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Abstract 

 

Loess soils may be considered as a discrete medium. Under increasing humidity 

subsidence degradation occurs as a result of the slow disintegration of micro-

aggregates into free particles, repackaging and porosity changes. The volumetric 

porosity of the formed new structure and the volumetric porosity changes can be 

quantified from the position of the fractal theory. The main aim of this paper is to 

show that the fractal dimension of the particle size distribution function has 

important role in the description of the subsidence degradation from the standpoint 

of a new approach to the evaluation of soil subsidence. For approbation of our 

theoretical propositions we studied subaerial eluvial-diluvial and eolian-diluvial 

loess soils of Pleistocene age in the outskirts of Dnipropetrovsk. The value of is 

correlated with the amount of free particles, it is influenced by the genesis because 

is less in loess horizons than in paleosoil. Minimum of the fractal dimension of the 

particle size distribution function is obtained with aggregative method of 

preparation in which decomposition of aggregates is less expressed. 
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Introduction 
 

   The influence of the organization of a system of elements on its dynamics is one 

of the fundamental problems of nature sciences. In soil sciences the search for more 

advanced models which describe in details the structure of complex multiphase 

ground-water medium has been receiving considerable attention [1]. Design and 

construction of modern buildings requires improving the quality of subgrade 

deformations forecasts, including during their operation. Thus, E. T. R. Dean [2] 

developed a model of a discrete medium as the interaction of discrete particles in a 

continuous pressure distribution. 

   Paul G. Joseph [3] describes the process of discrete soil consolidation as the 

Poisson process of particle motion. Martin Schoenball [4] describes the results of 

an experiment on modeling of anisotropy of synthetic material made to analyze the 

permeability of a fractured environment. Yu Ye et al. [5] bind the state of the soil 

with characteristics of water circulation. 

   Yongfu Xu [6] managed to find relations between the strength of the coarse 

medium and its fractal dimension.  Some new data are obtained on the properties 

of loess, J. A. Muñoz-Castelblanco [7] bound water-retaining properties of loess of 

France with features of their size distribution and micro-aggregate composition. F. 

Wei and others [8] examined the relationship between the strength and the capacity 

for absorption of the Chinese loess and Y.-F. Xu [9] connected the swelling pressure 

of the fractal structure with characteristics of cohesive soils. 

   The results of A. Russell [10-11] give us the theoretical basis for describing the 

behavior of fine-grained soil as a discrete structure with fractal characteristics that 

can shatter under pressure action. It is shown that the fractal dimension of the 

particle size distribution 
sD  and pore size distribution 

pD  (see below for 

definitions) have an important role in modeling of soil compression. Widespread 

loess soils may be considered as a discrete medium [12-14]. Under increasing 

humidity subsidence degradation occurs as a result of the slow disintegration of 

micro-aggregates into free particles, repackaging and porosity changes. The 

volumetric porosity of the formed new structure and the volumetric porosity 

changes can be quantified from the position of the fractal theory. The main aim of 

this paper is to show that the fractal dimension of the particle size distribution 
sD  

has important role in the description of the subsidence degradation from the 

standpoint of a new approach to the evaluation of soil subsidence. 

 

Main results 
 

   Loess soils is a multiphase heterogeneous system consisting of particles, liquids 

and air. The pore structure has a significant influence on the process of flooding, 

while the shape and distribution of particles of certain sizes affect the process of 

loess subsidence.  
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   In [9, 10] the distribution function ( )s sN L d of the particles sizes is defined 

as the number of particles of the size L such that 
sL d , where 

sd  runs over the 

real numbers. The fractal dimension of the particle size distribution function is 

defined as follows 

                   
0

l n ( ( ) )
l i m

l n ( )s

s s
s

d
s

N L d
D

d


                   (1)   

 

   It follows from (1) that ln( ) ln( ( ))s s s sD d N d   hence ln( ) ln( ( ))sD

s s sd N d


  

and finally  

                  ( ) sD

s s sN L d Ad


                         (2) 

 

where 
sD  is the fractal dimension of the particle size distribution function, A  is 

a coefficient  and the sign means "approximately". The particles forming the 

ground may have only a finite set of sizes. We denote these sizes 

                              
1 2 1, , . . . , ,n nd d d d

                    (3) 

ranging in decreasing order from the largest. 

   We assume that particles of different sizes are distributed in the soil evenly. 

Hereby the porous structure 
JA  formed only by the particles of size 

jd  is similar 

to the porous structure 
iA  formed only by the particles of size 

id , for all 

1 ,i j n  . These properties are consistent with the nature of self-similar fractal 

structures and preserved during and after the subsidence. During the subsidence the 

particles of the largest size 
1d  form a porous structure 

1A  with the largest pores. 

The particles of the next size 
2d  are in these pores and will form a porous structure 

2A  in whose pores there are smaller particles of size 
3d  and so on till the smallest 

particles. 

   We use the following denotations: 
sV  - the volume of all considered particles; 

( )s jV d  - the volume of particles of size 
jd , which form the structure 

jA ; ( )p jV d  

- the volume of pores of the structure 
jA ; ( ) ( ) ( )j p j s jV d V d V d    - the volume 

of the whole structure 
jA . 

   We do not take into account the pressure in the maximal loose dry state. Then, 

as the structure 
JA  is similar to 

iA  for all 1 ,i j n  , we can assume that  

                        ( ) / ( ) ( ) / ( ) kp j s j p i s i pV d V d V d V d    

 

for all 1 ,i j n  , i.e.  the void ratio k p
 of 

JA  does not depend on j .  

Hereby the porosity  

                       ( ) / ( )p j jV d V d  / ( 1 )p p pk k K    

 

of jA   also does not depend on j .   
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Equation (2) allows us to estimate the number ( )s sN d  of particles of size 
sd . 

Since an increment of the function ( )s sN L d  is only due the particles of sizes 

from (3) (i. e. in points 
1 2 1, ,..., ,n nd d d d

), according to equation (2) we can estimate 

the number of particles of size 
jd  for each 

jd  from (3)  

                 1 1( ) ( )s s s sD D D D

s j j j j jN d Ad Ad A d d
   

             (4) 

 

where 
0 0d   and 1 j n  .  

   Following Russell [10, 11], we assume that each particle of size 
jd  has 

volume 
3

jd . Then, according to (4) can estimate the volume ( )s jV d  of all 

particles of size 
jd  as  

            
33 3

1( ) ( ) ( )s sD D

s j j s j j j jV d d N d A d d d
 

   . 

 It implies that  
3

1 1( ) sD

sV d Ad


  and 
3 3 3

1 1 1( ) (( / ) ( / ) )s sD D

s j j j j j jV d Ad d d d d
 

       (5),  

 

where 2 j n  .  

   We use the following denotations (*):  

1. 
1 1   and 

1/j j jd d   , where  2 j n     

(we should note that 1j   because 
1j jd d  , where  2 j n  ); 

2. 
1 1        and    11 ( / ) 1 ( )s sD D

j j j jd d     , where  2 j n  .  

Then it follows from  (5) that  

                          
3

( ) sD

s j j jV d Ad 
                    (6) 

 

where 1 j n  .    

   It allows us to estimate the volume of all considered particles: 

                               
3

1
( )s

n D

s j jj
V A d 


                (7) 

 

   Consider the simplest case in which soil particles are only of two possible sizes 

1d  and 
2d , where 

1 2d d . According to (6), 3

1 1( ) sD

sV d Ad


 and 
3

2 2 2( ) sD

sV d Ad 
 , where 

2 21 sD    and 
2 2 1/d d  . Then, 

3

1 1( ) sD

p pV d k Ad


 , 
3

1 1( ) (1 ) sD

pV d k Ad


   and 
3

2 2 2( ) (1 ) sD

pV d k Ad 
  . (8). 

 

   As it was mentioned above, while the process of loess subsidence the structure 

2A  fills the pores of the structure 
1A  (i.e. the volume 

2( )V d  fills the volume

1( )pV d ), while creating a new pore structure
1 2A A , whose volume we denoteV . 

   Hereby there may be two fundamentally different situations: 
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 1*. 
2 1( ) ( )pV d V d , it means that the structure 

2A  is placed in the pores of 

the structure 
1A  and the volume of the soil after the loess subsidence (i.e. the 

volume of the structure 
1 2A A ) is equal to the volume of the structure 

1A . Thus, 

1( )V V d  and by (8) we have  

                                
3

1( 1 ) sD

pV k A d


                  (9) 

 

 2*. 
2 1( ) ( )pV d V d , it means that the structure 

2A  completely fills the pores 

structure of the structure 
1A , i.e. pores in the structure 

1A  are not contained in the 

structure 
1 2A A  and hence the structure 

1 2A A  consists of the structure 
2A  

and the particles of the structure 
1A . It implies that 

2 1( ) ( )sV V d V d  , and hence 

by (6) and (8) we obtain 
3 3 3

1 2 2 1 2(1 ) (1 (1 ) )s s sD D D

p pV Ad k Ad Ad k   
      , 

i.e.                            
3 3

2 2 1(1 (1 ) )s sD D

pV k Ad   
             (10)  

 

   Thus, it is necessary to estimate  
2( )V d  and 

1( )pV d  i.e., by (8), 
3

1
sD

pk Ad


 

and 
3

2 2(1 ) sD

pk Ad 
  . After reductions we see that it is necessary to estimate 

/ (1 )p p pk k K    and 3

2 2
sD   , where 

2 2 1/d d   and 
2 21 sD   .  

   Thus, to determine which of the situations 1 * or 2 * occurs we have to figure 

out which of the numbers 
pK  or 3

2 2
sD    is bigger:  

1*.  If 
3

2 2
sD

pK   
  then   

3

1(1 ) sD

pV k Ad


                  (11) 

 

2*. If 
3

2 2
sD

pK   
  then  

3 3

2 2 1(1 (1 ) )s sD D

pV k Ad   
           (12). 

 

Discussion 
 

   Consider now the following characteristic number model. We assume that the 

form of the particles is close to the ball then you can approximately estimate 

3 / 7 0.43pK   . We also assume that 
2 2 1/ 0.1r d d  . Thus, it is sufficient to 

compare 0.43pK   and 3 3 3

2 2 0.1 0.1s sD D   
  . Since the fractal dimension 

satisfies 2 3sD  , it implies that term 30.1  is much smaller than 3
0.1 sD  and 

hence this term can be omitted . So it is necessary to compare 3
0.1 sD  and 0.43 .  

    Since 0.370.43 0.1  the function 0.1xy   is decreasing, if 3 0.37sD    

then 
2pK   and if 3 0.37sD   then 

2pK  . Therefore, if 2.63sD   then 

2pK   and  the soil formation is according to scheme 1* and the soil volume is 

calculated by formula (9). If 2.63sD   then 
2pK   and the soil formation is  
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according to scheme 2* and the soil volume is calculated by formula (10). This 

example shows: 

   the smaller 
sD , the bigger  the influence of the structure formed by the largest 

size particles on the value V . 

 

Approbation 
 

   For approbation of our theoretical propositions we studied subaerial eluvial-

diluvial and eolian-diluvial loess soils of Pleistocene age in the outskirts of 

Dnipropetrovsk. Determination of particle size distribution in three ways sample 

preparations were performed [15], that allowed us to find out the number and size 

of particles which are forming aggregates. 

   The aggregate units are composed mostly of fine clay (dofinovskiy ePIIIdf, 

udayskiy vdPIIIud, Dnieper vdPIIdn horizons) and large dust particles (vitachevskiy 

horizon ePIIIvt), which are released in the destruction of aggregates during the 

subsidence [15]. 

   By (8) of [10], the volume of particles larger than 
sd  obeys 

3
( ) sD

s s sV L d Bd


   and hence the mass of particles larger than 
sd  obeys 

3
( ) sD

s s sM L d Bd 
  , where B  is a coefficient and   is the density of the 

stuff of the particles. It easily implies that 3m sD D   is the fractal dimension of 

the function ( )s sM L d .  

   Particle size mass distribution ( )s sM L d  curves were constructed in the 

double logarithmic scale, then under different degrees of disintegration with 

dispersed, aggregative or semi disperse specimen preparation methods there was 

found the fractal dimension 
mD  of ( )s sM L d . Then we have found 

3s mD D   (Fig. 1). 

 

 
 

Fig. 1. Values of the fractal dimension 
sD  of the particle size distribution 

function for fractions of paleosoil and loess horizons with dispersed, aggregative, 

and semi dispersed sample preparation methods 

2,85 2,73
2,43 2,622,41 2,39

1,93 2,05
2,39 2,33 2,26 2,19

e PIII  df e PIII  vt vd PIII ud vd PII  dn

Ds

dispersed methods aggregative methods semi dispersed methods
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Denotations in Fig. 1: 

1. e PIII df – values of 
sD  in dofinovskiy horizon with dispersed, 

aggregative and dispersed semi preparation methods. 

2. e PIII vt; vd PIII ud; vd PII dn –the same for Vitachevskiy, Udayskiy and  

Dnieprovskiy horizons. 

 
   The value of 

sD  is correlated with the amount of free particles, it is influenced 

by the genesis because 
sD  is less in loess horizons than in paleosoil. Minimum of 

sD  is obtained with aggregative method of preparation in which decomposition of 

aggregates is less expressed. Formation of a new structure in the state after the 

subsidence by the first variant is possible only in paleosoil horizons under 

conditions of maximum disintegration of aggregates. 

   For all other options the environment porosity in the state after subsidence is 

determined by the size of the largest fractions. This consistent pattern is most 

evident in subaerial detritus, which is indicated by 
sD values 1.93 and 2.05 in the 

Dnieper and Udayskiy horizons. 

 

Conclusions 
 

   The value of 
sD  is correlated with the amount of free particles, it is influenced 

by the genesis because 
sD  is less in loess horizons than in paleosoil. Minimum of 

sD  is obtained with aggregative method of preparation in which decomposition of 

aggregates is less expressed. Formation of a new structure in the state after the 

subsidence by the first variant is possible only in paleosoil horizons under 

conditions of maximum disintegration of aggregates. 

   For all other options the environment porosity in the state after subsidence is 

determined by the size of the largest fractions. This consistent pattern is most 

evident in subaerial detritus which is indicated by 
sD values 1.93 and 2.05 in the 

Dnieper and Udayskiy horizons. 
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