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Abstract 
 

A considerable amount of work has been done on graph drawing field but much of 
it is related to drawing graphs on unbounded surfaces. Drawing graphs on two 
dimensional surfaces with given size and shape is studied in a few papers. The 
aim of this paper is to improve the graph drawing algorithms which draw graphs 
inside simple polygons. We present a new algorithm for drawing plane graphs, i.e. 
planar graphs with given embeddings, inside simple polygons. The algorithm uses 
external Hamiltonian cycles of plane graphs, i.e. Hamiltonian cycles with at least 
one edge on the outer face. 
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1. Introduction 

The aim of graph drawing is to represent graphs on the plane such that they can be 
easily understood by means of viewing. Graphs can be used for representing any  
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information that can be modeled as objects and relations between them. So graph 
drawing has many applications in the various fields, such as VLSI circuit design, 
social network analysis, cartography, and bioinformatics.  

A graph is planar if it can be drawn on the plane such that no two edges intersect 
in the drawing. If planar embedding of a planar graph in the plane is given it is 
called a plane graph. In this paper, we present a new algorithm for planar 
poly-line drawing of plane graphs inside simple polygons. The input of the 
algorithm is a plane graph, which has an external Hamiltonian cycle, and a simple 
polygon; the output of the algorithm is a planar poly-line drawing of the plane 
graph that its edges are drawn inside the given simple polygon.  

Various graphic standards are used for drawing graphs. In this paper, vertices are 
presented by points and edges are presented by polygonal chains. The quality of a 
drawing can be measured by drawing criteria, such as the number of edge 
crossings, the number of edge bends, planarity, distribution of vertices, and area. 
We focus on planar drawing of graphs and uniform distribution of nodes. 

There are few studies on drawing graphs inside simple polygons despite of many 
applications of it [1-6], and these studies are very general. We concentrate on 
drawing plane graphs inside simple polygons. The remainder of the paper is 
organized as follows. In section 2, we explain the drawing algorithm. In section 3, 
we present an example for the drawing algorithm. Finally we conclude in Section 
4. 

 

2. The drawing algorithm 

In this section, we present a new algorithm for planar poly-line drawing of a plane 
graph, which has an external Hamiltonian cycle, inside a given simple polygon on 
the plane. We follow the idea of using Hamiltonian cycles of planar graphs that 
already have been used by Kaufman and Wiese [8]. Our algorithm has five phases 
that are explained in the following. 

Phase 1. Finding the Hamiltonian cycle 

In this phase, we find an external Hamiltonian cycle of the given graph. Finding 
the Hamiltonian cycle of a graph is an NP-complete problem, so we use the 
linear-time algorithm that finds the external Hamiltonian cycle of a 
four-connected planar graph [7]. If the input graph is a plane graph but not a 
four-connected one, we convert it to a triangulated plane graph and convert it to a 
four-connected one by means of the linear-time algorithm that is presented by [9]. 

After finding the external Hamiltonian cycle of the input plane graph we index the 
vertices of the graph. The external Hamiltonian cycle has at least one edge on the  
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outer face of the plane graph. We select one of the external edges, called e, and 
index the vertices of graph by v1to vm  such that e be incident to v1 andvm.  

Then we rank edges of the graph and also assign the direction of drawing of the 
edges, that is clockwise or counterclockwise. The direction of edges are important 
since all vertices of the graph are placed around a cycle, so there is two way for 
connecting two vertices, clockwise and counterclockwise. We assume that always 
the edges start from the vertex with smaller index and ends at vertex with bigger 
index.  

Using the external Hamiltonian cycle, we can divide the edges of the graph to 
three group: the edges of Hamiltonian cycle, the edges inside Hamiltonian cycle 
and the edges outside the Hamiltonian cycle. The edges of the Hamiltonian cycle 
take rank zero and the edges that are inside and outside the Hamiltonian cycle are 
ranked independently, so the inner and outer edges may have the same numbers.  

We first rank the edges that are inside the Hamiltonian cycle, called inner edges. 
If the indices of start and end of the edge be k and k’, the direction of an edge is 
selected such that the connecting polygonal chain has minimum length, that is if 
k′ k   the direction of the edge is clockwise else it is counterclockwise. 

After assigning the direction of the edge we assign its rank considering the 
direction. We count the number of inner edges that are between start and end 
vertices and their directions are as the direction of the edge. 

For ranking the outside edges after assigning the direction of them, we move from 
the Hamiltonian cycle toward outside the cycle and count the number of outer 
edges that are between start and end vertices and their directions are as the 
direction of the edge. 

Phase 2. Layering the surface of the polygon 

In this phase, we layer the surface of the polygon. For this phase we use the onion 
layers used in [1] by a small change. In [1], the onion layers are constructed 
around the longest path of the dual graph of triangulation of the polygon, but we 
construct the layers around the entire dual graph. So we use the entire surface of 
the polygon, and this is appropriate for the multi branch simple polygons. 

Phase 3. Mapping the Hamiltonian cycle on the polygon layers 

In this phase, we map the Hamiltonian cycle of the plane graph, found in previous 
phase, to one of the layers of polygon such that the number of layers that are 
inside it are equal to the maximum rank of the edges inside Hamiltonian cycle,R , 
and the number of layers that are outside it are equal to the maximum rank of the 
edges outside Hamiltonian cycle,R .  
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Starting from the outer layer we select the Rout 1th layer as the Hamiltonian 
cycle layer. After selecting the layer of the Hamiltonian cycle, we rank this layer 
with zero and rank other layers starting from this layer. For ranking the layers of 
the polygon that are inside this layer we move toward inside the polygon and rank 
the layers such that the first layer is ranked one, the second layer is ranked two 
and so on. 

For ranking the layers of the polygon that are outside this layer we move toward 
border of the polygon and rank the layers such that the first layer is ranked one, 
the second layer is ranked two and so on. Then we divide the layer with rank zero, 
i.e. the layer of the Hamiltonian cycle, to m equal partitions and put the vertices of 
the graph in the dividing points starting from 1. 

Phase 4. Drawing the edges of the graph 

In this phase, using the rank of edges we draw them. For drawing each edge we 
use the layer of polygon that its rank is as same as the edge’s rank. After selecting 
the appropriate layer of polygon we connect two vertices of the edge using the 
polygonal chain of that layer. We always assume that the drawing of the edge start 
from the vertex with the smaller index. If the direction of the edge is clockwise we 
start from the vertex with the smaller index and move in clockwise direction 
toward the other vertex, i.e. the vertex with the bigger index. In this way, the 
edges of the graph can be drawn without crossing and the number of the bends of 
each edge is O n , since each polygon layer has O n  bends. 

 

3. The time complexity 

In this section, we discuss about the time complexity of our algorithm. In phase 1, 
we find an external Hamiltonian cycle of the input plane graph that has m node. 
This can be done in O m  time by the Chiba and Nishizeki’s algorithm [3]. In 
phase 2, we construct the layers of the given simple polygon. We use the onion 
layers of Bagheri [1] with a little modification that doesn’t change its time 
complexity, so if the input simple polygon with n vertices is not a rectilinear 
polygon the time complexity of this phase is O nL  else its time complexity is 
O n nL . Where L is the number of layers of the input plane graph and so it is 
bounded by O m , the time complexity of this phase for general simple polygons 
is O nm  and for rectilinear polygons is O n nm .  

In phase 3, we map the external Hamiltonian cycle on one of the polygon layers 
that takes O m  time. In phase 4, we draw the input graph edges. The bends of 
each edge is bounded by O n  and the number of edges are bounded by O m , 
so this phase takes O mn  time. We conclude that the time complexity of our  
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new algorithm for general simple polygons is bounded by  O nm  and for 
rectilinear polygons is bounded by O n nm . 

 

4. An example 

In this section, we present an example for the algorithm to show its act in practice. 
In this example we draw the plane graph of Figure1 inside the simple polygon of 
Figure 2. 

In Figure 3 we show the triangulation dual of the polygon of Figure 2 with dashed 
line. Figure 4 shows the layering of the polygon of Figure 2 around the dual graph. 
In Figure 5 we draw the planar graph of Figure 1 on the layers of polygon of 
Figure 2. The drawing before reducing the edge bends is given in Figure 6. The 
final drawing is given in Figure 7. 

 

 

 

 

Fig 1. A plane graph with an external Hamiltonian cycle 
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Fig 2. A simple polygon 

 

Fig 3. . The triangulation dual of the polygon of figure 2 
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Fig 4. The layering of the polygon of figure 2 

 

 

Fig 5. The drawing of the graph of Fig1 on a layered surface of a simple polygon 
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Fig 6. The drawing of the graph of figure 1 on a simple polygon 

 

 

Fig 7. The final drawing of the graph of Figure 1 on a simple polygon 
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5. Conclusion 

In this paper, we present a new algorithm for drawing a planar graph, which have 
an external Hamiltonian cycle, inside a simple polygon. Our algorithm can be 
used for general simple polygons but its main goal is to draw planar graphs inside 
multi branch simple polygons and use the entire surface of these polygons. This 
leads to a better node distribution than the previous algorithms. 

As a future work, we can concentrate on restricted types of the graphs and 
polygons and present algorithms that especially work better for these classes of 
graphs and polygons.  
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