) are expressed as a system of linear algebraic equations, the values of Ψ∗ and ∂Ψ∗ /∂r∗
on the upper cylinder can be replaced by the known expressions (5.11.10) and
(5.11.11), respectively, that is they are known apart from the values of the constants λ1 , where i = 1,2,....,9. Whilst the values of Ψ∗ and ∂Ψ∗ /∂r∗∗ on the
lower cylinder can be replaced by the known expressions (5.11.13) and (5.11.14),
respectively. Solution of these linear equations will produce values of ω ∗ and for
∂ω ∗ /∂r∗ and ∂ω ∗ /∂r∗∗ , which from equations (5.11.15) to (5.11.18) will lead
to the values of the vorticity and its normal derivative on the surface of both
cylinders being determined.
In the above work the expressions for ∂ΨA /∂r∗ , ∂ΨA /∂r∗∗ , ∂ωA /∂r∗ , and
∂ωA /∂r∗∗ are most easily determined by ﬁrst changing ΨA and ωA from cylindrical coordinates (r,ϑ) to the cartesian coordinates (x,y). Then writing
x = r∗ cosϑ∗1

and y = cosh(ξ1 ) + r∗ sinϑ∗1 ,

(5.11.19)

y = −sinh(ξ1 )cosech(ξ2 ) + r∗∗ sinϑ∗2 ,

(5.11.20)

or
x = r∗∗ cosϑ∗2

and

according as to whether one requires to determine ∂/∂r∗ or ∂/∂r∗∗ , Alternatively, one can use
tanϑ = (cosh(ξ1 )/(r∗ cosϑ∗1 ) + tanϑ∗1 ,

(5.11.21)
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r2 = r∗ sin2 (ϑ∗1 )(cosh(ξ1 ) + r∗ sin(ϑ∗1 ))2 ,

(5.11.22)

∂
∂ϑ ∂
∂r ∂
+
,
= ∗
∂r∗
∂r ∂r ∂r∗ ∂ϑ

(5.11.23)

and

for conditions on the upper cylinder. With the conditions
tanϑ = (−sinh(ξ1 )cosech(ξ2 ))/(r∗∗ cosϑ∗2 ) + tanϑ∗2 ,

(5.11.24)

r2 = (r∗∗ 2 cos2 ϑ∗2 ) + (−sinh(ξ1 )cosech(ξ2 ) + r∗∗ Sinϑ∗2 )2 ,

(5.11.25)

and
∂
∂ϑ ∂
∂r ∂
+
,
= ∗∗
∂r∗∗
∂r ∂r ∂r∗∗ ∂ϑ

(5.11.26)

on the lower cylinder.
Use of expressions (5.11.23) and (5.11.26) are required in equations (5.11.11)
and (5.11.14), respectively, in order to determine the boundary conditions ∂Ψ∗ /∂r∗
and ∂Ψ∗ /∂r∗∗ . In the expressions (5.9.17) to (5.9.19), which are used in equations (5.9.7) to (5.9.9), it is necessary to introduce the relationships (5.11.15),
(5.11.16) and (5.11.23). Similarly, in the expressions (5.9.21) to (5.9.23), which
also occur in equations (5.9.7) to (5.9.9), the relationships (5.11.15), (5.11.16)
and (5.11.26) are required. The contributions from ωA , ∂ωA /∂r∗ and ∂ωA /∂r∗∗ ,
in the various integrals are evaluated numerically and result in linear expressions
of the parameters λi , i = 1,2,.....,9, together with integrals of ω ∗ , ∂ω ∗ /∂r∗ and
∂ω ∗ /∂r∗∗ . The equations (5.10.4) and (5.10.5) have to be dealt with in an equivalent manner, and similarly produce linear functions of λi , i = 1,2,.....,9, with
known numerical coeﬃcients, plus integrals of the above unknown quantities.

5.12

Results

In all the numerical calculations presented in this thesis the distance between
the two cylinders was taken along the y-axis in order to correspond with the
calculations by Jeﬀery (1922) , Dorrepaal et al. (1984) and Smith (1991). In
these results we use 2N elements on the boundary of the two cylinders and
since we have 2N +10 unknowns, we use 3 points inside the lower cylinder, 2
points inside the upper cylinder, integral condition on the lower cylinder, integral
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condition of the upper cylinder together with equations for the resultant of
drag, the resultant of lift and the resultant of moment. In addition to checking
these coeﬃcients, the numerical integration of the forces and torques on the
two cylinders, namely F1 , F2 , L1 , L2 , M1 and M2 , using the values of the
streamfunction, the vorticity and their derivatives found in the BEM solution,
is undertaken and the results compared with those arising from the analytical
expressions given in (5.8.29), (5.8.30), (5.8.31), (5.8.35), (5.8.36) and (5.8.37),.
Numerical details for three separate situations are presented:
• (i) zero angular momenta of the combined system, ω1 = ω2 , r1 = r2 ,
• (ii) zero angular momenta, namely ω1 r12 = ω2 r22 , with r1 = r2 ,
• (iii) non-zero angular momenta, ω1 r12 = ω2 r22 .
Case (i) r1 = r2 = 1, ω1 = ω2 = 1. The situation in which the distance between
the two cylinders was taken to be 3.0816 has been investigated in detail. The
values of λ2 and ψ1 +ψ2 which are theoretically predicted to be -0.324 and -1.075,
see Dorrepaal et al. (1984), numerically are -0.332 and -1.056, respectively, for
N = 80, whilst for N = 120 are -0.328 and -1.067. It is concluded that as the
value of N increases then the numerical solutions appear to be approaching the
analytical solution. All the other values of λ1 are found theoretically to be
zero, see Dorrepaal et al. (1984), I and the numerical results with both N =
80 and 120 give results which are zero to three decimal places.. The numerical
predicted values of F1 , F2 , L1 , L2 , M1 and M2 are 0.000, 0.000,0.000, 0.000,
-1.037 and 1.038, respectively, for N = 120 and these results should be compared
with the analytically predicted results, namely, 0.000, 0.000, 0.000, 0.000, -1.037
and 1.038, respectively. Figure 5.13.9 shows the non-dimensional streamline and
the vorticity pattern and the results are indistinguishable from the numerical
results calculated from the analytical solutions of Dorrepaal et al . (1984 ) and
Smith (1991 ). This ﬁgure shows a uniform stream at inﬁnity in the direction
perpendicular to the plane containing the axes of the two cylinders. There is
consequently a region of closed streamlines surrounding the cylinders, a limiting
closed streamline, which divides the ﬂow which passes the cylinders from that
which is trapped in a circulatory motion about the cylinders and stagnations
points on the x-axis. The streamline and the vorticity both are symmetrical
about the x-axis and the y-axis, both upstream and downstream of the bodies.
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Case (ii) r1 = 1, r2 = 0.5, ω1 = 1, ω2 = 4. The situation in which the distance

between the two cylinders was taken to be 2.8202 has been investigated in detail.
The values of λ2 and ψ1 + ψ2 which are theoretically predicted to be -0.355 and
-1. 620, see Smith (1991) numerically are -0.354 and -1.621, respectively, for
N = 80, which for N = 120 are -0.355 and -1.620. It is concluded that as the
value of N increases then the numerical solutions appear to be approaching the
analytical solution. All the other values of λ1 are found theoretically to be
zero, see Smith (1991), and the numerical results with both N = 80 and 120
give results which are zero to three decimal places.. The numerical predicted
values of F1 , F2 , L1 , L2 , M1 and M2 are 0.000, 0.000, 0.000, 0.000, -1.011 and
1.012, respectively, for N = 120 and these results should be compared with
the analytically predicted results, namely, 0.000, 0.000, 0.000, 0.000, -1.011 and
1.012, respectively.
Figure 5.13.10 represents the non-dimensional streamline and the vorticity
patterns and the results are almost indistinguishable with the results obtainable
from the analytical solutions by Smith (1991) Although the combined angular
momentum of the system remains unchanged both ﬁgures show a clear departure
from the symmetry about the x-axis, coupled with an increase in the rotation
of the ﬂuid ﬂow about the smaller cylinder. However, although the area of
the closed contours of ﬂuid ﬂow about the smaller cylinder has increased there
are still stagnation points on the x-axis, both upstream and downstream of
the cylinders. The vorticity pattern, whilst remaining of a similar form on the
larger cylinder, sees contours of constant value leaving its surface to Join onto
the smaller cylinder at points no longer directly opposite but now on the far
side of the upper cylinder.
Case (iii) r1 = 1, r2 = 1, ω1 = 8, ω2 = 1. The situation in which the distance
between the two cylinders was taken 3.0816 has been investigated in detail.
The values of λ1 , λ9 and ψ+ ψ2 which are theoretically predicted to be -1.458,
-1.3856 and -4.565, see Smith (1991) numerically are -1.479, -1.3855 and -4.596,
respectively, for N = 80, whilst for N = 120 are -1. 468, -1. 3856 and -4.567.
It is concluded that as the value of N increases then the numerical solutions
appear to be approaching the analytical solution. All the other values of λi are
found theoretically to be zero, see Smith 1 (1991), and the numerical results
with both N = 80 and 120 give results which are zero to three decimal places.
The numerical predicted values of F1 , F2 , L1 , L2 , M1 and M2 , are -1.926, 1.925,
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0.000, 0.000, 1.684 and 7.630, respectively, for N = 120 and these results should
be compared with the analytically predicted results, namely, -1.925, 1.925, 0.000,
0.000, 1.683 and -7.629, respectively, see Smith (1991).
This further increase in angular momentum of the upper cylinder from 4
to 8, but such that the overall angular momentum of the combined system is
no longer zero, is presented in ﬁgure 5.13.11 for the streamfunction and the
vorticity patterns. The streamlines, whilst still continuing to form some closed
contours around the upper cylinder, no longer do so for the lower cylinder.
Hence, streamlines enclosing the lower cylinder also enclose the upper cylinder.
In addition, the uniform stream at inﬁnity, present in Figures 5.13.9 and 5.13.10,
has been replaced by a ﬂow which is consistent with that of a rigid body rotation.
This combined angular momentum of the system also results in a change in the
vorticity pattern, as illustrated in Figure 5.13.11, showing an increase in the
area over which vortex lines leave the upper cylinder and attach to the lower
cylinder.

5.13

Conclusions

The Boundary Element Method has been employed, along with certain relationships between the forces and the torque on the combined system and the
coeﬃcients in the asymptotic expansion for the streamfunction, to obtain the
solution of the problem of slow ﬂuid ﬂow which is produced by the rotation of
two circular cylinders. This solution agrees with the previously published analytical solutions in which the two cylinders are in a state of overall equilibrium.
In order to produce a solution for situations in which the combined system is
not in a state of overall equilibrium then it is necessary to implement the full
asymptotic expansion as suggested by Jeﬀery (1922) together with some further conditions which have to be applied at large distances from the cylinders.
Numerical results have also been obtained for this situation.
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Figure 5.5.5: r1 = r2 = 1 and ω1 = ω2 = 1(a) The streamlines labled 1, . . . , 5
corresponding to Ψ = −1.0, −0.8, −0.53755, −0.2 and 0.0 respectively (b) The
vorticity lines labled 1, . . . , 5 corresponding to ω = −0.3, −0.1, 0.0, 0.1 and 0.3
respectively. labeled 1, . . . , 5 corresponding to ω = −0.3, −0.1, 0.0, 0.1 and 0.3
respectively.

5.13. CONCLUSIONS

Figure 5.5.6:
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r1 = 1, r2 = 0.5, ω1 = 1 and ω2 = 4(a) The stream-

lines labeled 1, . . . , 4 corresponding to Ψ = −0.6, −0.55815, −0.2 and 0.0
respectively (b) The vorticity lines labeled 1, . . . , 9 corresponding to ω =
−0.6, −0.3, −0.15, −0.1, −0.025, 0.0, 0.15, 0.3 and 0.6 respectively.
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Figure 5.5.7:

r1 = r2 = 1, ω1 = 1 and ω2 = 8.(a) The stream-

lines labeled 1, . . . , 4 corresponding to Ψ = −2.0, −1.0, 0.0 and 4.0, respectively (b) The vorticity lines labeled 1, . . . , 11 corresponding to ω =
−6.0, −0.3, −2.25, −1.95, 1.5, 1.8, 2.1, 2.4, 2.5, 2.7 and 3.0, respectively.
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Figure 5.11.8: The geometry of the solution domain.
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Figure 5.13.9: r1 = r2 = 1 and ω1 = ω2 = 1, using BEM. (a) The
streamlines labeled 1, . . . , 5 corresponding to Ψ = −1.0, −0.8, −0.53755, −0.2
and 0.0 respectively (b) The vorticity lines labeled 1, . . . , 5 corresponding to
ω = −0.3, −0.1, 0.0, 0.1 and 0.3 respectively.
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Figure 5.13.10: r1 = 1, r2 = 0.5, ω1 = 1 and ω2 = 4, using BEM. (a) The
streamlines labeled 1, . . . , 4 corresponding to Ψ = −0.6, −0.55815, −0.2 and
0.0 respectively (b) The vorticity lines labeled 1, . . . , 9 corresponding to ω =
−0.6, −0.3, −0.15, −0.1, −0.025, 0.0, 0.15, 0.3 and 0.6 respectively.
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Figure 5.13.11: r1 = r2 = 1, ω1 = 1 and ω2 = 8, using BEM. (a) The
streamlines labeled 1, . . . , 4 corresponding to Ψ = −2.0, −1.0, 0.0 and 4.0,
respectively (b) The vorticity lines labeled 1, . . . , 11 corresponding to ω =
−6.0, −0.3, −2.25, −1.95, 1.5, 1.8, 2.1, 2.4, 2.5, 2.7 and 3.0, respectively.

Chapter 6

ELLIPTICAL CYLINDER
AND A ROTLET
6.1

Introduction

There are a good many known solutions of problems of the two-dimensional
motion of an inﬁnite viscous ﬂuid disturb by a moving solid body. [77] involves,
in the case of the elliptic cylinder, inﬁnite vorticity and indeterminate velocities
at the ends of the axes.
In [72], ﬁrst treat the problem as a limiting case of the motion of an ellipsoid
through inﬁnite viscous ﬂuid, and his solution fulﬁlls all the boundary conditions, in particular making the velocity zero at inﬁnity, gives, in the limiting case
of the elliptic cylinder, a solution which involves the velocity being logarithmically inﬁnite in the direction of ﬂow. The solution appear to be unique, subject
to this condition, and has been obtained a deﬁnite value for the resistance and
then treated the circular cylinder as a limiting case of the elliptic cylinder.
The problem of slow viscous ﬂow past elliptical cylinder in the presence of
rotlet has been solved analytically in [69], namely that of a rotlet of strength Γ
placed at a distance C, where

C = a cosh(γ),

γ>α

(6.1.1)

from a cylinder whose boundary is ξ = α, the transformation from Cartesian to
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elliptical coordinates is deﬁned by

x = a cosh(ξ) cos(η)

(6.1.2)

y = a sinh(ξ) sin(η)

(6.1.3)

By introducing the dimensionless variable

x = x/a, y  = y/a, c = C/a, β = Γa/C.

(6.1.4)

For convenience the , s will from now on be removed and the position of the
rotlet at (c, 0) and the major and minor axes of the ellipse are ﬁxed 5/4 and
3/4 respectively see ﬁgure 6.1.1.

Figure 6.1.1: Diagram illustrating The geometry of the elliptical cylinder and
the position of the rotlet.
In this approach it is required to solve the biharmonic equation

∇4 ψ = 0.

(6.1.5)

for the stream function ψ(ξ, η), where ξ ≥ α and
∇2 =

1 ∂2
∂2
(
+
)
h2 ∂ξ 2
∂η 2

(6.1.6)
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where

h = (cosh2 (ξ) sin2 (η) + sinh2 (ξ) cos2 (η))1/2

(6.1.7)

(ξ, η) are elliptic coordinates.
Before embarking on a numerical solution of this problem, it is important
to discuss the analytical solution obtained by [69] who found the Fourier Series
representation for the rotlet term

ψ0 =

1
ln((x − c)2 + y 2 )
2

(6.1.8)

to be given by

ψ0 = −

∞

e−nγ −nξ
(e
+ enξ ) cos(η) + (ξ0 − ln(2))f orξ < ξ0 .
n
n=1

(6.1.9)

He then put the complete solution as ψ = ψ0 +ψ1 where ψ1 is the analytic outside the ellipse. Using the general solution of ∇4 ψ = 0 as φ0 + (x2 + y 2 )φ1 where
φ0 and φ1 are harmonic, we can write

ψ1 =

∞

1
C0 + d0 r2 +
(Cn e−nξ + 2dn (sinh(2ξ) + cos(2η)e−nξ ) cos(nη)
2
n=1

(6.1.10)

The solution of ∇4 ψ = 0 can be found by adding the general Fourier Series
in term of cos(nη) and sin(nη) to ψ0 (ξ, η), which is the solution for the rotlet
in the absence of the ellipse, ﬁnding the coeﬃcients in (6.1.10) to satisfy the
no-slip conditions, and the summing the series, i.e.
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ψ=

1
ln[(cosh(ξ) cos η − cosh(γ) cos φ)2 + (sinh(ξ) sin η − sinh(γ) sin φ)2 ]
2

1
ln[(cosh(α) cos η − cosh(ξ + γ − α) cos φ)2 + (sinh(α) sin η
2
− sinh(ξ + γ − α) sin φ)2 ] + (ξ − α)
−

sinh(ξ + δ − γ)
sinh(δ)(cosh(ξ + δ − 2γ) − cos(η)
cosh(α) − cosh(ξ + δ − α)cos(η)
cosh(ξ + α)e−δ
+ sinh(ξ − α)Re [
−
]
sinh(δ)cosh(2α) sinh(δ)(cosh(ξ + δ − 2γ) − cos(η)
(6.1.11)
+ sinh(ξ − α) sin(η)Im [

where
δ = α − iφ, i =

√
−1, Im and Re are the imaginary and real parts in (6.1.11)

respectively. At large distances from the ellipse (6.1.11) can be written in the
form

ψ  Ar2

(6.1.12)

where

A=

cos(2φ) − e−2γ
cosh(2α)[cosh(2γ) − cos(2φ)]

(6.1.13)

Hence a solid body rotation is induced at large distances from the ellipse except
at φ = arccos(e−2γ )/2 which give a uniform ﬂow when a rotlet at this point see
ﬁgure 6.1.2. In fact, it is possible to obtain uniform ﬂow at large distances of the
rotlet is placed at any one of four points due to symmetry of the problem. To
simplify the analytical solution in order to compare with the numerical solution
we put the analytical solution in the form

Ψ = ψB + ψ ∗
where

(6.1.14)
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ψB = b1 r cos(ϑ) + b2 r sin(ϑ) + b3 + b4 sin(2ϑ) + b5 cos(2ϑ)
+ b6 ln(r) + b7 r2 + b8 r ln(r) cos(ϑ) + b9 r ln(r) sin(ϑ)
+ ln(r2 + c2 − 2rc cos(ϑ)) + b10 cos(ϑ)/r + b11 sin(ϑ)/r

(6.1.15)

+ b12 cos(3ϑ)/r + b13 sin(3ϑ)/r

Figure 6.1.2:

The uniform ﬂow obtained when a rotlet at the position

(2.236,0.758).
The streamlines labeled 1, 2, 3, 4 and 5, correspond to
Ψ = −1.0, −0.5, 0.0, 0.5 and 1.0, respectively.
and ψB is the asymptotic expansion of ψ and ψ ∗ is the perturbation value
about this expansion that tend to zero as r → ∞, if then we use suﬃcient large
r, say, r ≥ 30 and we use (6.1.11) to ﬁnd the value of ψ and we repeat this 13
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times we can get 13 equations and 13 unknowns bj , j = 1, 2, . . . , 13 and we use
the Gauss required elimination method we can ﬁnd the values of bj as
b1 = 0.500, b2 = 0.000, b3 = −1.092, b4 = 0.000, b5 = 0.208,
b6 = 0.000, b7 = 0.056, b8 = 0.000, b9 = 0.000, b10 = −0.015,

(6.1.16)

b11 = −2.585, b12 = 0.105, b13 = −0.002.
Equation (6.1.11) can be transform to the solution obtained by [16] by change
the variables by writing ξ + α in place of ξ, then the ellipse itself is given by
ξ = 0 and making α → ∞, a → 0, so that acoshα → A, asinhα → A, where A
is the radius of the cylinder see [72].

6.2

Forces and Moment on the Ellipse

The components of the force (Fx , Fy ) and the moment M acting on a volume
V of ﬂuid which is enclosed by the surface S can be expressed as

Fx =

S

(σξξ ∂x/∂ξ − σξη ∂y/∂ξ)dS/h

(6.2.1)

(σξξ ∂y/∂ξ + σξη ∂x/∂ξ)dS/h

(6.2.2)


Fy =

S


M=
S

[(σξξ ∂x/∂ξ − σξη ∂y/∂ξ)y − (σξξ ∂y/∂ξ + σξη ∂x/∂ξ)x]dS/h,

(6.2.3)

where x and y in elliptic co-ordinates deﬁned in (6.1.2) and (6.1.3) respectively, and

∂(1/h)
∂Vξ
/h − Vη
)
∂ξ
∂η

(6.2.4)

∂ Vη
∂ Vξ
+
)
∂ξ h
∂η h

(6.2.5)

σξξ = −p + 2μ(

σξη = σηξ = μ(

1/2

h = cosh2 (ξ) sin2 (η) + sinh2 (ξ) cos2 (η)

(6.2.6)
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Inserting these values of σξξ , σξη into expressions (6.2.1),(6.2.2) and (6.2.3)
and using the Stokes equations of motion, we obtain, after some simpliﬁcations,

Fx =

Fy = −

M=
S

S

S

∂ω
sinh(α) sin(η) − ω cosh(α) sin(η)/h ds,
∂n

∂ω
cosh(α) cos(η) − ω sinh(α) cos(η)/h ds,
∂n

(6.2.7)

(6.2.8)


∂ω 
cosh2 (α) cos2 (η) + sinh2 (α) sin2 (η) /2 + ω sinh(α) cosh(α)/h ds
∂n
(6.2.9)

The integrals, which occur in equations (6.2.7), (6.2.8) and (6.2.9) are evaluated
numerically using Simpson’s rule.

6.3

The Governing Equations

For slow steady, two-dimensional ﬂow of an incompressible Newtonian ﬂuid the
Navier-Stokes and continuity equations reduce to

∇p = ∇2 u,

(6.3.1)

∇ · u = 0,

(6.3.2)

where the Reynolds number is assumed to be so small. On introducing the
stream function, ψ say, such that ∂ψ/∂x = −vy and ∂ψ/∂y = vx , then ψ satisﬁes
the biharmonic equation, see [5],

∇4 ψ = 0.

(6.3.3)

On introducing the vorticity, ω, equation (6.3.3) may be written in the following
form

∇2 ψ = ω,

(6.3.4)
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∇2 ω = 0.

(6.3.5)

In order to solve the equations (6.3.4) and (6.3.5) in the domain Ω we use the
BEM. For any p = (x, y) ∈ Ω ∪ ∂Ω and q = (x0 , y0 ) ∈ ∂Ω, let

f (p, q) = ln | p − q |,

(6.3.6)

g(p, q) =| p − q |2 (ln | p − q | −1),

(6.3.7)

where | p − q |= {(x − x0 )2 + (y − y0)2 }1/2 . Applying Green’s second identity
we have


η(p)ψ(p) =
ψ(q)f  (p, q)dq −
ψ  (q)f (p, q)dq
∂Ω
∂Ω


1
1

+
ω(q)g (p, q)dq −
ω  (q)g(p, q)dq
4 ∂Ω
4 ∂Ω

η(p)ω(p) =
∂Ω



ω(q)f (p, q)dq −



ω  (q)f (p, q)dq

(6.3.8)

(6.3.9)

∂Ω

The boundary is ﬁrst calculated by using Runge Kitta method and is found
6.386 which is agree with handbook of mathematical table and then subdivided
into N segments, ∂Ωj , by solving diﬀerential equation

dη/ds = 1/h

(6.3.10)

and the stream function, ψ, its derivative, ψ  , the vorticity, ω, and its derivative, ω  , are approximated by piecewise constant functions. This results in the
following system of algebraic equations
N

j=1

Eij ψj − Gij ψj + Lij ωj − Mij ωj
N

j=1 Eij ωj − Gij ωj

=0
=0

where Gij , Eij , Lij and Mij are given by

f (pi , q)dq,
Gij =
∂Ωj

i = 1, . . . , n

(6.3.11)
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Eij =

∂Ωj

Lij =

f  (pi , q)dq − η(pi )δij ,
1
4

1
Mij =
4


∂Ωj

g  (pi , q)dq,


∂Ωj

g(pi , q)dq,

Equations (6.3.11) represents 2N equations in 4N unknowns. With the
application of the appropriate conditions the system of equations (6.3.11) can
be solved and equations (6.3.8) and (6.3.9) used to ﬁnd the value of the stream
function, ψ, at any point within the solution domain, Ω.

6.4

Numerical Solution

In the present work the ﬂuid ﬂow passing through an elliptical cylinder in the
presence of a rotlet is investigated. In the mathematical model the ﬂuid ﬂow is
assumed to be two-dimensional and the ellipse, with major and minor axes of
lengths a and b, respectively, and the rotlet is at a distance c from the center of
the ellipse as shown in ﬁgure (6.1.1).
In order to solve numerically Navier-Stokes equations in an exterior region,
it is very advantageous to use the BEM because there is a simple fundamental
solution, which enables one to covert the equations into integral equations, which
only involves boundary integrals. Further, these integral equations are very
convenient when dealing with the inﬁnite boundary condition, see for example
[41] and [9].
In this work the BEM with constant elements is used. It is convenient to
separate the stream function and the vorticity into two parts, namely,

where

Ψ = ψA + ψ ∗

(6.4.1)

ω = ωA + ω ∗

(6.4.2)
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ψA = λ1 r cos(ϑ) + λ2 r sin(ϑ) + λ3 + λ4 sin(2ϑ)
+ λ5 cos(2ϑ) + λ6 ln(r) + λ7 r2 + λ8 r ln(r) cos(ϑ)
2

(6.4.3)

2

+ λ9 r ln(r) sin(ϑ) + (β/2) ln(r + c − 2rc cos(ϑ))
ωA = −4λ4 sin(2ϑ)/r2 − 4λ5 cos(2ϑ)/r 2 − 47 λ
− 2λ8 cos(ϑ)/r − 2λ9 sin(ϑ)/r

(6.4.4)

Those ψA and ωA are asymptotic expansions of ψ and ω as r → ∞, and ψ ∗
and ω ∗ are the perturbations values about these expansions that tend to zero
as r → ∞,
Considering the surface of the ellipse as the streamline ψ = 0, then ψ ∗ and
ω ∗ satisﬁes

∇2 ψ ∗ = ω ∗

(6.4.5)

∇2 ω ∗ = 0.

(6.4.6)


ψ ∗ = −ψA and ψ ∗ = −ψA
on the boundary

(6.4.7)

with

Equations (6.4.7) provides another N equations to be 2N and the number
of unknowns 2N + 9 which means that we need another 9 conditions to close
the system
The extra unknowns λj , where j = 1, . . . , 9, will require extra conditions:
Case (a)
Let us assume for the moment that the values of the drag, lift and moment
are all zeros. Using the expressions (6.2.7), (6.2.8) and (6.2.9) where we have
replaced ω by ωA + ω ∗ , the parts of the integrals involving ωA were evaluated
analytically producing linear expressions in the unknowns λj . The other parts
involving ω ∗ are expressed after numerical integrations using Simpson’s method


as linear expressions in ωj∗ and ωj∗ . The resulting expressions for the drag, lift
and moment can be written as
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(N −1)/2
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∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
) sinh(α) sin(ηj )

j=1

(6.4.8)

∗
∗
∗
− (ω2j−1
+ 4ω2j
+ ω2j+1
) cosh(α) sin(ηj )/hj ](2π/3N ) = 0,

(N −1)/2









∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
) cosh(α) cos(ηj )

j=1

(6.4.9)

∗
∗
∗
+ 4ω2j
+ ω2j+1
) sinh(α) cos(ηj )/hj ](2π/3N ) = 0,
− (ω2j−1

(N −1)/2









∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)h2j /2

(6.4.10)

j=1
∗
∗
∗
+ (ω2j−1
+ 4ω2j
+ ω2j+1
) sinh(α)coh(α)/hj ](2π/3N ) = 0,

where

hj = (cosh2 (α) sin2 (ηj ) + sinh2 (α) cos2 (ηj ))1/2

(6.4.11)

∗
ω1∗ = ωN
,

(6.4.12)





∗
ω1∗ = ωN
,

(6.4.13)

Equations (6.4.8), (6.4.9) and (6.4.10) gives three conditions plus one extra
condition arising from the fact that the pressure distribution is single value(6.4.14).
(N −1)/2

−









∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)](2π/3N ) = 0

(6.4.14)

j=1

Hence, equations (6.4.5) and (6.4.6), together with (6.4.8), (6.4.9), (6.4.10)
and (6.4.14) result in (2N +4) equations in terms of the (2N +9) unknowns which
mean that we need ﬁve extra conditions to complete the system of equations.
In order to obtain the other equations, we make use of the fact that η(p)
vanishes outside the domain, i.e when p is inside the elliptical cylinder, namely
p(ξIj , ηj ), where ξIj < α for j = 1, 2, 3, 4 and 5
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Case (b)

In this situation we use the asymptotic expansion of ψ given in equation
(6.4.3). Hence, equations (6.4.8), (6.4.9) and (6.4.10) have to be replace by
(N −1)/2

− 4πλ9 +









∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
) sinh(α) sin(ηj )

j=1

(6.4.15)

∗
∗
∗
− (ω2j−1
+ 4ω2j
+ ω2j+1
) cosh(α) sin(ηj )/hj ](2π/3N ) = 0,

(N −1)/2

4πλ8 −









∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
) cosh(α) cos(ηj )

j=1

(6.4.16)

∗
∗
∗
− (ω2j−1
+ 4ω2j
+ ω2j+1
) sinh(α) cos(ηj )/hj ](2π/3N ) = 0,

(N −1)/2

4πλ6 −









∗
∗
∗
[(ω2j−1
+ 4ω2j
+ ω2j+1
)h2j /2

j=1

+

∗
(ω2j−1

∗
∗
+ 4ω2j
+ ω2j+1
) sinh(α)coh(α)/hj ](2π/3N ) = 0

(6.4.17)

Then we can proceed in the same way as described in case (a). However
in this situation we did not assume that the forces and the moment are zero.
This hover has given rise to certain computational diﬃculties, which we will
discuss in some detail later in the results section. To overcome these diﬃculties
we developed case (c):
Case (c)
Here we used the same methodology adapted in case (b) except that we have
replaced the lift condition (6.4.16) by one point inside the ellipse. This gave us
six points inside the ellipse, one integral condition (6.4.14) together with the
expressions for the drag (6.4.15) and that for the moment (6.4.17).

6.5

Numerical Results

Numerical details for situations when the position of the rotlet at (2.236,0) is
presented for three cases
Initially case (a) the drag, the lift and the moment are all enforce to be zero.
The values of λ1 , λ2 , λ3 , λ4 , λ5 , λ6 , λ7 , λ8 and λ9 which are analytically are
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0.500, 0.000, −1.092, 0.000, 0.208, 0.000, 0.056, 0.000 and 0.000 numerically
are 0.477, 0.000, −1.091, −0.024, 0.204, 0.000, 0.056, 0.032 and 0.006 respectively. The above inaccuracies arising in the coeﬃcients are overcome by using
case (c).
In case (b) The asymptotic expansion for the drag, the lift and the moment
at inﬁnity are included. The values of λ1 , λ2 , λ3 , λ4 , λ5 , λ6 , λ7 , λ8
and λ9 are 0.477, 0.000, −1.091, −0.024, 0.204, 0.000, 0.056, 0.032 and 0.006
respectively which are also inaccurate as in case (a).
In case (c) six points inside the elliptical cylinder were used beside the
asymptotic expansion at inﬁnity of the drag and the moment and the integral condition, this case was chosen because the lift is appear to be inaccurate in case (b) and is very sensitive to the discretization. The values of
λ1 , λ2 , λ3 , λ4 , λ5 , λ6 , λ7 , λ8 and λ9 for N = 600 are 0.501, 0.000, -1.091,
0.001, 0.207, 0.000, 0.056, 0.000 and 0.000 respectively
Figure 6.5.1 represents the non-dimensional streamline pattern and the vorticity pattern. The streamline is symmetric about the x-axis and show a rotational ﬂow about the elliptical cylinder and form closed contours a round the
cylinder and the rotlet, together with a stagnation point on the x-axis opposite
to the position of the rotlet. However, due to the diﬀerent values of c the position of stagnation points diﬀer. The streamline for −0.65, 0.00 and 0.19 are
presented also the non-dimensional vorticity for −0.07, 0.0, 0.22, 0.3 and 0.4
are presented in ﬁgure 6.5.1(b).
Figure 6.5.2 represents the non-dimensional streamline pattern and the vorticity pattern. The streamline is symmetric about the y-axis and show a rotational ﬂow about the elliptical cylinder and form closed contours a round the
cylinder and the rotlet, together with a stagnation point on the y-axis. However, due to the diﬀerent values of c the position of stagnation points diﬀer.
The streamline for −1.5, −0.75, 0.0, 0.75 and 1.5 are presented also the nondimensional vorticity for −0.5, −0.4, 0.0 and 0.2 are presented in ﬁgure 6.5.2(b).

6.6

Conclusions

The numerical technique used in chapters 4 and 5 have again been employed
in order to investigate the slow viscous ﬂow past an elliptical cylinder in the
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presence of a rotlet. It is found that the numerical results are in reasonable
agreement with those obtained analytically.
It is found that the determination of the lift is very sensitive to the form of
the discretization. In order to overcome this problem it was found necessary to
use six points inside the elliptical cylinder, instead of the expected ﬁve points,
with the constraint on the lift being omitted.
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Figure 6.5.1: The numerically obtained streamlines and vorticity pattern for
c = 2.236 with N = 800.
(a) the streamlines labeled 1, 2 and 3 correspond to
Ψ = −0.65, 0.00 and 0.19, respectively,
(b) the vorticity lines labeled 1, 2, 3, 4 and 5 correspond to
ω = −0.07, 0.0, 0.22, 0.3 and 0.4, respectively.
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Figure 6.5.2: The numerically obtained streamlines and vorticity pattern for
c = 2.236 with N = 800.
(a) the streamlines labeled 1, 2, 3, 4 and 5 correspond to
Ψ = −1.5, −0.75, 0.0, 0.75 and 0.5, respectively,
(b) the vorticity lines labeled 1, 2, 3 and 4 correspond to
ω = −0.5, −0.4, 0.0 and 0.2, respectively.

Chapter 7

CONCLUSIONS
The solution of the unbounded, steady, two-dimensional, incompressible viscous ﬂuid ﬂows past a body, or bodies, at small values of Reynolds number is
very important both mathematically and physically. It is interesting to note
that some solutions of the full Navier-Stokes Equations for small values of the
Reynolds number were found but from these solutions it was not clear what
the solution is at zero Reynolds number. Therefore a numerical technique was
developed to overcome this diﬃculty and a unique solution was obtained. In
many situations the validity of the solution obtained by setting the Reynolds
number to be zero is important. Even in situations where no solutions are possible for zero Reynolds number there will always exist a region in the vicinity
of the body, or bodies, where the solution of the biharmonic equation is valid.
Thus it is very important to develop robust computational techniques, which
are able to solve complex, unbounded, steady, two-dimensional, incompressible
viscous ﬂuid ﬂows past a body, or bodies. In this thesis we have demonstrated
that the Boundary Element Method, combined with the appropriate asymptotic
solution of the biharmonic equation, can be used to solve a large variety of ﬂuid
ﬂow problems. In all the investigated the cases numerically obtained solution
is in very good agreement with all the available analytical solutions. Hence, it
may be assumed, with conﬁdence, that the techniques developed in this thesis
may be used to solve the biharmonic equation for unbounded ﬂows in situations
where no analytical solutions are possible. Examples of such ﬂows are where
the body in the ﬂuid ﬂow does not have a simple shape, Le. the body may not
167
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be smooth or have a complex shape, and also where multiply bodies are present
in the ﬂow. Future extensions of this work should address such ﬂows.
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