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Abstract

In this paper the evolutionary equation of heat is deduced and stud-
ied as a useful tool in diverse applications of science and engineering,
the solution is given to this equation by means of the finite elements
method, expressing it initially in variational form, and discretizing the
time to study their behavior using Freefem.
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1 Introduction

The heat equation allows the analysis of a great variety of phenomena besides
the physical process, transmission of heat by conduction, for example, the dif-
fusion process of a pollutant that reacts with a moving liquid medium in which
it is immersed, the Brownian movement (Einsten-Kolmogorov equation), ran-
dom processes in statistics, etc. However, throughout this work, we will call
the equation associated with any of these processes an equation of heat. The
interest in the study of the heat equation then lies in the number of applica-
tions in various areas of science to which it is associated [1].

Mathematically [2], the equation is represented by the classical parabolic
partial differential equation that describes the distribution of heat (or varia-
tions in temperature) in a region over the course of time.

2 Heat equation and Mixed boundary condi-

tion

When discussing a mixed boundary condition for a differential equation in par-
tial derivatives, reference is made to the use of different boundary or boundary
conditions over different parts of the boundary of the domain of the equation
as shown in Figure 1.

Figure 1: Mixed boundary conditions.

{
u|Γ1 = u0

∂u
∂n
|Γ1 = g

(1)

Here, the terms u0 and g are given functions defined on the boundary por-
tions they describe. For this case, the combination of Dirichlet and Neumann
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boundary conditions will be taken. There is another type of mixed bound-
ary conditions called Robin’s boundary condition and corresponds to a linear
combination of the Dirichlet and Neumann conditions [3].

2.1 Heat equation

A classic problem of evolutionary partial differential equations is the case of the
heat equation in a body that describes the behavior of temperature transfer.
This problem formulated by the mathematical physicist Jean-Baptiste Joseph
Fourier in 1822, who from experimental data and analytical reasoning came to
the conclusion to define how the function that describes the temperature of a
body at each point and at each instant of time satisfies the following equation
[4]:

α2

(
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2

)
=
∂T

∂t
, (2)

where α refers to a constant that depends on the physical characteristics of
the body that you want to study. The above equation is called the three-
dimensional heat conduction equation.

The one-dimensional case will be considered for the study of heat conduc-
tion where the equation describing the behavior of the temperature will then
be T = T (x, t) and the heat transfer equation will be:

∂2T

∂x2
=

1

α2

∂T

∂t
. (3)

Now, we perform the deduction of the heat equation based on the analysis
of a bar of length L and cross section S as shown below.

Figure 2: Conductive bar.

We take T (x, t) as the temperature of the bar for the position x and the
instant t and Q(x, t) as the heat flux per unit area in the bar for the position
x and the instant t. Then we have,

∂Q

∂t
= Qi(x, t)s−Q0(x+ ∆x, t)s (4)
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Now, taking use of the fundamental equation of thermology we get

Q(x, t) = λmT (x, t) (5)

Considering section (x, x+∆x) (section of interest), the volume of the body
is given by v = s∆x and introducing the parameter density ∆m = ρs∆x and
substituting in Eq.(5) we have

Q(x, t) = λρs∆xT (x, t). (6)

Therefore, we obtain
∂Q

∂t
= λρs∆x

∂T

∂t
. (7)

Then, replacing Eq.(4) in Eq.(7) we get

λρ
∂T

∂t
=
Qi(x, t)−Q0(x+ ∆t, t)

∆x

= −Q0(x+ ∆t, t)−Qi(x, t)

∆x
.

Now, taking the limit at 0,

λρ
∂T

∂t
= − lim

∆x→0

Q0(x+ ∆t, t)−Qi(x, t)

∆x

= −∂Q
∂t
.

Finally, the Fourier law of heat conduction is used, which indicates that
the heat flow moves in the opposite direction to the temperature gradient and
is proportional to it.

Q(x, t) = −k
(
∂T

∂x
,
∂T

∂y
,
∂T

∂z

)
(8)

Here, for one dimension we have

Q(x, t) = −k∂T
∂t
. (9)

Therefore,

λρ
∂T

∂t
= −

∂
(
−k ∂T

∂t

)
∂t

, (10)

and

λρ
∂T

∂t
= −k∂

2T

∂t2
. (11)

Finally,
∂T

∂t
= α2∂

2T

∂t2
. (12)

Here, α2 = k
λρ

it is a property of the material and is known as diffusivity.
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3 Discretized variational formulation

We want to find the solution of the above heat equation for a transient problem
(heat equation with mixed boundary conditions of Dirichlet+ Neumann). For
this case it is clear that the solution corresponds to the temperature [5], but it
applies to any law of parabolic detection (for example, in biological models).
The problem is then to find u = u(x, t) such that:

∂u
∂t
− v∆u = f, in Ω

u(0) = u0, in Ω

u = gD, in ΓD
∂u
∂n

= gN , in ΓN

(13)

As mentioned above, we want to make a variational formulation (weak for-
mulation) of the above equation of heat, formulated implicitly by the Euler
method, since it is a time-dependent equation, we must make a discretization
of that time as shown below [6]:

For the discretization of time, n ∈ N is set and the n + 1 instants of time
in the [0, T ] interval are considered:

tj = ∆t · k, j = 0, 1, 2, . . . , N

Here, ∆t = T/N . Making use of Euler’s implicit method to write equation
(1) we have the following: Given u0

h = u0 for j = 0, 1, . . . , N − 1, to find
uj+1
h ∈ Uh such that

uj+1
h −ujh

∆t
− v∆uj+1

h = f j+1
h , in Ω

uj+1
h = gj+1

D , in ΓD
∂uj+1

h

∂n
= gj+1

N in ΓN

(14)

The above equation presents the discretized form for the differential heat
equation with mixed boundary conditions. Now,

a
(
uj+1
h , vh

)
= b(vh), ∀ vh ∈ Uh, (15)

where

a(u, v) =
1

∆t

∫
Ω

uj+1v + v

∫
Ω

∇uj+1 · ∇v

b(v) =

∫
Ω

f · v +
1

∆t

∫
Ω

ujv +

∫
ΓNv

∫
Ω

g1v.
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4 Numerical results

4.1 Implementation in Freefem ++

The time of discretization defined in the interval [0, 1] with a step of δT =
1/100. The domain Ω represented as the rectangle divided into two bound-
aries, where the boundary condition of Dirichlet ΓD, is given by the expression
gD(x, t) = 100 − 100

t+1
and the condition Border of Neumann ΓN , is given by

gN(x, t) = 0. From the previous considerations, the behavior of the evolution-
ary system of the heat equation using the Freefem++ software is presented
graphically [7].

Initially a mesh is generated in which we want to find the solution, for this
case a rectangular mesh is presented and we want to visualize the behavior of
the temperature and its evolution over time.

Figure 3: Generated mesh.

The solution of the heat equation [8] is obtained graphically for different
instants of time and is shown in the graphs presented below.
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Figure 4: 2D heat transfer.

Figure 5: 3D heat transfer.

5 Conclusion

The heat equation was presented as a useful tool in different areas of science
and engineering for the implementation in various applications, from this it is
concluded that the deduction of said equation can be easily generated starting
from the effect of heat transfer that is presents in a body. Through the method
of finite elements, the behavior of an evolutionary phenomenon is analyzed,
starting from a variational formulation of the problem and the discretization
of the time interval in which the analysis is wanted.

The variational approach allows for easier handling of problems involving
partial differential equations. With this formulation and through the use of
freefem ++ software, many phenomena that arise in different areas of science
and engineering can be analyzed quickly and easily.
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