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Abstract

This paper presents the study of the dynamics of the equation ẍ +
µ
(
x2 − 1

)
ẋ + tanh (x) = 0, where tanh (x) ≈ x for x � 1 is the Van

der Pol oscillator, where it is intended to show that said oscillator has
a limit cycle around the fixed point.
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1 Introduction

Differential equations are used to construct the mathematical models that de-
scribe the dynamics of physical systems, where the current state will depend
on the past states, which lead to different types that according to the detail or
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complexity of the model that is desired, the models can be linear or non-linear,
the latter being the most studied case due to the variety of behaviors that may
occur. Many systems present the phenomenon of self-excited oscillations inde-
pendent of the initial state of the system, that is, the system begins to oscillate
until reaching a periodic movement with a certain amplitude and period that
are only dependent on the characteristics of the system [1].

One of the most studied systems that present this behavior is the Van der
Pol oscillator, proposed by the engineer and physicist Balthasar Van der Pol,
while studying the dynamics of a non-linear electronic circuit, which favors
small oscillations and dampens the big swings. In this paper, a formal analysis
will be carried out on the dynamics of the Van der Pol circuit, characterizing
the model from the perspective of dynamic systems based on the variables
and the parameter, with which changes in the dynamics of the system are
presented. Say, the system has some type of bifurcation, in addition it will
show the conditions for stability and the possible presence of limit cycles. Said
demonstration is based on the fact that the analyzed system has the form of a
differential equation of the Liénard type, however, to be Liénard type certain
conditions must be met that will be shown in the development of the article
[2].

2 Liénard-type systems

The analysis of non-linear oscillations in dynamic systems is of great impor-
tance, and has been the subject of study since around the 20’s or 50’s. Many
of these systems can be described by a differential equation of the form:

ẍ+ f (x) ẋ+ g (x) = 0 (1)

This equation is known as the Linard equation, which is a generalization
of the Van der Pol equation ẍ+ µ(x2 − 1)ẋ+ x = 0, which has its mechanical
interpretation as the equation that models the movement of a mass subjected
to a damping force −f (x) ẋ and a restoring force −g(x), both non-linear.
Eq.(1) can be written as a state space system [3], such as:

ẋ = y
ẏ = −g (x)− f(x)y

(2)

where according to the type of functions f(x) y g(x), this system dynamics can
be described as a limit cycle around the origin in the phase space, for this, the
previous functions must satisfy the Liénard theorem, which has the following
conditions:
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Theorem 2.1

• f (x) and g (x) must be continuously differentiable for all value of x.

• g (−x) = −g (x) for all x.

• g (x) > 0 for all x > 0.

• f (−x) = f (x) for all x.

• The odd function F (x) =
∫ x

0
f(u)du has exactly one zero at x = a,

being negative for 0 < x < a, positive and not decreasing for x > a and
F (x)→∞ when x→∞.

Figure 1: Spiral source 0 < µ < 2.

3 The Van der Pol system

A Van der Pol type oscillator has the form

ẍ+ µ(x2 − 1)ẋ+ tanh(x) = 0 (3)

From the previous equation it can be highlighted that for very small and
positive values x, it can be observed the value of the damping is negative and
for x � 1 values it will be positive. This phenomenon indicates the presence
of negative resistances in non-linear circuits. Now, for the values of x� 1, the
system of Eq.(3) can be approximated [4]:

ẍ− µẋ+ x = 0, (4)
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Figure 2: Source µ > 2.

since tanh x ≈ x for x � 1 and omitting the higher order terms O(x2) in
the approximation. Now bringing the new model of the system, to the set of
equations in the state space, we have:

ẋ = y
ẏ = µy − x (5)

The equilibrium solutions are x∗ = 0 and y∗ = 0. Thus, the linearization
of the system is given by:

J =

[
0 1
−1 µ

]
, (6)

where it can be seen that the trace of the Jacobian is Tr(J) = µ and its
determinant det(J) = 1 for any value of µ. Now, the equilibrium solution
(x∗, y∗) = (0, 0) will always be unstable for all value µ > 0. So, it can also
be observed that if 0 < µ < 2, the equilibrium solution will be an unstable
spiral as shown in Figure 1 and if µ > 2, the point will be a source Figure 2,
therefore for µ > 0 and x � 1 the system will be unstable around the fixed
point. Now for x � 1, the damping will be positive and for Eq.(3) we will
prove that it is of the Liénard type. Indeed, for µ = 0, Eq.(3) has non-linear
centers [5]. Therefore, by multiplying by ẋ we get:

ẋ ∗ ẍ+ µ
(
x2 − 1

)
ẋ2 + ẋ ∗ tanh(x) = 0

Now, as µ = 0, then

ẋ ∗ ẍ+ ẋ ∗ tanh(x) = 0 (7)

Integrating in time we can obtain the Hamiltonian system:

H (x, ẋ) =

∫
(ẋ ∗ ẍ+ ẋ ∗ tanh(x))dt
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or

H (x, ẋ) =
ẋ2

2
+ ln

(
e2x + 1

)
− x (8)

The function H(x, ẋ) has a critical point at (x, ẋ) = (0, 0), which can be
characterized by calculating the Hessian matrix around said point, i.e.,

h (H (x, ẋ)) =

 ∂2H
∂x2

∂2H
∂x∂ẋ

∂2H
∂x∂ẋ

∂2H
∂ẋ2

 =

[
1 0
0 1

]
,

here, as det(h) > 0 and ∂2H
∂x2 > 0, then the critical point (x, ẋ) = (0, 0) is a

minimum of the function H(x, ẋ). Finally, since (x, ẋ) = (0, 0) is an isolated
point and a minimum of the energy function, we have that problem (3) has
linear centers for µ = 0.

Now we analyze the dynamics of the problem (3) for the case µ > 0.
Indeed, the system ẍ + µ(x2 − 1)ẋ + tanh(x) = 0 for µ > 0 has a stable
limit cycle around the equilibrium solution (0, 0). To prove this, we see that
the equation satisfies the conditions of the Liénard theorem [6]. Comparing
Eqs.(1) and (3) we have that f(x) = µ(x2 − 1) and g(x) = tanh(x). It can
be seen that the functions f(x) and g(x) are continuously differentiable for
all values of x. g(x) = tanh(x) is an odd function since it is satisfied that
g(x) = tanh(x) = −tanh(−x), in addition we have that tanh(x) > 0 for all
x > 0, as seen in figure 3. Therefore, the function g(x) = tanh(x) is clearly

Figure 3: g(x) = tanh(x).

odd. Now, we define the function

F (x) =

∫ x

0

f (τ) dτ

F (x) =

∫ x

0

µ
(
τ 2 − 1

)
dτ
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F (x) = µ

(
x3

3
− x
)

= µx

(
x2

3
− 1

)

Figure 4: F (x) = µx
(

x2

3
− 1
)

.

It can be noted that x =
√

3 is a zero of the positive and unique F (x) func-
tion for all values of x > 0, plus F (x) < 0 for 0 < x <

√
3 and F (x) > 0 for

x >
√

3. It is also observed that F (x) is monotonically increasing for x >
√

3
and that limx→∞ F (x) = +∞, therefore from Theorem 2.1 we have that prob-
lem (3) has a single stable limit cycle around the equilibrium solution (0, 0).

Now, the system ẍ+µ(x2−1)ẋ+ tanh(x) = 0 presents a supercritical Hopf
bifurcation. Thus if −2 < µ < 0, the equilibrium solution (x∗, y∗) = (0, 0)
will be a stable spiral as shown in figure 5, then for µ = 0, both eigenvalues
cross the imaginary axis appearing centers nonlinear, then for 0 < µ < 2 the
solution becomes an unstable spiral and a stable limit cycle appears, which
can be seen in figure 5. From Theorem 2.1, it is concluded that the system (3)
presents a supercritical Hopf bifurcation.
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Figure 5: Phase plane for −2 < µ < 0.

Figure 6: Phase plane for 0 < µ < 2.

4 Conclusion

The application of Lienard’s theorem for second-order systems is a simple way
to demonstrate the existence of stable periodic solutions around the equilib-
rium point of the system. The dependence of a system on its constructive
parameters can cause changes in the dynamics of that system, which is a sub-
ject of broad study since these changes can occur differently for each system.
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The use of qualitative analysis presents several advantages over the analytical
solutions of differential equations, since in many cases such a solution is impos-
sible to obtain without using numerical methods or software that facilitate this
work, as well as the conclusions to which can be reached about the dynamics
of the system are objective and truthful.

Acknowledgements. We would like to thank the referee for his valuable
suggestions that improved the presentation of this paper and our gratitude
to the Department of Mathematics of the Universidad Tecnológica de Pereira
(Colombia), the GEDNOL Research Group and Grupo de Investigación en
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