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Abstract
In this paper, we present a nonlinear interactive multiobjective optimization method for radiotherapy treatment planning using the Boltzmann transport equation (BTE) in dose calculation. In radiotherapy,
the goals are to destroy a tumor with radiation without causing damage
to healthy tissue. These goals are conﬂicting, i.e. when one target is optimized the other will suﬀer, and the solution is a compromise between
them. Our interactive approach is capable of handling multiple and
strongly conﬂicting objectives in a convenient way, and thus the weaknesses of widely used optimization techniques in the ﬁeld (e.g. deﬁning
weights and trial and error planning) can be avoided. In this paper,
we use a parameterization technique to make the dose calculation faster
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in the BTE model. With our approach, the number of solutions to be
calculated is rather small but still informative, planning times can be
shortened and plan quality improved by ﬁnding only feasible solutions
and advantageous trade-oﬀs. Importantly, we used the radiotherapy
expert’s knowledge to direct the solution process. To demonstrate the
advantages, we compare the results with those of the commonly used
penalty function method.

Mathematics Subject Classification: 90C29, 90C90
Keywords: Nonlinear multiobjective optimization, Interactive methods,
Boltzmann transport equation, Radiotherapy treatment planning optimization

1

Introduction

This year, millions of people all over the world will be diagnosed with cancer.
More than half of these patients will be treated with radiation at some point
during their lives. Radiation aﬀects the cells’ DNA and can kill cancerous cells
or prevent them from growing and dividing. Cancerous cells are more susceptible to radiation than healthy ones but radiation aﬀects healthy ones as well.
Thus, treatments must be carefully planned so that the eﬀect of radiation is
concentrated on cancerous cells while healthy tissue does not receive too much
radiation. In this paper, we demonstrate how intelligent multiobjective optimization methods can oﬀer better solutions than the approaches used so far.
At the same time, they provide a way to formulate the optimization problem
so that the real goals can be considered without missing any information about
the solution.
Mathematical models describing the behavior of radiation in a patient
(needed for radiotherapy treatment planning) have improved over the years,
and the dose distribution can be calculated more accurately. Models based on
the Boltzmann transport equation (BTE) have been studied extensively for radiotherapy purposes, and at the moment they are regarded as one of the most
promising techniques for dose calculation [32]. Most studies consider the solution of the radiotherapy forward problem, i.e. how to compute the dose within
a patient when the treatment settings are given. Recently, there has been
interest in using BTE models in solving the radiotherapy inverse problem, i.e.
how to solve the treatment settings under some limitations for the dose distribution in the patient [33, 35]. The challenge in using the BTE models is their
long computing time. This is why a novel method called parameterization was
used in [35] for solving the radiotherapy inverse problem. In this paper, we
use the BTE model and the parameterization technique in dose calculation.
There has recently been considerable interest in employing multiobjective
optimization in radiotherapy treatment planning (see e.g. [11, 16, 5, 13, 28,
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15]). This is because the aim of radiotherapy is to destroy the tumor without
aﬀecting the healthy tissue, but, naturally, increasing the dose in the tumor
also increases the unwanted dose in the surrounding healthy tissue. Thus, when
one target is optimized the other will suﬀer, and the solution is a compromise
between them. This trade-oﬀ is complex, and optimization tools capable of
handling multiple and conﬂicting objectives are required. The multiobjective
optimization approaches presented in the literature are based on using objective weights deﬁned beforehand, where the objective function is expressed as
a weighted sum of objectives (see e.g. [9, 18, 19, 21, 17]). Alternatively, evolutionary algorithms (see e.g. [37, 30]) have been used. These methods have their
own diﬃculties, e.g. it is typically hard to predeﬁne the priorities or weights
of the optimization targets (for the weighting method) or they are very time
consuming, necessitating a lot of calculation (evolutionary algorithms). Moreover, sometimes information about objectives and even the practical relevance
of the objective functions can become blurred if the objectives are expressed as
a sum. To avoid all these limitations and to overcome the problems related to
BTE modeling in treatment planning optimization, we present an interactive
multiobjective optimization approach combined with the parameterized BTE
radiotherapy dose calculation model.
In this paper, we apply the nonlinear interactive multiobjective optimization method for BTE model-based radiotherapy treatment planning. Typically, optimization problems in treatment planning are often solved without
explicitly emphasizing the multiobjective nature of the problem. In this paper,
we exploit the multiobjective nature of the problem in problem formulation
and in the interactive solution process, and demonstrate the advantages of our
interactive approach. In this approach, the decision maker’s (i.e. radiotherapy
expert’s) knowledge is used during the iterative solution process with the parameterized BTE dose calculation model to direct the search in order to ﬁnd
the most preferred plan, that is, the best Pareto optimal solution, as it is called,
between the conﬂicting criteria. In our earlier research, we have integrated the
interactive multiobjective optimization method with a simple pencil beam dose
calculation model of intensity modulated radiotherapy [29], and since the results were promising, we now use the deterministic coupled time-independent
linear BTE model, which is an integro-partial diﬀerential equation, in dose
calculation. The BTE model enables more exact and realistic dose calculation. Although the computation of the parameterization is diﬃcult and timeconsuming, it has to be done only once before the optimization procedure and
thus the BTE model can be used in an interactive multiobjective optimization
procedure with consecutive iterations. In addition, since the decision maker
directs the solution process interactively, only feasible and interesting Pareto
optimal solutions are generated (according to the preferences of the decision
maker). Thus, there is no need for lengthy calculations and a large solution
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database. With the approach, the desired solution is easily achieved by the
decision maker by manipulating the desired values of the objective functions
directly. A decision support aid of this kind overcomes the drawbacks of trial
and error planning and deﬁning weights beforehand, and planning times can be
shortened and plan quality can be improved by ﬁnding advantageous trade-oﬀs.
The idea of supporting the decision making process and comparing solutions
is also presented in [18, 21, 17, 7, 12, 14, 8, 10, 36, 6, 27] but the optimization
methods used are not interactive, or those are based on beforehand calculated
database of Pareto optimal plans, and the dose is not calculated with the BTE
model. In spite of all, it is not well-known how to navigate around in the
Pareto set in order to ﬁnd the ﬁnal solution.
The rest of the paper is organized as follows. First, a short introduction
to the BTE model used in dose calculations is given in Section 2. The model
itself is presented in Appendix 1. Thereafter, we discuss the optimization
problem in radiotherapy and deﬁne the objective functions used in this research
(Section 3). In Section 4, after introducing all the information needed about
radiotherapy, we discuss multiobjective optimization and present the nonlinear
interactive multiobjective optimization method used. Numerical results and
discussion of the results are given in Section 5, and ﬁnally, conclusions are
drawn in Section 6.

2

Dose calculation using a finite element model

Mathematical models describing how radiation behaves have improved continuously, and the dose distribution in a patient can now be calculated quite
accurately. Recently, there has been interest in using transport equation models to compute an estimate for the propagation of electrons or photons in
tissue instead of the kernel models and Monte Carlo method [33, 35]. The
use of the BTE model is becoming more popular as computer power increases,
but it is not yet used in clinics because of computational problems. The BTE
model takes into account rigorously patient inhomogeneity and scattering effects. Apart from the drawback arising from computation time, the advantages
of using a BTE model in radiotherapy dose calculation are clear. Thus, new
methods must be developed to enable the use of the BTE model for radiotherapy dose calculations. For this reason, in this paper we use parameterization [35] to shorten the long BTE model dose calculation times in treatment
planning optimization. For saving space, the dose calculation model used is
presented in Appendix 1.
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3

Optimization in radiotherapy

In this section, we specify the goals and objective functions of radiotherapy
treatment planning. As mentioned above, the aim of radiotherapy is to destroy the tumor without causing damage to healthy tissue. However, these
targets are conﬂicting since increasing the dose in the tumor also increases the
unwanted dose in the surrounding healthy tissue. Thus, the ﬁnal solution is
always a compromise and the trade-oﬀ is complex. In the literature, steering
the optimization to the solutions most likely to satisfy the radiotherapist has
been regarded as a notoriously diﬃcult task, and thus some compromises with
the objective function formulation have been made. This is because it is easier
to achieve a solution when simpliﬁcations are made to the objective functions,
but at the same time information about the actual problem will be lost. In this
section, we formulate alternative objective functions to satisfy the radiotherapy goals without loss of relevant information while achieving the best possible
solution.

3.1

An acceptable solution for radiotherapy treatment
planning

We deﬁne a patient domain V ⊂ R3 containing a target region T (which is a
tumor), a critical organ region C (which is a very dose-sensitive healthy organ)
and a region of normal tissue N (healthy tissue surrounding T and C). Thus,
we have the union V = T ∪ C ∪ N, see Figure 1. Let us assume that we have
ﬁelds Sl (l = 1, ..., L) from where the radiation ﬂux comes.
We show in the Appendix 1 that the dose D(x) can be obtained from
the functional (43), and an acceptable solution for radiotherapy can now be
deﬁned. Suppose that D0 is the prescribed uniform desired dose in tumor T
and that DC and DN are the upper bounds of dose in the critical organ C
and in normal tissue N, respectively. The limits D0 , DC and DN are deﬁned
by a radiotherapy expert according to commonly used dose limits. Note that
the tumor, the critical organ and normal tissue may be divided into many
separate parts, and dose limits may be diﬀerent in these parts. Now we can
write: determine the incoming ﬂux u ∈ L2 (∂V × I × S) such that
D(x) = D0 , x ∈ T
D(x) ≤ DC , x ∈ C
D(x) ≤ DN , x ∈ N

(1)

and that
u ≥ 0.

(2)

These requirements are commonly used in clinics and in the literature, to
guarantee the acceptability of a treatment plan. In other words, these are the
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Figure 1: In dose calculation, in ﬁeld Sl there is ﬂux ul in the treatment space.
The ﬂux comes to the patient domain V which includes regions T, C and N.

minimal requirements the plan must fulﬁll. Nevertheless, we should point out
that the actual goal is to minimize the unwanted dose in total, not only up to
the dose limits DC and DN .
Besides the requirements (1), sometimes dose volume constraints can be
used (see e.g. [35]). Dose volume constraints may be necessary for critical
organs, for example. Radiobiological or biological objective functions can also
be included (see e.g. [3, 34, 1]) in some cases, and a bunch of other performance
measures can be used in making assessment of the treatment plan. Many of
these measures are very important in clinical decision making and they can be
used as objective functions in optimization, but we do not use them in this
work because of the academic nature of our example.

3.2

Objective functions

Now we describe and formulate the objective functions of the multiobjective
optimization problem in such a way that the treatment planning goals and
the principles of an acceptable solution (1)-(2) are really taken into account:
that is, these objective functions really minimize the harmful radiation in C
and N. These objective functions are not often used without constraints, i.e.
setting bounds on the dose to the tumor, see e.g. [31]. In addition, with the
optimization methods commonly used it is sometimes diﬃcult to steer the
solution to the most desired one if the objectives are not formulated as a
weighted penalty function penalizing only the dose beyond the deﬁned dose
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limits. However, formulating objectives as penalties, in turn, means that the
most informative objective functions can not be used and the information
about the phenomenon can be lost. To avoid this we deﬁne three objective
functions according to the wishes of the decision maker (instead of only one)
as
f˜1 (γ) = ||D0 − Dγ||L∞ (T) ,

(3)

f˜2 (γ) = ||Dγ||L1(C)

(4)

f˜3 (γ) = ||Dγ||L1(N) .

(5)

and
For computational needs, functions must be discretized. In a discrete form,
these functions are (f2 and f3 are scaled)
f1 (γ) = max(|D0 − Dγ(x)|),
x∈IT

(6)

f2 (γ) =

1 
|Dγ(x)|
|IC | x∈IC

(7)

f3 (γ) =

1 
|Dγ(x)|,
|IN | x∈IN

(8)

and

where IT , IC and IN are selected ﬁnite sets of nodes in T, C and N, respectively.
|IC | and |IN | are the numbers of elements of IC and IN , respectively.
Here, the objective function f1 means the maximum dose deviation from a
desired dose D0 in T, and we want to minimize it. The objective functions f2
and f3 are the averaged doses in C and N, respectively, which are also to be
minimized. The constraint u ≈ S2 γ ≥ 0 is also included. These three objective
functions really minimize the unwanted (integrated) dose in C and N, not only
minimize the dose beyond limits DC and DN . We can say that they realize
the actual goals of optimization in radiotherapy treatment planning. The
use of such objective functions is recommended because radiotherapy experts
have observed that the integral dose can be surprisingly high when the critical
organs and normal tissue are only kept under a predeﬁned dose limit.
In this paper, a comparison between diﬀerent optimization approaches is
made to demonstrate the convenience of our interactive approach. In the
comparison, we use the objective functions presented in [35, 2], where the
penalty function method (also called the weighting method in some cases) was
used without explicitly emphasizing the multiobjective nature of the problem.
In this case, we can formulate the problem as if we had three objective
functions to be minimized as
f˜4 (γ) = ||D0 − Dγ||2L2 (T) ,

(9)
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and

f˜5 (γ) = ||(DC − Dγ)− ||2L2 (C)

(10)

f˜6 (γ) = ||(DN − Dγ)− ||2L2 (N) .

(11)

For computational needs, these functions also must be discretized. In a discrete
form, the functions are (as scaled)
1 
|D0 − Dγ(x)|2 ,
|IT | x∈IT

(12)

f5 (γ) =

1 
|(DC − Dγ(x))− |2
|IC | x∈IC

(13)

f6 (γ) =

1 
|(DN − Dγ(x))− |2 .
|IN | x∈IN

(14)

f4 (γ) =

and

The objective function f4 controls the violation of the requirement D0 = D(x)
(x ∈ T). The minimization of f5 and f6 is actually a part of a penalty function
method for handling constraints and it takes care of the requirements D(x) ≤
DC (x ∈ C) and D(x) ≤ DN (x ∈ N). Note that in functions f5 and f6 , the
subscript ”− ” refers to the negative part of the function. That is, the functions
f5 and f6 will minimize only the dose which oversteps the preset limits, not all
the unwanted dose. With these objective functions, the constraint u ≈ S2 γ ≥ 0
must be used.
These objective functions are often used with weighting coeﬃcients in studies presented in the literature because the ﬁnal solution is thus easy to obtain.
However, it is notoriously diﬃcult to set the optimization parameters, e.g. objective weights, to steer the solution process in the direction the decision maker
wants when the objectives are in a strong conﬂict as in this case. These functions are used to guarantee that the solution fulﬁlls the minimum requirements
of the plan but, at the same time, the harmful dose is not really minimized
and information about the solution is lost due to the use of a quadratic form
of functions and penalizing only the dose beyond the predeﬁned dose limits.
In [35, 2], no active constraint handling was used for the constraint u ≈
S2 γ ≥ 0, which was formulated as one more objective in the penalty function
method
f˜7 (γ) = ||S2 γ− ||2L2 (∂V ×I×S) ,
(15)
which gets a discrete form (as scaled)
f7 (γ) =

1



maxx∈I∂V ×I×S S2 γ(x) x∈I∂V ×I×S

((S2 γ)− )2 (x).

(16)

Therefore, the method used in [35, 2] is actually a combination of the constraint method (see e.g. [22]) and the penalty function method. The method
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used in [35, 2] is sometimes called the weighted sum method or weighting
method. Note that it is not the same as the multiobjective optimization
method known as the weighting method.

4
4.1

Multiobjective optimization
General notation

A multiobjective optimization problem can be deﬁned as follows [22]
minimize {f1 (γ), f2 (γ), . . . , fk (γ)}
subject to γ ∈ A,

(17)

where γ is a vector of decision variables from the feasible set A ⊂ Rn deﬁned
by linear, nonlinear and box constraints. We can denote an objective vector
by f(γ) = (f1 (γ), f2 (γ), . . . , fk (γ))T . Furthermore, we denote the image of the
feasible set by f(A) = Z and call it a feasible objective set.
In multiobjective optimization, optimality is understood in the sense of

Pareto optimality [22]. A decision vector γ ∈ A is Pareto optimal if there

does not exist another decision vector γ ∈ A such that fi (γ) ≤ fi (γ ) for all

i = 1, . . . , k and fj (γ)<fj (γ ) for at least one index j. These Pareto optimal
solutions form a Pareto optimal set. All the solutions are equally good from
a mathematical point of view, and they can be regarded as equally valid compromise solutions of the problem. There exists no trivial mathematical tool in
order to ﬁnd the best solution in the Pareto optimal set because vectors cannot
be ordered completely. That is why we need some additional information.
Typically a decision maker who is an expert in the ﬁeld is needed in order
to ﬁnd the best or most satisfying solution, called the ﬁnal one, see [22] and
references therein. The decision maker can participate in the solution process,
and, in one way or another, determine which of the Pareto optimal solutions
is the most satisfying to be the ﬁnal solution. It can be useful for the decision
maker to know the ranges of objective function values in the Pareto optimal
set. An ideal objective vector z∗ ∈ Rk gives lower bounds for the objective
functions in the Pareto optimal set and it is obtained by minimizing each
objective function individually subject to the constraints. A nadir objective
vector znad giving upper bounds of objective function values in the Pareto
optimal set is usually diﬃcult to calculate, and thus its values are usually only
approximated by using pay-oﬀ tables, for example (see [22] for details).
The methods developed for multiobjective optimization can be divided into
four classes according to the role of the decision maker [22]. There are methods for use when no decision maker is available. In these methods, the ﬁnal
solution is some neutral compromise solution. In the three other classes, the
decision maker participates in the solution process beforehand, afterwards or
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iteratively: these methods are called the a priori, a posteriori and interactive methods, respectively. It can be diﬃcult for the decision maker to specify
preferences before the solution process has started and, on the other hand, generating many Pareto optimal solutions for the decision maker to compare can
be computationally costly. It is also problematic to compare many solutions
without setting too much cognitive load on the decision maker. Consequently,
and encouraged by experiences reported in [29], we concentrate in this paper
on interactive methods.
For some reason, interactive methods have not been studied in the ﬁeld of
radiotherapy optimization before. The studies mentioned in the introduction
are based on methods with no decision maker, a priori methods, or a posteriori
methods. We, however, think that an interactive multiobjective optimization
method is ideal for radiotherapy optimization. It makes it possible for the decision maker to control the solution process iteratively and thus learn about the
conﬂicting radiotherapy targets during the optimization. An interactive approach may also involve shorter computing times, because the decision maker
directs the solution process and only solutions that he/she is interested in are
generated. In this way, trial and error planning can be avoided.

4.2

The interactive multiobjective optimization method

In this paper, we integrate the BTE radiotherapy dose calculation model with
an interactive multiobjective optimization method. The method we use is
called NIMBUS [24, 22, 26]. This method was selected because it has been
successfully used in treatment planning optimization with a simple pencil beam
model in [29].
In interactive multiobjective optimization methods, the information given
to and required from the decision maker must be easily understandable. The
NIMBUS method is based on the idea of classiﬁcation of objective functions.
It is known that classiﬁcation can be considered an acceptable task for human decision makers from a cognitive point of view [20]. The decision maker
participates in the solution process iteratively and continuously in NIMBUS.
Finally, he/she decides which of the Pareto optimal solutions obtained is the
most desired one. During the solution process, the decision maker classiﬁes
objective functions at the current Pareto optimal point into up to ﬁve classes.
The classes are the following:
– I < functions whose values should be improved,
– I ≤ functions whose values should be improved up to a desired aspiration
level ẑ,
– I = functions whose values are satisfactory,
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– I ≥ functions whose values can be impaired up to a given bound ,
– I > functions whose values can change freely.
Since all the solutions considered are Pareto optimal, the decision maker cannot
make a classiﬁcation where all the objective function values should improve
without allowing at least one of the objective functions to be impaired. The
aspiration levels and the bounds are elicited from the decision maker during
the classiﬁcation procedure if they are needed.

Figure 2: The NIMBUS algorithm.

By classifying the objective functions, the decision maker gives preference
information about how the current solution should be improved. Based on
that, a scalarized single objective optimization problem (a subproblem, as we
call it) can be formed. Here we use a synchronous NIMBUS method [26].
In this method, there are four diﬀerent subproblems available, so the decision
maker can choose weather to see one to four new solutions after each classiﬁcation. Each subproblem generates a new Pareto optimal solution that satisﬁes
the preferences given in the classiﬁcation as well as possible, but the preferences are taken into account in slightly diﬀerent ways [25]. The decision maker
can use any solution obtained so far as a starting point for a new classiﬁcation,
and interesting solutions can also be saved in a database, so that the solution
process can be continued later from any of them. Alternatively, the decision
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maker can generate a desired number of Pareto optimal intermediate solutions between any two Pareto optimal solutions. This capacity diﬀers from
many other approaches where intermediate solutions are only approximated
(see, e.g. [27]). The subproblems formed are solved with appropriate single
objective optimizers. The NIMBUS algorithm is presented in Figure 2. For
more information about the NIMBUS algorithm, the scalarizations used and
ways of aiding comparison of Pareto optimal solutions generated with diﬀerent
visualizations, see [26].

5

Results

In this section, we solve the radiotherapy optimization problem with the interactive multiobjective optimization method in the ﬁrst example. In the second
example, we solve with our approach another problem which is solved with the
penalty function method in [2] and compare the results.

5.1

Test settings

The presented radiotherapy dose calculation model was solved using FEM and
only one BTE was used to describe the traveling of artiﬁcial particles in a
2D plane (x = (x2 , x3 )). The photon scattering data was used, but the dose
computation was done from the photon ﬂux using artiﬁcial stopping powers
κ(x, E). The particles were assumed to scatter in the spatial 2D plane. Thus,
the angular variable was θ ∈ [0, 2π[ and θ = 0 toward the x3 -axis. This caused
an insigniﬁcant inaccuracy in the computations of the forward problem because
the out of plane scattering was neglected.
The FEM simulations using the SVD parameterization was done in a [5,5] × [0,10] cm2 domain, which consisted of water. The domain was divided
into 121 rectangular elements with 144 node points (Ns =144). The elements,
node points, and the source nodes for the ﬁelds are shown in Figure 3. The
angular domain θ ∈ [0, 2π[ was divided into 8 evenly distributed intervals, and
the energy domain E ∈ [0.1, 10] MeV was divided into 3 evenly distributed
intervals with 4 node points. Thus, No = 8, Ne = 4 and N = Ns No Ne = 4608.
In the simulations, only inward directions and maximum energy E=10 MeV
were allowed in the source nodes, thus Me = 1 and Mo = 3. The number
of source nodes was Ms = 32, and M = Ms Mo Me = 96: hence we had
96 continuous decision variables in this case. The computation of matrix S
(Equation (38)) took about 3 hours, but when the geometry stays unchanged
and the source nodes are the same, there is no need to re-calculate the matrix
S between optimization runs. The diﬀerent regions of the domain T (dark
gray), C (light gray), and N (white area) are also shown in Figure 3. The
regions T and C are rectangular because we want to prove the eﬃciency of our
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method in handling challenging geometries (non-smooth shapes). In addition,
the interactive multiobjective optimization of radiotherapy treatment planning
is at its best when T and C are close together, and when targets are strongly
conﬂicting (in clinical head-and-neck and prostate cases, for example).
10

x3 (cm)

8

6

4

T

C

2

N
0
−5

0
x2 (cm)

5

Figure 3: Elements, node points, and source nodes.
r.
All the simulations were carried out with the mathematical software Matlab
r 4 CPU 3.00
The optimization was made with a personal computer (Pentium
GHz with 2 GB central memory). Solving the BTE model, the parameterization and the penalty function method optimization were carried out using a
r 4 CPU 2.00 GHz with 2 GB central memory).
personal computer (Pentium
For multiobjective optimization, an implementation of the NIMBUS method,
r [23], with a local optimizer based on the proximal
called IND-NIMBUS
bundle method [26], was used. In the optimization with the penalty function
method, global optimization was done using a simulated annealing algorithm
r.
[4] with Matlab

5.2

Example 1

In this example, we show how our interactive approach is capable of handling
objective functions which are strongly conﬂicting. Thus, the multiobjective
optimization problem is of the form
minimize f1 (γ), f2 (γ), f3 (γ)
subject to u ≥ 0,

(18)

where γ is a vector of continuous decision variables. In equation (6), the
dose limit D0 was set to 10 Gy, and in this example all the object function
values describe dose deviation from desired dose (f1 ) or actual dose (f2 and f3 )
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in grays (Gy). The isodose maps (contour plots) presented are plotted from
percentual dose values in which D0 was scaled to 100%.
Initial solution The interactive multiobjective optimization solution process
was guided by preference information obtained from a radiotherapy expert,
who was acting as a decision maker. The aim of the planning is to ensure
the pre-speciﬁed dose D0 and dose distribution in T and to minimize the
unwanted dose in C and N. At the beginning, the decision maker was given
the initial solution, in which the objective functions had the initial values
f1 = 5.399, f2 = 3.085 and f3 = 3.274. The initial solution f(γ 1 ) was produced
with typical values of the decision variables and was projected on the Pareto
r . Figure 4 shows the contours describing the
optimal set by IND-NIMBUS
dose distribution in the phantom area and a dose volume histogram calculated
from the initial solution values.
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Figure 4: Initial solution. Dose distribution with isodoses 20, 40, 70, 90, 100,
where 100% is D0 = 10 Gy, and corresponding dose volume histogram.
In brief, throughout the optimization process, the decision maker had the
following aims. He wanted to obtain a solution in which the dose deviation
from D0 in T was minimized. He considered it important that the maximum
10% dose deviation from D0 should not be overstepped, while the dose in both
areas C and N should be as low as possible. As can be seen from the initial
objective function values (deviation should be under 10% of D0 , that is, 1 Gy)
and from Figure 4, the f1 value was certainly too high. In the initial solution,
the objective functions f2 and f3 were nearly at a clinically acceptable level,
so the harmful dose in C and N was low but at the same time the deviation
from D0 in T was high. In other words, the dose in the target was too low and
the tumor would not be treated properly. Hence, the decision maker wanted
to search for a better solution in an iterative way. The decision maker wanted
to get four new solution after every classiﬁcation. All the solutions obtained
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during the solution process are collected in Table 1.
1st Classification In the ﬁrst classiﬁcation, the decision maker wanted to
improve the value of f1 : to decrease the deviation from the desired dose D0 in
T. Simultaneously, he tried to improve f2 (minimizing the dose in C), but he
let f3 (the dose in N) change freely. This means that he wanted to protect C
more eﬃciently than N. In clinical planning, it is usually more important to
save C than N. In brief, the decision maker classiﬁed f1 and f2 into class I < ,
and f3 into class I > (see classes in Section 4.2).

7
90 0

40

0
10090
70

90

100
90

40

20

70

20

40
40
40

20

70

70

40

0
x2 (cm)

60

40

20

20
40

0
−5

90

20

70

4020

80

20

2

40

90

70

40

4

20
70

100

100

x3 (cm)

0

90

6 10

20

0
10
90

10

70

T
C
N

100
40

Volume (%)

8

70

70

20

70

10

5

20

0
0

20

40

60
80
Dose (%)

100

120

Figure 5: 1st classiﬁcation. Dose distribution with isodoses 20, 40, 70, 90, 100,
where 100% is D0 = 10 Gy, and corresponding dose volume histogram.
After the classiﬁcation, the decision maker obtained four new solutions.
He was able to achieve some improvements and the value of f1 and f2 in
all the new solutions were at a better level than in the initial solution. At
the same time, the objective function f3 naturally deteriorated. The best of
the solutions according to the preferences of the decision maker is shown in
Figure 5 (f(γ 5 ) = (1.529, 2.170, 4.981)). As can be seen, the dose in C is low.
Nevertheless, the decision maker was not satisﬁed with the solution because the
objective functions f1 and f3 were not at acceptable levels; the dose deviation
from the desired dose D0 in T was too high, likewise the harmful dose in N.
Since the solution was not clinically desirable, the decision maker wanted to
classify the objective functions again, and used the presented solution as a
starting point of a new classiﬁcation.
2nd Classification In the second classiﬁcation, the decision maker wanted to
guarantee a good level of f1 (class I < ), but now he was ready to impair f2 up
to a bound 3 (Gy). Hence, he classiﬁed f2 into class I ≥ . Simultaneously he
wanted to improve the objective function f3 , that is, he chose classiﬁcation I ≤
and the desired aspiration level was 3 (Gy).
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Figure 6: 2nd classiﬁcation. Dose distribution with isodoses 20, 40, 70, 90,
100, where 100% is D0 = 10 Gy, and corresponding dose volume histogram.

After the second classiﬁcation, the decision maker obtained four new solutions. He obtained only one solution (f(γ 7 ) = (0.765, 2.584, 5.608)) in which
the objective function f1 (which he considered to be very important) was at a
clinically acceptable level, but the other objective function values were worse.
In other solutions obtained, f1 was not good enough, but f3 was very good.
In other words, if the function f1 was at a good level, the function f3 was too
poor, and vice versa. The decision maker understood that the aspiration level
and the upper bound he set were too demanding, and wanted to classify the
objective functions again. He used the solution f(γ 9 ) = (2.324, 2.525, 3.993)
(Figure 6) as a starting point of a new classiﬁcation.
3rd Classification and final solution The decision maker knew that if he
wanted to improve the value of f1 , he should let f2 and f3 deteriorate. The
decision maker felt he was close to the most satisfying solution, which is why
he set an aspiration level for f1 and upper bounds for f2 and f3 . The objective
function f1 should be better than 0.999 (Gy) and the bound for both f2 and
f3 was 4 (Gy). That is, he made the classiﬁcation f1 to I ≤ (aspiration level
0.999 (Gy)), and f2 and f3 to I ≥ (bound 4 (Gy)).
Again, the decision maker asked for and obtained four new solutions. One
of them (f(γ 13 ) = (0.985, 2.475, 4.518)) was an absolutely satisfying compromise and the decision maker felt he was able to make the ﬁnal decision.
He was looking for a solution with as uniform a dose in T as possible and
where the preferences concerning dose limitations were satisﬁed. He achieved
a solution in which the deviation from the desired dose D0 in T was satisfactory (f1 =0.985, which is under 10% of D0 ), and simultaneously the unwanted
dose in C (f2 =2.475) and in N (f3 =4.518) was as small as could reasonably be
achieved. This can also be seen in Figure 7. This solution f(γ 13 ) was the most
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Figure 7: Optimal dose distributions with isodoses 20, 40, 70, 90, 100, where
100% is D0 = 10 Gy, and corresponding dose volume histograms.

Table 1: Example 1: Summary of interactive solution process. Aspiration levels and bounds used are denoted as superscripts in the classiﬁcation notation.
Solution
f1 (Gy)
Ideal
0.274
Nadir
10.398
Initial solution
f(γ 1 )
5.399
1st classiﬁcation
I<
2
f(γ )
2.990
3.060
f(γ 3 )
4
1.533
f(γ )
f(γ 5 )
1.529
2nd classiﬁcation
I<
f(γ 6 )
2.463
0.765
f(γ 7 )
8
f(γ )
3.061
9
2.324
f(γ )
3rd classiﬁcation I ≤0.999
f(γ 10 )
1.483
11
1.078
f(γ )
f(γ 12 )
1.548
13
0.985
f(γ )

f2 (Gy)
0.001
7.349

f3 (Gy)
0.008
6.475

3.085
I<
1.847
2.013
1.182
2.170
I ≥3
2.462
2.584
2.092
2.525
I ≥4
4.223
4.285
4.071
2.475

3.274
I>
4.668
4.621
5.150
4.981
I ≤3
4.329
5.608
3.923
3.993
I ≥4
4.309
4.483
4.148
4.518

preferred one to be the ﬁnal solution according to the decision maker’s exper-
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tize in radiotherapy. A summary of the solution process and trade-oﬀs are
presented in Table 1, including the steps taken by the decision maker and the
solutions selected at each iteration (denoted in bold face). Table 1 also shows
information about the approximate objective function ranges in the Pareto
optimal set as discussed in Section 4.1. Information of this kind can be easily
obtained with the approach used and this enables the decision maker to learn
and to analyze the interrelationships between the objectives and compare solutions.
Discussion In this example, we show how our interactive approach can handle
the strongly conﬂicting objective functions in a radiotherapy case. Generally
in the literature, it is said that strongly conﬂicting objective functions are notoriously diﬃcult to steer to the solutions most likely to satisfy the decision
maker (a radiotherapist). This is because the objective function have typically
been expressed as a sum where practical information about the functions could
be lost, or it may be hard to deﬁne objective weights beforehand because they
are not so intuitive. In our approach, practical information about every objective function was maintained, e.g. the objective function values described
averaged doses, not uninformative quadratic sums of doses. As can be seen in
this example, the objective functions really illustrated how the dose behaved.
The function f1 described a maximum dose deviation from a desired dose and
the goodness of the objective function value was easy to understand. In addition, the functions f2 and f3 were the averaged doses in C and N, respectively.
In this way, the dose could really be minimized in C and N. As can be seen
in Table 1, with our approach with the objective functions f1 . . . f3 , the most
satisfying solution was not hard to ﬁnd by manipulating desired values of objective functions directly (not the weights). Thus, only a few iterations and
calculations of Pareto optimal solutions were needed.
In treatment planning, the interactive multiobjective optimization approach
made it possible for the decision maker to learn about the conﬂicting dose distribution targets and their interrelationships. Moreover, the thorough decision
maker can see what happens when he/she directs the solution process in different ways. Good and unique solutions, which are hard to obtain without a
decision support aid of this kind, can be found to satisfy the therapy plan.
Note also that computing times were short: only about one to two minutes
per classiﬁcation (with a PC). The most time-consuming part was solving the
BTE forward problem. In the parameterization procedure, the matrix S is
calculated with SVD, which took approximately three hours. Since the matrix
S is solved only once there is no need to re-solve it if the geometry stays
unchanged. Once the matrix S has been found, the optimization method is
not a bottleneck for more complicated simulation models.
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5.3

Example 2

For comparison, an optimization problem presented in [2] was solved with our
multiobjective optimization approach, and here we compare the results with
those of the presented in [2]. In [2], the penalty function method was used
without emphasizing the problem’s multiobjective nature, and the optimization problem was
minimize fwm =

7

i=4

ci fi (γ),

(19)

where ci (i = 4, ..., 7) were positive weights set as c4 = 3, c5 = 1.5, c6 =
0.5, c7 = 100, and the threshold values used in (12)-(14) were D0 = 10 (Gy)
(in T), DN = 5 (Gy) (in N) and DC = 2 (Gy) (in C). A global single objective
solver had to be used to solve the weighted problem (19) and this took about
20 minutes [2].
The aim of the planning was to ensure the pre-speciﬁed dose D0 and dose
distribution in T. In addition, in C and N, the dose was penalized if the
threshold values 20% (2 Gy) and 50% (5 Gy) of the D0 , respectively, were
overstepped.
On the other hand, the decision maker solved the problem
minimize {f4 (γ), f5 (γ), f6 (γ)}
subject to u ≥ 0

(20)

with our approach in an iterative and interactive way, as in Example 1. During
the solution process, the decision maker used three classiﬁcations until he
obtained a satisfactory solution. All the solutions generated are shown in
Table 2, and the solutions used as a starting point for a new classiﬁcation are
denoted in bold face. Note that the objective function values are quadratic
sums of dose diﬀerences, thus the physical meaning of the value gets blurred
if the unit used is still gray (Gy). The ﬁnal solution is presented in Figure
8, on the left. As can be seen in Figure 8, the predeﬁned dose limit in T is
overstepped, and the entire T did not get the 90% of D0 dose. Nevertheless,
this solution f(γ 9 ) = (0.985, 0.512, 6.028) was the most preferred one to
be the ﬁnal solution according to the decision maker’s radiotherapy expertize
because he was satisﬁed with the dose in C and N. For comparison, the ﬁnal
solution obtained with the penalty function method in [2] is presented in Figure
8, on the right.
Discussion In this example, the results of our interactive approach and the
those of the penalty function method can be compared (Figure 8 and Table 3).
We can see that the ﬁnal treatment plans are of the same kind but the advantages of our approach are clear when the eﬃciency of the optimization process
is considered. As can be seen from the results, with our approach we could see
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Figure 8: On the left, the solution using our approach and, on the right, the
solution using the penalty function method [2]. Optimal dose distributions
with isodoses 20, 40, 70, 90, 100, where 100% is D0 = 10 Gy, and corresponding
dose volume histograms where the predeﬁned dose limits (vertical lines) are
plotted.

in an understandable manner how the solution process progressed and how the
new radiotherapy treatment plan fulﬁlled the decision maker’s requirements after every iteration concerning the requirements of the radiotherapy process. In
this way, we could avoid the time-consuming trial and error planning and reoptimization which happens in the penalty function method if the plan is not
satisfactory or the weighting coeﬃcients are not optimally chosen. For example, we can see in Figure 8, in the solution obtained with the penalty function
method, that all the corners of T are outside the 90% isodose, which is not
desirable at all. For comparison, with interactive multiobjective optimization,
only the corners of T nearest to C were outside the 90% isodose. It seems that
the solution of the penalty function method was not the most satisfying for
the decision maker, and new weighting coeﬃcients should be discovered, and
the time-consuming optimization procedure has to be repeated if the decision
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Table 2: Example 2: Summary of interactive solution process. Bound used is
denoted as superscripts in the classiﬁcation notation.
Solution
f4 (Gy)
Ideal
0.001
Nadir
75.156
Initial solution
7.188
f(γ 1 )
1st classiﬁcation
I<
2
f(γ )
0.067
3
f(γ )
0.001
4
0.090
f(γ )
2nd classiﬁcation
I<
f(γ 5 )
1.173
6
f(γ )
1.363
0.004
f(γ 7 )
8
1.429
f(γ )
3rd classiﬁcation
I<
f(γ 9 )
0.985
10
f(γ )
0.098∗
11
0.001
f(γ )
12
f(γ )
0.098∗
∗
Pareto optimality is hidden due to the rounding

f5 (Gy)
0
32.559

f6 (Gy)
0
19.175

3.121
I>
22.568
31.831
21.299
I<
5.000
5.590
19.569
5.523
I<
0.512
9.764
25.795
9.760

1.014
I>
7.505
8.825
7.336
I>
3.395
3.346
9.853
3.309
I ≥7
6.028
7.595
9.009
7.594

maker wants to improve the solution. On the other hand, in interactive multiobjective optimization, since the decision maker directed the solution process
only interesting Pareto optimal solutions needed to be generated.
Table 3: Interactive multiobjective optimization vs. penalty function method.
f4 (Gy)
f5 (Gy)
f6 (Gy)
Neg. ﬂux

Interactive MOO
0.985
0.512
6.028
0

Penalty function method
1.287
0.368
4.834
0.001

Furthermore, we noticed that the physical feasibility of the solutions obtained is an issue. With the penalty function method, the constraint u ≥ 0 was
included in the objective function: that is, there should be no radiation coming
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outward from the phantom, because only radiation ﬂux inward is physically
feasible. Nevertheless, in the solution obtained, there was negative ﬂux (0.001
units), as can be seen in Table 3, and this aﬀects the solution signiﬁcantly. It
eliminates dose in the edges of the phantom, and this aﬀects the value of the
sixth objective function. Consequently, the solution of the penalty function
method was not physically feasible. In Table 3, since objective function f6 describes the dose in N, the solution obtained with the penalty function method
(or the value describing the dose in N) is unrealistically good. However, this
is likely to remain unnoticed.
In our multiobjective optimization approach, u ≥ 0 could be treated as
a constraint, which meant that there was no negative ﬂux in the solution.
Thus, besides the solution being somewhat better in handling the dose in the
target, the solution obtained with our approach was automatically physically
feasible, unlike the other one. Without interactive multiobjective optimization,
the infeasibility of the solution would not be noticed because, in the penalty
function method the objectives are expressed as a sum that hides the negative
ﬂux value.
When comparing the dose volume histogram obtained in Example 1 with
that obtained in Example 2, we see that with the functions f1 . . . f3 , T obtained a steeper curve to the zero than with the objective functions f4 . . . f6 .
In addition, a similar trend can be seen at the beginning of the C and N curve.
This is due to the better choice of objective functions: harmful doses in C
and N are really minimized, not only penalizing beyond the predeﬁned dose
limits (2 Gy and 5 Gy, respectively). Thus, we can say that formulating the
problem as a genuine multiobjective optimization problem and solving it with
an interactive method has many advantages. Besides the ones discussed so
far, it is important to point out that our new formulation produced a convex
problem that could be solved with a computationally eﬃcient local optimization method, whereas the old formulation necessitated using a computationally
costly global optimization method. In addition, although we obtained somewhat better results with interactive multiobjective optimization than with the
penalty function method in Example 2 (with objective functions f4 . . . f6 ), our
approach is at its best in challenging situations such as Example 1 where the
objective functions are formulated to describe better the radiotherapy optimization targets.

6

Conclusion

New treatment machines provide an opportunity to treat cancer patients in
more eﬀective ways but, at the same time, they make the radiotherapy modeling and optimization in treatment planning more demanding. The aim of
this paper was not only to obtain an optimal radiotherapy treatment plan,
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but also to reveal the advantages of interactive multiobjective optimization
in radiotherapy treatment planning and to encourage further research in this
direction.
In this paper, we present an interactive multiobjective optimization approach combined with the novel parameterized BTE radiotherapy dose calculation model. This was done because we wanted to avoid the limitations of
the optimization techniques widely used, and because the advantages of using the BTE model in dose calculations are obvious. Via parameterization,
the BTE dose calculation model is so fast that it can be used in interactive
multiobjective optimization.
In our approach, the decision maker’s knowledge is used during the iterative solution process to direct the optimization in order to ﬁnd the most
preferred plan, that is, the best Pareto optimal solution, between the conﬂicting radiotherapy targets. A decision support aid of this kind overcomes the
drawbacks of trial and error planning, and planning times can be shortened
and plan quality improved by ﬁnding advantageous trade-oﬀs and ﬁnding only
feasible solutions by manipulating the desired values of the objective functions
directly (not the weights). Our interactive approach is capable of handling
radiotherapy objectives which are strongly conﬂicting. Thus, we were able to
describe the objective functions in a way that really minimized the unwanted
dose.
Our BTE model is 3D spatially. Nevertheless, we were able to use it in
two-dimensional planning only because of the long computing time of matrix
S. Although the research documented in this paper is academic, the results
are promising. In the future, the computational problems can be overcome,
and the approach is worth further study in clinical and 3D cases.
ACKNOWLEDGEMENTS. This work was ﬁnancially supported by
Tekes, the Finnish Funding Agency for Technology and Innovation, and also
partly by the Jenny and Antti Wihuri Foundation. Thanks to Mr. Vesa Ojalehto, M.Sc., and Ms. Elina Madetoja, Ph.D., for technical support. Special
thanks to Prof. Jari Hämäläinen for enabling the study.
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Appendix 1
Dose calculation using a finite element model: the Boltzmann transport equation model
Here, the BTE model is brieﬂy described: for further information, see [35].
Physically, the BTE model is based on particle equilibrium in inﬁnitesimally
small voxels of tissue. In the case of radiotherapy, it is appropriate to use the
stationary form of the BTE. In this case, taking into account elastic collision,
inelastic collision and deceleration radiation, the model consists of a coupled
system of stationary linear integro partial diﬀerential equations
Ω · ∇ψ1 + K1 (ψ1 , ψ2 , ψ3 ) = Q1 (x, E, Ω)
Ω · ∇ψ2 + K2 (ψ1 , ψ2 , ψ3 ) = Q2 (x, E, Ω)
Ω · ∇ψ3 + K3 (ψ1 , ψ2 , ψ3 ) = Q3 (x, E, Ω),

(21)

where ψj = ψj (x, E, Ω) (j = 1, 2, 3) are the phase space densities for photons,
electrons and positrons, respectively. The variable x = (x1 , x2 , x3 ) is a point in
the patient domain V ⊂ R3 . Particle energy in denoted by E. The surface of
the unit sphere in R3 is denoted by S, and Ω = (cos ϕ sin θ, sin ϕ sin θ, cos θ) =:
h(ϕ, θ) is a point on S, where ϕ and θ are standard spherical coordinates on
surface S.
The functions Kj (ψ1 , ψ2 , ψ3 ) (j = 1, 2, 3) are collision terms combining attenuation and secondary production resulting from the above-mentioned different kinds of interactions, and K1 , K2 , K3 are linear operators of ψ :=
(ψ1 , ψ2 , ψ3 ). Finally, Qj (x, E, Ω) (j = 1, 2, 3) are the source terms, which are
typically zero in external radiotherapy, as also in this case. In the following,
we denote the system (21) in a compact way by
(Ω · ∇ + K)ψ = Q.

(22)

Boundary conditions and variational form
We consider the external photon radiation by setting boundary conditions for
the photon inﬂow [35]. We assume that the boundary of the patient domain
∂V is a piecewise smooth Lipschitz boundary. Thus, the outward normal ν(x)
exists and is continuous on ∂V even though there might exits a set with surface
measure zero.
A typical photon inﬂow boundary condition for the solution ψ is of the
form
ψ2 (x, E, Ω) = ψ3 (x, E, Ω) = 0 for (x, E, Ω) ∈ ∂V × I × S
such that Ω · ν(x) < 0
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ψ1 (x, E, Ω) = u(x, E, Ω) for (x, E, Ω) ∈ ∂V × I × S
such that Ω · ν(x) < 0,

(23)

where I is an energy interval. The symbol u stands for the photon ﬂux density
on ∂V and u ∈ L2 (∂V ×I ×S). The boundary condition ψ1 = u for Ω·ν(x) < 0
and x ∈ ∂V means that the ﬂux u is incoming outwardly on the patch ∂V
and the boundary condition ψj = 0, (j = 2, 3) for Ω · ν(x) < 0 means that
no other particles generate outward ﬂuxes. The solution ψ is deﬁned in the
six-dimensional state space G := V × I × S.
The variational form of the equation (22) with the stated boundary condition (23) is given in [35], and it is of the form
B(ψ, v) = F (v), v ∈ H 3 ,

(24)

where B(·, ·) : H 3 × H 3 → R is the bilinear form, v is a test function, H is an
appropriate Hilbert space,
B(ψ, v) = − ψ, Ω · ∇v
+

3   


j=1 S

I

∂V

L2 (G)3

(Ω · ν)+ ψj vj dσdEdΩ + Kψ, v
  

and
F (v) = Q, v

L2 (G)3

+

S

I

∂V

L2 (G)3

(Ω · ν)− uv1 dσdEdΩ,

(25)

(26)

where σ is the surface measure on ∂V . The subscript ”+ ” refers to the positive
part of the function and the subscript ”− ” refers to the negative part of the
function.

Dose computation
We compute the dose in the following way. The incoming ﬂux density of the
lth ﬁeld Sl is ul . It is assumed that ul ∈ L2 (Γl × I × S), where Γl is a patch
of ∂V where the radiation is entering the domain V . Here ψ l = (ψ1l , ψ2l , ψ3l ) is
the ﬂux density corresponding to the ﬁeld Sl , that is, ψ l is the solution of the
equation
(Ω · ∇ + K)ψ l = 0
(27)
with the boundary condition
ψ2l (x, E, Ω) = ψ3l (x, E, Ω) = 0 for (x, E, Ω) ∈ ∂V × I × S
such that Ω · ν(x) < 0
l
ψ1 (x, E, Ω) = 0, for (x, E, Ω) ∈ (∂V \ Γl ) × I × S
such that Ω · ν(x) < 0
l
ψ1 (x, E, Ω) = ul (x, E, Ω) for (x, E, Ω) ∈ Γl × I × S
such that Ω · ν(x) < 0.

(28)
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We deﬁne u ∈ L2 (∂V × I × S) such that
u=

L

l=1

ul χl ,

(29)

where χl : ∂V × I × S → R are the characteristic functions of Γl × I ×
S (l = 1, . . . , L). Let ψ = (ψ1 , ψ2 , ψ3 ) be the solution of problem (22) with the
boundary condition (23) where u is deﬁned by (29). The solution of problem
(22)-(23) is
L


ψ=(

l=1

ψ1l ,

L

l=1

ψ2l ,

L

l=1

ψ3l ),

(30)

where ψ l (l = 1, ..., L) are the solutions of (27)-(28). Now the total dose
distribution D(x) from the incoming ﬁelds Sl (l = 1, ..., L) at a point x of the
patient domain V can be obtained from the measurement integral
D(x) =

3  

j=2 S

I

κj (x, E)ψj (x, E, Ω)dEdΩ,

(31)

where κj (x, E) are known stopping power factors for electrons and positrons

and ψ is the solution of (24) with u = Ll=1 ul χl .

Discrete finite element model for radiotherapy
For computer needs, the model presented has to be discretized, and we use the
ﬁnite element method (FEM) because the inﬂow boundary condition is quite
easy to handle via variational formulations.
To clarify the u-dependence of variables, we denote ψ = ψ(u) if needed.
Let F : L2 (∂V × I × S) → (H 3 )∗ (where ∗ refers to the adjoint space, see [35]
be the operator deﬁned by
(F u)(v) =

  
S

I

∂V

(Ω · ν)− uv1 dσdEdΩ.

(32)

Note that F (v) = (F u)(v). Using these notations ψ = ψ(u) satisﬁes the
variational equation
B(ψ(u), v) = (F u)(v), v ∈ H 3 .

(33)

Let Xh be a ﬁnite dimensional subspace of H 3 and let Yh be a ﬁnite dimensional subspace of L2 (∂V × I × S). Denote a basis of Xh by {v1 , ..., vN } and
denote a basis of Yh by {w1 , ..., wM }. Let
ψh =

N

n=1

αn vn , uh =

M

m=1

βm wm .

(34)
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Now the FEM approximation of the variational equation (33) is deﬁned as
B(ψh , v) = (F uh )(v), v ∈ Xh .

(35)

This leads to the system of equations
Aα = Bβ,

(36)

where A ∈ M(N × N), B ∈ M(N × M) such that A(k, n) = B(vn , vk ) and
B(k, m) = (F wm )(vk ). In addition, we have vectors α = (α1 , . . . , αN )T and
β = (β1 , . . . , βM )T . Equation (36) can be expressed in the form


− B)

(A

α
β



= 0,

(37)

which is actually the variational equation (33) in its discrete form.

Parameterization of the discrete finite element model
We say that the equation (37) is parameterized by a matrix S ∈ M(N + M, p)
if




α
α
( A − B)
=0⇔
= Sγ, γ ∈ Rp .
(38)
β
β
Let p1 , p2 be the canonical projections
p1 : RN+M → RN
p2 : RN+M → RM .

(39)
(40)

Denote Sj γ = pj (Sγ) (j = 1, 2). Then α = S1 γ and β = S2 γ. Hence we can
denote
ψ ≈ ψh =
and
u ≈ uh =

N


n=1

M

m=1

αn vn =

βm wm =

N


(S1 γ)n vn := S1 γ

(41)

(S2 γ)m wm := S2 γ,

(42)

n=1
M

m=1

where γ ∈ Rp . With ﬁnite elements, the matrices A and B have full rank and
that is why we have here p = M.
After the parameterization, the dose can be approximately solved from the
equation
D(x) ≈ Dγ(x) =

3  

j=2 S

I

κj (x, E)(S1 γ)j (x, E, Ω)dEdΩ.

In optimization, γ is the vector of decision variables.

(43)
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Singular value decomposition (SVD) can be used in the parameterization of
the discrete system, that is, in ﬁnding the matrix S. Parameterization makes
it possible to optimize large problems based on the ﬁnite element model. After
parameterization, the number of unknown variablesis decreased
from N + M

α
to M. Parameterization of the system ( A − B)
= 0 is considered in
β
more detail in [35].
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