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Abstract 

 

In the equipment maintenance plans of many manufacturing companies, it is 

necessary to evaluate the performance of certain equipment with a relatively low 

failure frequency. It is complex to monitor its statistical behavior with the 

traditional engineering models, because most of the information, in a short time 

interval, the values are zero, that is to say, the failure count is zero in the 

equipment. This paper presents a case study in a compound fertilizer company, 

where the failures of a hydraulic pump are monitored over time, using a ZIP 

model with excess zeros. The results indicate a rethinking of maintenance plans, 

considering that there is a high measure of probability of failure, which is 

unacceptable in chemical processes.  
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1 Introduction 
 

Generalized linear models belong to a field of stochastic modeling that transcends 

the restricted framework of action of classical linear model theory. The 

generalized linear models have shown their great utility in the description of 

phenomena whose answers are given in the form of numerical or categorical 

variables and whose errors do not necessarily have homoscedasticity variance. [8]   

 

In presence of excessive zeros, the effectiveness of questionable analysis.  Even if 

proportions models are used in these cases, a good fit could not be achieved due to 

the overdispersion generated by the excess of zeros.  As a result, it has been 

necessary to define new models of proportions. 

 

The model of count regression par excellence is the Poisson model, which relies 

on strong distributional assumptions whose rigidity can make it difficult to 

achieve a good fit.  The search for greater flexibility has led to the emergence of 

new models, some of them based on the Poisson distribution, which somehow 

better adapt to the implications of the lack of heterogeneity.  

 

One of the first applications of a Poisson regression model with a ZIP count 

distribution with excess zeros, model ZIP, was carried out by Lambert (1992). A 

suitable model, when the focus is only on the positive data ratio, can be based on 

the truncated binomial distribution and its overdispersion version, which include 

the proportions of zeros and are based on a finite mixed model.  In addition to the 

above-mentioned models, overscatter models are also used [3], [6]. 

 

2 Counting models 
 

2.1 Binomial regression model 

 

Be, with 𝑖 =  1, . . . , 𝑛, a set of random variables each of which has binomial 

distribution with 𝑚𝑖 and 𝜋𝑖 parameters [7][1].   A generalized linear model can be 

specified by the expression, 

 

𝑔(𝜇𝑖) = 𝑥𝑖
𝑇𝛽                             (1) 

 

𝑔(𝜇𝑖) = 𝑙𝑜𝑔𝑖𝑡(𝜇𝑖) = 𝑙𝑜𝑔 [
𝜋𝑖

1−𝜋𝑖
] = 𝜂𝑖                         (2) 

          
 where 𝛽 is a vector of unknown parameters, 𝑥i is a vector of explanatory 

variables, 𝜋𝑖 is the probability of success, 𝜇𝑖 is the expected value of the random 

variable 𝑌𝑖 and 𝑔 is an appropriate link function (either logit, probit or log-log 

add-in) [2].  Here the 𝑙𝑜𝑔𝑖𝑡 function is taken as the link function  

 

The expected value and variance of the 𝑌𝑖 variables are 
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𝐸(𝑌𝑖) = 𝑚𝑖𝜋𝑖 = 𝜇𝑖                    (3)            

 

 

𝑉𝑎𝑟(𝑌𝑖) = 𝑚𝑖𝜋𝑖(1 − 𝜋𝑖) =
𝜇𝑖

𝑚𝑖
(𝑚𝑖 − 𝜇𝑖)                   (4)            

 

The latter expression is presented as an explicit function of 𝜇 to show that when 

the mean of a binomial distribution is known, the variance is completely 

determined. 

 

2.2 Poisson regression model 

 

The Poisson regression model is a non-linear model in which the intensity 

parameter 𝜆 of the Poisson process depends on a set of explanatory variables.  If 

the relationship between the parameter and the explanatory variables is 

deterministic, the Poisson regression model is standard; otherwise the mixed 

Poisson regression model is obtained. 

 

Poisson's regression models attempt to explain the number of times that an event 

of interest occurs, for the individual 𝑖  (𝑖 = 1, … . , 𝑛) in an interval of unitary 

amplitude, as a function of a set of explanatory variable 𝑋𝑖.  That is to say, 

 

𝑃(𝑌𝑖 = 𝑦𝑖 𝑋𝑖 = 𝑥𝑖⁄ ) =
𝑒−𝜆𝑖𝜆

𝑖

𝑦𝑖

𝑦𝑖!
𝐼[0,1,2,… ](𝑦𝑖)                       (5) 

 

    T

iiii xyE xexp| 
                 (6) 

  

Here, the log-linear nature of the parameter 𝜆𝑖 guarantees the positive nature of 

the mean of the dependent variable, where 𝛽 is a vector of parameters and 𝑥𝑖 a 

vector of explanatory variables. 

 

Despite its enormous popularity, the Poisson model has a number of important 

limitations.  One of them is the equality of conditional mean and variance.  This 

property implies the heteroscedastic nature of the model at the same time that it 

prevents the overdispersion present in the observed data from being detected, thus 

making it difficult to obtain a good adjustment.  Another of the limitations of the 

model is the assumption of independence inherent to a Poisson process, according 

to which the occurrence of an event in a given interval does not modify the 

probability of the occurrence of another event in another non-overlapping interval.  

In addition, the Poisson model tends to underestimate the actual frequency of 

zeros present in a data set, to overestimate the actual frequency of small values, 

and to underestimate that of large values. 
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2.3 Regression models with excess zeros 

 

2.3.1 ZIP regression models 

 

Be 𝑋 a discrete random variable with probability mass concentrated in integer 

values.  Let us suppose that 𝑋 =  0 is observed with a significantly higher or 

lower frequency than the one stipulated in the assumed model.  The random 

variable 𝑋 can be set as follows 

 

𝑃(𝑌 = 0) = 𝜙 + (1 − 𝜙)𝑃(𝑋 = 0)               (7) 

 
𝑃(𝑌 = 𝑗) = (1 − 𝜙)𝑃(𝑋 = 𝑗)               (8) 

 

with Si ф takes negative values then the distribution of 𝑌 generates few zeros, a 

very rare case in practice.   For ZIP distribution you have to 

 

𝐸(𝑌) = (1 − 𝜙)𝜆 = 𝜇                (9) 

 

𝑉𝑎𝑟(𝑌) = 𝜇 + [
𝜙

1−𝜙
] 𝜇2              (10) 

  
Lambert (1992) considers models in which 

 

𝑙𝑜𝑔 [
𝜙

1−𝜙
] = 𝑍𝛾               (11)

  

where 𝑋 and 𝑍 are matrices of covariates and 𝛽 and 𝛾 are vectors of parameters.  

The two sets of variables may or may not match. When they coincide, 

parsimonious models can be developed under the assumption that the two linear 

predictors are related in some way.  Perhaps, the simplest model Lambert (1992), 

Mullahy (1997) refers to is the 𝑍𝐼𝑃(𝜏) model, in which 𝜏 is a scalar parameter, 

this implies that 𝜑 = (1 + 𝜆−𝜏)−1 A wide variety of alternative models can be 

generated by the use of different link functions for 𝜆 and/or  ф. [3], [4]. 

 

2.3.1 Generalized Poisson distribution 

 
Random variable 𝑋 has generalized Poisson distribution if its frequency function 

is given by 

 

𝑃(𝑋 = 𝑥) =
(1+𝛼𝑥)𝑥−1(𝜃𝑒−𝜆𝜃)

𝑥

𝑥!𝑒𝜃
𝐼(0,1,2,… )(𝑥)            (12) 

 

with 0 ≤ 𝛼 ≤1, 𝜃 > 0 y |𝛼𝜃| < 1.  If 𝛼 =  0 this distribution is reduced to the 

ordinary Poisson distribution [6] [1]. 

 

Gupta (1996), proposes to apply the principle of ZIP regression to cases where the  
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original distribution of data is a generalized Poisson distribution [5].  Then the 

distribution of Y is given by 

 

𝑃(𝑌 = 0) = 𝜙 + (1 − 𝜙)𝑒−𝜃                        (13) 

 

𝑃(𝑋 = 𝑥) =
(1+𝛼𝑥)𝑥−1(𝜃𝑒−𝜆𝜃)

𝑥

𝑥!𝑒𝜃 𝐼(0,1,2,… )(𝑥)            (14) 

 

Thus, if 0 <  ф <  1 you have an extra number of zeros and if  (1 − 𝑒𝜃)
−1

<

𝜃 < 0, you have a smaller number of zeros than in the generalized Poisson model. 
 

3 Case Study  
 

At M. S.A., the plant and compound fertilizers are shut down due to failures in the 

process of pumping ammonium nitrate to the reactors for the production of 

MELT, the main component of a compound fertilizer.  

 

These events cause productive and technical problems in the dry section of the 

compound fertilizer plant, such as clogging of the MELT mixer area with bulk 

solids, which causes production delays and overwork for the mixer operators, see 

Table 1.  

 

In this paper we aim to construct a probabilistic model to describe the behavior of 

the anomalies that cause shutdowns in the pumping system in the wet section of 

the compound fertilizer plant.  

 

Table 1. Number of hydraulic pumps failures per week. 

 
Number of 

pump failures  𝑖 
Number of weeks   in  ini  

0 120 0 

1 25 25 

2 10 20 

3 6 18 

4 3 12 

5 4 20 

6 2 12 

7 3 21 

8 1 8 

9 1 9 

10 1 10 

11 1 11 

ALL  177
1




k

i

in  



k

i

ini
1

166  

 

The parameter values as shown in the Table 2. 
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Table 2. Estimated model parameters. 

 

Parameters Estimated 

𝜆 0,3220338983051 

𝜃 2,7205381370638 

𝛼 0,0030818275390 

𝜙 0,6552692665830 

 

The probability measure is determined by the following equation (14): 

 

𝑃(𝑋 = 𝑥) =

[1+(9.7697×10−6)𝑥]
𝑥−1

[2.7205381370638×𝑒−(9.7697×10−6)(2.7205381370638)]
𝑥

𝑥!×𝑒2.720581370638    𝑥 = 0,1,2,3, …   

 
 

The following results, Table 3, are the measure of probability, for each of the 

values of the discrete random variables that represent the number of failures in the 

company: 

 

Table 3.  Measure of probability, for each of the values of the discrete random 

variables 

 
Number of pump 

failures 

Probability of 

occurrence 

0 0.677966101695 

1 0.061232063657 

2 0.083105758963 

3 0.075656885986 

4 0.051972223290 

5 0.028735336992 

6 0.013319878796 

7 0.005324095420 

8 0.001873251324 

9 0.000589357322 

10 0.000167871586 

11 0.000043726519 

 

In this process it indicates a measure of probability of no failure of the hydraulic 

pump in one week is 67%. This means that the pumping system is unreliable and 

that the additional hydraulic pump must be used to a considerable extent, see 

Table 3 and Figure 1. 

 

The one to five failure rate of this solution pump is between 5 to 8%, which is 

considerable when performing continuous processes in the chemical industries. 
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Figure 1. Behavior of the model probability measures, with respect to hydraulic 

pump failures per week 

 
 

4 Conclusions  
 

Applying models with excess of ZIP zeros, in some situations present in 

manufacturing companies, is indispensable for the optimization of certain 

important areas. There are events of interest that occur infrequently, which 

implies, at equidistant intervals of time, the existence of data that mostly have 

zero values (excess zeros). Under these special conditions, it is necessary to apply 

adequate statistical models, usually unknown in production, that interpret this 

behavior. This study, using a case study of a hydraulic pump, found a malfunction 

of the equipment, throwing inconvenient probabilities, so it is unavoidable to 

modify the maintenance plan.  
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