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Copyright c© 2018 Carlos Alberto Abello Muñoz et al. This article is distributed under

the Creative Commons Attribution License, which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.

Abstract

One of the more important potential flow results obtained using
complex analysis are the solutions of the potential flows past a family
of airfoil shapes known as Joukowski foils and the von Karman vor-
tex street is a typical fluid dynamics example of natural instabilities in
transition from laminar to turbulent flow conditions. In this paper we
present the best known elements between pure complex analysis and
fluid dynamics and present their application in the theory of laminar
and turbulent flows [1].
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1 Introduction

1.1 The Juokowski foils

The theory of complex analysis comes in naturally in the study of fluid dy-
namics. Therefore, let us define

z = φ+ iψ,

where, φ the velocity potential and ψ the Lagrange stream function. Then z
turns out to be analytic because the Cauchy-Riemann equations

vx =
∂φ

∂x
=
∂ψ

∂y
, vy =

∂φ

∂y
= −∂ψ

∂x
,

are exactly the natural flow conditions that have to be satisfied. Here, the
function z is called the complex velocity potential. Then, we can see that

dz

dw
= vx − ivy.

Examples of velocity potentials are the uniform stream w = Ūz where U
represents flow speed and the vortex w = (−iΓ/2π) ln(z) where Γ represents
rotation speed counted counterclockwise [2].

1.2 Flow through a cylinder

Now we introduce the circulation and we see what happens in the case of the
circular cylindrical. In this case, we omit viscosity and other effects. Therefore,
we can write

z = wŪ +
a2

w
U +

iΓ

2π
ln
(w
a

)
,

for the velocity potential of a flow past a circular cylinder. Here a is the di-
ameter of the cylinder, U the flow speed and Γ a vortex related parameter as
discussed earlier. The latter term was added to account for lift effects. It is
put in artificially here but will come naturally later on [3].

It is easy to see that z(ae(iθ)) is real so that ψ = 0 on the circle and that
dz/dw goes to Ū for w at infinity. w such that dz/dw = 0.

If G is sufficiently small, we can define

sin(β) = G = Γ/4πa|U |

and
U = |U |e(−iα),
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so that the stagnation points are located at

wdownstream = ae−i(α+β), wupstream = ae−i(α−β−π).

Therefore, we can prove the force on the cylinder per unit distance length-
wise is

F = iρΓŪ ,

where is easy to see that this is perpendicular to flow direction.

A conformal map called the Juokowski transform can be used to find the
flow past an elliptical cylinder. It is defined by

w′ = w +
b2

w
,

with b ∈ R. Applying this transform to a circle radius a will get an ellipse
with major axis a + b2/a and minor axis a − b2/a. The flow problem can be
solved more easily using this transform and our knowledge about the circular
case.

1.3 The Juokowski airfoil

We can use a conformal mapping one can map the circle to a specific kind of
airfoil shape called the Juokowski airfoil. The general airfoil shape is round
in the front and sharp in the back. At the sharp trailing edge the mapping
will not be conformal. So to obtain the desired shape one has to produce a
sequence of transformations. If we start off with a circle w in the complex
plane we first translate it away from the origin by w′c by writing. Then we
transform to

w′′ = w′ +
b2

w′

using the Juokowski transform. The resulting effect on the derivative is

dz

dw′′
=
dz

dw

dw

dw′
dw′

dw′′
=
dz

dw

w′2

w′2 − b2 .

Note that the velocity in the w′′ coordinate system will be singular when
w′ = ±b. The only way for this to be prevented is by guaranteeing either of
these points to be a stagnation point. Let us say that

w′c + aei(α−β) = b.

Additionally require the other point −b to lie inside the circle.
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• (a) n = 2, x′c = −0.1, y′c = 0.1

• (b) n = 1.75, x′c = −0.1, y′c = 0.1

• (c) n = 2, x′c = −0.3, y′c = 0.2

2 ROGER C. ALPERIN

Figure 1. m = 1.1, u = 1, v = .1

Using the Maple plot package we obtain the two Figures.
implicitplot(subs(m=1.1,u=1,v=.1,AF),x=0..3/2,y=0..1,numpoints=20000)

implicitplot(subs(m=1.1,u=2,v=.3,AF),x=0..3,y=0..1,numpoints=20000)

Figure 2. m = 1.1, u = 2, v = .3

Figure 1: A Karman-Trefftz family of airfoils (a).
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Figure 1. m = 1.1, u = 1, v = .1

Using the Maple plot package we obtain the two Figures.
implicitplot(subs(m=1.1,u=1,v=.1,AF),x=0..3/2,y=0..1,numpoints=20000)

implicitplot(subs(m=1.1,u=2,v=.3,AF),x=0..3,y=0..1,numpoints=20000)

Figure 2. m = 1.1, u = 2, v = .3

Figure 2: A Karman-Trefftz family of airfoils (b).

YET ANOTHER AIRFOIL 3

Figure 3. m = 1.05, u = 6, v = .3

Parameterization Let

x =
vt2(mt2 � 2(mu � v)t + (mu � v)(u + mv))

m2t4 � 4m(mu � v)t3 + 2(3mu � 2v)(mu � v)t2 � 4u(mu � v)2t + (u2 + v2)(mu � v)

y =
vt2(mt � mu + v)2

m2t4 � 4m(mu � v)t3 + 2(3mu � 2v)(mu � v)t2 � 4u(mu � v)2t + (u2 + v2)(mu � v)

then these satisfy the equation AF = 0.
With Maple
p:=subs(m=1.05, u=6, v=.3,x);

q:=subs(m=1.05, u=6, v=.3,y);

plot([ p,q, t=-300..300], numpoints=3000)

we obtain Figure 3.

Department of Mathematics, San Jose State University, San Jose,
CA 95192

E-mail address: roger.alperin@sjsu.edu

Figure 3: A Karman-Trefftz family of airfoils (c).

It turns out α expresses attack angle, x′c thickness and y′c camber1 of the
airfoil. The parameters a and |U | can be normalized. We can compute given
these numbers

β = α + sin−1(y′c), b = x′c +
√

1− y′2c
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and
Γ = 4π sin β.

Plots can be found in figures 1(a) and 1(c). We know that the Kutta
condition is responsible for the circulation that is necessary for the wing to
create lift

Cp = 1−
∣∣∣∣ UU∞

∣∣∣∣2 .
1.4 The Karman-Trefftz airfoil

The Juokowski transform above can be rewritten by completing the square [4].
Then, we get

w′′ + 2b =
(w′ + b)2

w′
, w′′ − 2b =

(w′ − b)2
w′

or equivalently
w′′ + 2b

w′′ − 2b
=

(
w′ + b

w′ − b

)2

.

Now, von Karman and Trefftz looked at a more general transformation
satisfying

w′′ + 2b

w′′ − 2b
=

(
w′ + b

w′ − b

)n
.

It has most of the characteristic of the Juokowski but the added parame-
ter n allows to adjust the trailing edge angle to (2 − n)π. An example with
trailing edge angle 45 is found in figure 1(b). The somewhat artificial trailing
edge shape of the Juokowski airfoil is resolved.

2 Vortex Shedding and the von Karman Street

Now we consider the flow of a fluid around an object in the plane. In general
vortices will be shed from the edges of the object into its wake. This chain of
shed vortices is called a vortex street. The pattern of the vortices in the street
usually starts off symmetrical but shifts to be alternating.

2.1 von Karman vortex street

The vortex street appears as the stream goes faster and faster: The stream
obeys Newton’s laws, i.e., the objects in motion tend to stay in motion unless
acted on by a net force. The force that keeps the stream laminar around the
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cylinder is fluid pressure formed by the viscous forces of the fluid, which means
there is a pressure gradient and a region of low pressure is being formed behind
the cylinder.

Therefore, the fluid that’s stuck inside the wake then receives shear forces
from these two boundaries flowing around it on either side. For a certain
parameter regime the cylinder just keeps two vortices in its wake, fed by the
shear forces from the boundary layer. The vortex street happens when these
shear forces get to be so large that they actually push the vortices harder than
the pressure gradients are pushing them back. Theoretically the symmetry
exactly right, both vortices would be shed together by symmetry; but it’s like
trying to balance a pencil on its point, the opposite rotation of the vortices
forms effectively a force which repels them. Therefore, this creates the vortex
street. Here, we model the vortex street by two rows of vortices spaced b apart
in the y−direction. The vortices at y = b/2 are rotating counterclockwise and
located at [5]

. . . ,−2a,−a, 0, a, 2a, . . .
in the x−direction. The lower row of vortices is rotating clockwise and is offset
µa from the upper one. So each core is located at

. . . ,−2a+ µa,−a+ µa, µa, a+ µa, 2a+ µa, . . .

This simple model is known as the von Karman vortex street. The variable
µ is a offset parameter. The case µ = 0 represents symmetry while µ = 1/2
represents the alternating pattern. The complex velocity potential can be
found from the elementary vortex potential defined in the introduction. A
vortex in the upper row can be expressed as

−iΓ
2π

ln

(
w −

(
na+ i

b

2

))
,

with n ∈W. The lower row is expressed similarly by

iΓ

2π
ln

(
w −

(
na+ µa− i b

2

))
.

The vortex street potential then equals

z =
−iΓ
2π

∞∑
n=1

[
ln

(
w −

(
na+ i

b

2

))
− ln

(
w −

(
na+ µa− i b

2

))]
.

The advantage of using complex variables is immediately clear. We can
rewrite the infinite sum of logarithms as a logarithm of an infinite product.
Thus we obtain
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z =
−iΓ
2π

ln
sin

π

(
w − i b

2

)
a

− ln
sin

π

(
w − µa+ i

b

2

)
a


 .

The associated complex conjugate velocity potential is

V̄ =
dz

dw
=
−iΓ
2a

cot

π

(
w − i b

2

)
a

− cot

π

(
w − µa+ i

b

2

)
a

 .
= V̄upper + V̄lower.

2.2 Stability

Because of symmetry, vortices in the upper row do not produce a net force on
each other and vortices in the lower row do not produce a net force on other
vortices in the lower row. However, there is an effect on the vortices in the

opposite row. The effect of the lower row of vortices on the vortex at z = i
b

2
for example is described by

V̄lower

(
i
b

2

)
=
iΓ

2a
cot π

(
i
b

a
− µ

)
.

Here, the velocity is in general not pointed purely in the horizontal direc-
tion. Consequently, the shed vortex rows will tend to drift laterally towards or
away from each other. We can observe this drifting effect to be nearly nonexis-
tent and herefore we will choose to kill off the drifting effect by selecting µ such

that V̄lower

(
i
b

2

)
∈ R The relevant values of µ can be computed by rewriting

the cotangent as a quotient of cosine and sine and expressing these on their
turn in exponentials. The outcome is that the velocity can be real only when

sin 2µπ = 0,

or equivalently when µ = 0 or µ = 1/2. This means that the symmetrical and
alternating patterns arise naturally. The symmetrical arrangement is found to
be unstable for at least some possible perturbations. The µ = 1/2 case is more
stable as long as b/a ≈ 0.28055. This defines a stable ratio for the distance
between the vortex rows and the vortices per row.
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3 Conclusion

In this work we have shown the fundamental elements of the complex analysis
in the dynamics of fluids as well as its application to the theory of laminar and
turbulent flows. The transformation of Juokowski and the von Karman vortex
is detailed as well as its application to different types of flows. Graphically we
present the results with different values for the Joukowski transform and the
Joukowski airfoil is obtained by appliying the transformation w +
frac1w to a circle.
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