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Abstract

Bézier curves is the optimization of a curve by means of lines, among
its applications are the basic tools of editing and animation software.
They are based on the Bernstein polynomials with which Bézier’s re-
cursive expressions are derived for numerical analysis. On the other
hand, there is an interesting application given by interpolation, such
that, given any point of the plane, a Bezier curve is created (with eli-
gible points) and it can interpolate the points generated for any set x:
the higher the number, the more soft will be the final curve, the inter-
polation curve can be applied to xy scattered or noisy data, to resample
and smooth the original data.
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1 Introduction

The present work seeks to demonstrate the mathematical concept with its
respective definition of the Bézier curves for the application in optimization.
Bézier curves have many applications in the area of technical drawing, specifi-
cally used in animations for effects of movement to virtual bodies and also has
field in architecture, however we will seek to route these curves to optimization
in a specific application.

Bézier curves are a system developed in 1960 for the drawing of technical
drawings in aeronautical and mechanical design, its name is in honor of Pierre
Bézier1 who devised a mathematical method of curves that was successfully
used later in software of design. To geometrically define the shapes of these
curves, only two points P0 and P3 (which will be called nodes or anchor points)
where they will join with a curve, from those points, the Bézier curve have
invisible points P1 and P2 ( control points) that will define the shape of the
curve [1].

Figure 1: Anchor points.

To create a Bézier curve we must at least three points P0, P1 and P3 (figure
1) with which two lines will be formed in which in turn a third line will be
formed with the points Q0 and Q1 (figure 2) belonging to the first two lines,
finally the lines will be varied tangentially to create a curve [2].

Figure 2: Tangent lines.
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2 De Casteljau’s algorithm

The Casteljau’s algorithm is based on the successive repetition of the segment
between two points, the last step of the algorithm is called the Bézier curve
[3].

• Given b0, b1, b2 . . . bn ∈ R2 and t ∈ [0, 1]

• With r = 1 . . . n, i = 0 . . . n− r, b0i (t) = bi

bri (t) = (1− t) br−1
i (t) + tbr−1

i+1 (t)

• Checkpoints = b0, b1, b2 . . . bn

• These points form a control polygon.

• Degree of the curve = n.

• n+ 1 Checkpoints.

Figure 3: Checkpoints.

2.1 Properties of Bézier curves

Bézier curves are parametric polynomial curves in the plane or in space with
the following properties [4]:

• The curve approximates a given polygonal curve, called a control poly-
gon, that is, the curve generally follows the shape of the control polygon.

• The curve is tangential in the first and last segments of the control poly-
gon in the first and last vertex of the polygon.
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• The curve is inside the convex closure of the control polygon.

• The curve does not oscillate more than the control polygon.

• The curve is invariant under affine transformations.

3 Numerical results

3.1 Interpolation of a noise curve

In this subsection the algorithm will be applied to obtain the Bézier curve
of a sinusoidal function of period T = 100s, to this sinusoidal function we
will apply a normally distributed random noise that is given by the following
expression [5]:

f (t) = 0.2randn (n)− sin

(
πt

100

)
+

0.5t

100

with t [1, 100]

Figure 4: Original data with noise.

By means of the Bézier curve we seek to obtain a polynomial that allows
to interpolate a sample of the independent variable of the function of figure
4. Figure 6 presents the Bezier curve for the original data with normally
distributed noise.

3.2 Percentage error analysis

When comparing the data obtained by means of the Bézier interpolation with
the data of the function with noise, a minimum error of 8.24% is obtained [6].

The function sinc(x) is given by the non-normalized expression sinx
x

with an
avoidable singularity in x = 0, which can be evaded by applying the L’hopital
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Figure 5: Bezier curve for noise function.

Figure 6: Bezier curve interpolation data.

Figure 7: Bézier curves Algorithm.

rule and assigning a value equal to 1 in its image. In this subsection, the stan-
dard deviation band will be approximated by Bezier curves using the following
algorithm:



4910 Pedro Pablo Cárdenas Alzate et al.

f (t) inter Curva Bezier error %
0,3701 0,1955 47,16
0,0066 0,1166 1661,13
-0,0672 0,0385 157,29
0,1495 -0,0359 123,99
-0,0896 -0,1071 19,59
-0,3508 -0,1696 51,66
-0,2393 -0,2196 8,24
-0,4576 -0,2582 43,58
-0,1691 -0,2889 70,84
-0,1650 -0,3151 90,96
-0,4308 -0,3384 21,45
-0,4825 -0,3594 25,51
-0,1386 -0,3785 173,03
-0,8174 -0,3963 51,52
-0,2239 -0,4140 84,89
-0,5685 -0,4329 23,86
-0,0886 -0,4536 412,20
-0,3390 -0,4762 40,48
-0,6921 -0,4999 27,77

Table 1: Standard deviation band with interpolation of Bézier curves for
sinc(x) function contaminated with variational noise.

The results obtained were the following: The noise for the input data has
a variance of 0.015 and is calculated with the following equation:

y = sinc(X);

varn = 0.015;

noise = sqrt(varn) ∗ randn(length(y), 1);

yn = y + noise;

The result yn represents the input data to the algorithm (Fig.7) and the
data with which it performs the processing for the Bezier curve.



Bézier curves 4911

Figure 8: Data with noise and without noise for sinc(x) function with a vari-
ance of 0.015.

Figure 9: Data chosen with Algorithm 1.

4 Conclusion

The statistical data coming from the data allow us to establish metrics for the
classification of samples for any data set. In this document we processed a
function with a singularity which makes the data interpolated with the Bezier
curve vary more in comparison with the data outside the singularity, for this
reason it is convenient to establish a standard deviation band that allows to
give certainty and The precision of the interpolated data belong to a Bezier
curve contained in this band. It is a challenge to establish a band or even a
metric to classify a quantity of interpolated data with a set of data that varies
according to noise pollution since in principle there is no certainty of the na-
ture of the data, that is, With the statistical information thrown by the data
and with classification algorithms proposed in this document, it is possible to
contain the interpolated data within a standard deviation band. An applica-
tion in engineering is the characterization of the magnetization and hysteresis
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curve of magnetic materials used of which the plate data is unknown, that is,
to characterize the material since the curves will have variations due to the
use of the same material in the industry.
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Matemática Aplicada y Educación).

References

[1] D. Knuth, Metafont: The Program, Addison-Wesley, 1986.

[2] C. de Boor, A Practical Guide to Splines, Springer-Verlag, 1978.
https://doi.org/10.1007/978-1-4612-6333-3

[3] E. Lee, Comments on some B-Splines algorithms, Computing, 36 (1986),
no. 3, 229-238. https://doi.org/10.1007/bf02240069

[4] H. Baruh, Analytical Dynamics, Boston:WCB/McGraw-Hill, 1999.

[5] R. Bartels, John C. Beatty, Brian A. Barsky, Bézier Curves: An Introduc-
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