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Abstract

This document aims to raise awareness of the development of prob-
lems involving partial differential equations present in some engineering
applications, which is based on the finite element method. To obtain the
solution to these problems expressed in their variational form. Three
examples are then presented in which the behavior and the solution to
three different problems can be appreciated. The first is the solution
of the Poisson equation, the second the solution of the Laplace equa-
tion and the third is the behavior of the skin effect presented by the
conductors in AC networks [1,2].
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1 Introduction

The partial differential equations (PDEs) are of fundamental importance for
the modeling of natural phenomena. The finite element method (FEM) is a
way to solve the partial differential equations that arise in some discrete and
continuous problems using matrix equations. Currently there are many ap-
plications that include linear and non-linear systems, static, dynamic, present
in areas such as electromagnetism, fluid mechanics, heat transmission, among
others.

Computational simulation is widely used in the analysis of products and
projects with the aim of improving quality. Most of these analyzes are carried
out by using software that uses the Finite Element Method, which allows ob-
taining answers for numerous engineering problems. FreeFem software allows
solving this type of problems in a simple and intuitive way and with graphic
solutions in both 2 and 3 dimensions [3].

2 Preliminaries

The finite element method proposes that an infinite number of unknown vari-
ables be replaced by a limited number of elements of well-defined behavior.
These divisions can have different forms, such as triangular, quadrangular,
among others, depending on the type and size of the problem.

The finite elements are connected to each other by points, which are called
nodes or nodal points. The set of all these items (elements and nodes) is
called mesh. Due to the subdivisions of the geometry, the mathematical equa-
tions that govern the physical behavior will not be solved in an exact way,
but approximated by this numerical method. The precision of the Two Finite
Element Methods depends on the number of nodes and elements, the size and
the types of mesh elements. Therefore, the smaller the size and the greater the
number of elements in a mesh, the more accurate the results of the analysis
will be [4].

The development of an algorithm to solve a problem defined by differential
equations and boundary conditions requires the following steps:

1. The problem must be formulated variationally.

2. A finite vector space is constructed from the partition of the domain of
the independent variables.
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3. A projection of the original variational problem on the space of finite
elements is made.

4. Finally the numerical calculation of the solution of the system of equa-
tions is made.

The variational formulation (or also called weak formulation) of a problem
defined by means of differential equations is an alternative way in which said
equations are written in integral form, giving rise to equations treatable by the
methods of linear algebra over a vector space of infinite dimension or functional
space.

3 FreeFem software

The continuous evolution of computer simulation programs has optimized the
analysis based on the method, promoting the improvement of type selection
and generation of elements mesh, modeling techniques, acceptance criteria,
errors and presentation of results, allowing easier use of the tools. Therefore,
knowledge of the fundamentals of the method is necessary so that together
with the domain of software, the best practices for the application of this pow-
erful resource in the development and evaluation of products and projects are
developed.

Freefem software is a partial differential equations solver which has its own
language. Freefem scripts can solve both linear and nonlinear multiphysics
systems in 2 and 3 dimensions. The generation of finite elements is done by
defining the contour of the figure to which the desired problem will be applied,
this figure is called mesh, within which all the finite elements (in regular or
irregular form) and the points (or also called nodes) that unite each of these
elements will be the solutions to the problem [5].

The problems are described variationally, therefore a bilinear form a(u, v), a
linear form l(f, v) and some boundary conditions must be presented, as shown
below:

problemP (u, v) = a(u, v)− l(f, v) +BC

4 Skin effect on drivers

The skin effect is an electrical effect that occurs in alternating current, and is
that the current density is mainly concentrated on the outside of the driver.
This occurs when high frequencies are handled as shown in figure 1.
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Figure 1: Behavior of the skin effect with the frequency.

This behavior can be expressed by the following equations:

{
−∇

(
1
µ
∇Ec

)
+ (iωσ − ω2ε)Ec = 0, Ω = {(x, y) ∈ R2 : x2 + y2 < 0.1}

Ec = 1
µ
, ∂Ω,

where

Ec = |Ec(x, y)|eiϕ(x,y) → time harmonic electric field,

and in its variational form we have

Ec =

∫
Ω

1

µ
∇u · ∇v dxdy +

∫
Ω

(iωσ − ω2ε)u · v dxdy = 0 (1)

5 Results

5.1 Poisson problem∫
Ω

∇u · ∇v dx =

∫
Ω

fv dx (2)

Numerous applications are presented to solve the Poisson equation, for
this case a hollow rectangular mesh is generated and the Eq. (1) is solved
(variational form of the Poisson equation) where the linear part f is considered
as:

f = sin(πx) ∗ cos(πy)

From the above, the solution for the boundary conditions shown in Table
1 is then obtained. The solution to the problem is shown in Figures 6 and 7.

Now, for the Laplace problem, we have that for the solution by means of
the finite element method, an elliptical mesh with a hollow in the half shown
in figure 2 is proposed. From this the boundary conditions are determined
for which the Highest potential is found in the contour of the ellipse and the
lowest in the surface of the gap. The solution is presented in figure 3.
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Figure 2: Solution to the problem of Laplace in 3D.

Boundary Potential (u)
X = (0, 2) Y = 1 0
X = 2 Y = (1, 0) 10
X = (2, 4) Y = 0 0
X = 4 Y = (0, 2) 0
X = (4, 2) Y = 2 20
X = 0 Y = (2, 1) 10

Table 1: Boundary conditions

Figure 3: Solution to the problem of Laplace in 3D.

The Freefem software allows through the 2d solution to generate depth in
the figures through some editing tools to better visualize the problem response
as shown in figure 4. Finally, for the skin effect we want to observe the behavior
of the skin effect in a solid conductor, for this the mesh is constructed from a
circumference, which will be considered as the cross section of the conductor
(figure 7).

After generating the mesh we proceed to solve the previously proposed
function for the problem of skin effect in drivers expressed in a variational
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Figure 4: Solution to the problem of Laplace in 3D.

Figure 5: Hollow ellipse.

Figure 6: Solution to the Laplace problem.

form. Said solution is presented in Figure 8.



PDEs application 331

Figure 7: Solution to the Laplace problem in 3D.

Figure 8: Mesh cross section of the driver

6 Conclusion

Various applications proposed in the different sciences and engineering present
complex problems that include partial differential equations. For the solution
of these problems methods have been developed that allow to obtain solutions
very approximate to the real values. Programs that involve the methods and
allow solving problems in a very simple way appear in the computational ad-
vance. Freefem is presented as one of these programs with a very intuitive
language and programming environment that allow you to solve problems that
are considered complex in a fast way and with very good approximations.
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