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Abstract

The perfect Golay codes lifted over the finite rings Z2m and Z3m,
or over their infinite counterparts, namely the 2-adic and 3-adic rings,
are considered, and their algebraic decoding is obtained as a non-trivial
extension of the algebraic decoding of the perfect Golay codes.
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1 - Introduction

Sloane and Calderbank have described the structure of cyclic codes of length
n over rings of integers modulo pm and over the integer ring of a p-adic field
Qp, denoted Zp∞ , where p is a prime not dividing n [5]. Linear codes over
Zp∞ are global codes, and an advantage of this notion is that it establishes a
framework for dealing with every lifted code over some prime power residue
ring Zpm . Any code lifted from a code over Zp may be seen as a residual code
modulo pm of a convenient p-adic code.
The same article [5] analyzes the 2-adic and 3-adic Golay codes and their
extended versions of length 24 and 12, respectively, but does not consider any
algebraic decoding. Here we describe an algebraic decoding of every lifted
Golay code that may be seen as being lifted from the algebraic decoding of the
perfect Golay codes over Z2 or Z3 [7, 8]. The algebraic decoding algorithms
for the corresponding extended Golay codes, (24, 12, 8) and (12, 6, 6) can be
derived from those of these Golay codes, as shown in [15].

1A preliminary version was presented at MTNS 2008, July 28-August 1, 2008, Blacksburg,
Virginia.
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2 - Lifting Golay Codes

The binary Golay code is a perfect cyclic code (23, 12, 7) over the Galois field
F2 with generator polynomial g2(x) = x11 + x9 + x7 + x6 + x5 + x + 1, an
11-degree irreducible factor of x23 − 1.
The 2-adic Golay code is a cyclic code over the ring Z2∞ of 2-adic integers with
generator polynomial of the form

g2∞(x) = x11 + νx10 + (ν − 3)x9 − 4x8 − (ν + 3)x7 − (2ν + 1)x6−
(2ν − 3)x5 − (v − 4)x4 + 4x3 + (ν + 2)x2 + (ν − 1)x − 1

where ν is a 2-adic number satisfying the equation ν2 − ν + 6 = 0 [5, p.31]. A
few initial terms of its 2-adic expansion are

g2∞(x) = x11 + x9 + x7 + x6 + x5 + x + 1 + 2(x10 + x9 + x7 + x6 + x5 + x4 + 1)
+ 4(x9 + x8 + x5 + x3 + x2 + 1) + 8(x10 + x8 + x6 + x5 + x4 + x2 + x + 1) · · · .

Letting ζ denote a root of g2(x), which is irreducible over Q2, a few initial
terms of the 2-adic expansion of a root Ξ of g2∞(x) are

Ξ = ζ + 2(ζ10 + ζ6 + ζ4 + ζ3 + ζ2) + 4(ζ9 + ζ8 + ζ6) + 8ζ6 + · · · .

When g2∞(x) is taken modulo 2m, we get the generator polynomial g2m(x) of
the Golay code over Z2m . Clearly, the cyclotomic coset
C(2)

1 = {1, 2, 4, 8, 16, 9, 18, 13, 3, 6, 12} of g2(x) is also the cyclotomic coset of
any lifted polynomial.

The ternary Golay code is a perfect cyclic code (11, 6, 5) over the Galois field
F3 with generator polynomial g3(x) = x5−x3+x2−x−1, a 5-degree irreducible
factor of x11 − 1.
The 3-adic Golay code is a cyclic code over the ring Z3∞ of 3-adic integers with
generator polynomial of the form

g3∞(x) = x5 + θx4 − x3 + x2 + (θ − 1)x − 1 ,

where θ is a 3-adic number satisfying the equation θ2 − θ + 3 = 0 [5, p.31]. A
few initial terms of its 3-adic expansion are

g3∞(x) = x5+x4+2x3+x2+2−3(x4+x3+x+1)+9(x4+2x3+x+2)−27(x3+1)+· · · .

Letting η denote a root of g3(x), which is irreducible over Q3, a few initial
terms of a 3-adic expansion of a root Θ of g3∞(x) are

Θ = η+3(η2+η3+η4)+9(1+2η+η2+η3+2η4)+27(η4+2η3+2η2+2)+ · · · .

When g3∞(x) is taken modulo 3m, we get the generator polynomial g3m(x) of

a Golay code over Z3m . Clearly, the cyclotomic coset C(3)
1 = {1, 3, 9, 5, 4} of

g3(x) is also the cyclotomic coset of any lifted polynomial.
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Remark. The generator polynomials g2∞(x) and g3∞(x) of the 2-adic and
3-adic codes may be obtained by applying Hensel lifting up to infinity to the
generator polynomials g2(x) and g3(x) of the codes over finite fields. However,
these polynomials admit ”closed” forms, i.e.: g2∞(x) = g2(x)+νc2(x) and g3∞(x) =
g3(x) + θc3(x), where ν is a root of x2 − x + 6 and θ is a root of x2 − x + 3,
which define quadratic extensions of Q2 and Q3 respectively. A natural ques-
tion arises whether the roots Ξ and Θ have closed forms in terms of the roots
ζ of g2(x) and η of g3(x), using ν and θ, respectively. The negative answer is
due to the fact that g2∞(x) and g2(x) have different Galois groups over Q2(ν),
and analogously that g3∞(x) and g3(x) have different Galois groups over Q3(θ).
For instance, in the ternary case (the argument in the binary case is exactly
the same) assuming that we may write

Θ = (a0 + θb0) + (a1 + θb1)η + (a2 + θb2)η
2 + (a3 + θb3)η

3 + (a4 + θb4)η
4

where ai, bi are rational integers, then this relation between η and Θ implies
the existence of a Tschirnhaus transformation of g3(x) into g3∞(x) with coeffi-
cients in the field Q3(θ). This transformation is possible if and only if the two
polynomials have the same Galois groups over Q3(θ) [1, p.45-46]. However,
the Galois group of g3∞(x) over Q3(θ) is cyclic of order 5, while the Galois
group of g3(x) over Q3(θ) is the symmetric group S5. Note that the Galois
group of g3(x) over GF (3) is cyclic of order 5, while its Galois group over Q,
Qp, or Q3(θ) is the symmetric group.

2.1 Syndrome decoding

The syndrome decoding procedures are described assuming that r(x) = c(x)+
e(x) is a received word, where c(x) = g(x)f(x) is a transmitted code word,
g(x) is the generator polynomial, and e(x) is the error pattern. The output is
a code word ĉ(x) = r(x) − ê(x), where ê(x) is the estimated error pattern if
the number of errors is not greater than the code’s error-correcting capability.
When more errors are detected, some decision strategy must be adopted, for
instance the bounded decoding strategy sets the estimated error pattern equal
to 0, i.e. ê(x) = 0.
The algorithm is in two steps. At the first step, the error positions are com-
puted from the roots of the error locator polynomial, obtained considering
convenient projections of the syndromes on the base prime field. At the sec-
ond step, the error magnitudes are easily computed solving a linear system of
equations. Note that the Gorenstein-Peterson-Zierler method for finding the
error locator polynomial is not applicable, and the procedures described in
[7, 8] for locating the errors require some modifications when the error magni-
tudes are in strictly different zero divisor subrings of Zpm , p = 2, 3.
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3 - Decoding lifted codes over Z2m

Let ê(x) = E1x
j1 + E2x

j2 + E3x
j3 be the error pattern to be estimated, where

E1, E2 and E3 are error magnitudes, and j1, j2 and j3 are error positions. The
decoding algorithm is a procedure that finds the error pattern ê(x), or detects
more than three errors; however this event is not handled to give optimal
complete decoding. Letting Ξm to denote a root of g2m(x), a description of the
algorithm makes use of a set of six syndromes

Sj = r(Ξj
m) = E1Ξ

j1j
m + E2Ξ

j2j
m + E3Ξ

j3j
m j ∈ {1, 2, 3, 4, 6, 9} ⊂ C(2)

1 ,

and is based on the following Theorems.
Let us assume that S1 is not zero, and set T1 = S1

2to , T3 = S3

2to , and T9 = S9

2to ,
where to is defined as the minimum integer such that at least one among T1,
T3, or T9 taken modulo 2 is not zero.

Theorem 1. With the above hypotheses and notations:
i) if at least one among T1, T3, or T9 taken modulo 2 is 0, then more than
three errors are detected.
ii) if T1 �= 0, T3 �= 0, and T9 �= 0 taken mod2, then the error locator polyno-
mial

σ(z) = z3 − σ1z
2 + σ2z + σ3

is computed, and the error positions j1, j2, and j3 are recovered when the roots
of σ(z) are in F211; otherwise more than three errors are detected. If three
errors are located, their magnitudes E1, E2, and E3 are obtained by solving the
linear system ⎧⎨

⎩
E1Ξ

j1
m + E2Ξ

j2
m + E3Ξ

j3
m = S1

E1Ξ
2j1
m + E2Ξ

2j2
m + E3Ξ

2j3
m = S2

E1Ξ
3j1
m + E2Ξ

3j2
m + E3Ξ

3j3
m = S3

(1)

Proof. Statement i) is a trivial consequence of the fact that the syndromes
modulo 2 are powers one of another, thus, if some syndrome is zero, necessarily
more than three errors are detected.
To prove statement ii), observe that the error positions are not changed by
working modulo 2, thus if every error magnitude is not a zero divisor, σ(z)
may be computed by the method described in [7], defining

D = (T3 + T 3
1 )2 +

T9 + T 9
1

T3 + T 3
1

mod 2 , D1/3 = D1365 mod 2

and obtaining σ1 = T1 mod 2, σ2 = T 2
1 +D1/3 mod 2, and σ3 = T3+T1D

1/3 mod
2.
If T3+T1D

1/3 �= 0 mod 2, and the roots of σ(z) are in F211, the error magnitudes
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are given by solving (1) modulo 2m; otherwise more than three errors are
detected.
If T3 + T1D

1/3 = 0 mod 2, two errors are detected and located in positions j1

and j2 by solving the equation

σ(z) = z2 − σ1z
2 + σ2 = 0 .

Therefore, to compute the further error position and the three error magni-
tudes, it is necessary to consider system (1) with the equation E1Ξ

4j1
m +E2Ξ

4j2
m +

E3Ξ
4j3
m = S4. This system of four equations can easily be solved by defining

the expression

Δ =
S4 − [(Ξj1

m)2 + Ξj1
mΞj2

m + (Ξj2
m)2)S2 + Ξj1

mΞj2
m(Ξj1

m + Ξj2
m)S1

S3 − (Ξj1
m + Ξj2

m)S2 + Ξj1
mΞj2

mS1

− Ξj1
m − Ξj2

m .

If Δ = 0 then only two errors are detected and their magnitudes are easily
obtained from (1).
If Δ �= 0, then the error location j3 is computed from the equation Ξj3

m = Δ,
thus three error magnitudes are obtained solving (1) modulo 2m.
If the denominator of Δ mod 2m is still a multiple of 2, then more than three
errors are detected.

Theorem 2. With the above hypotheses and notations, if T 3
1 = T3 mod 2, a

single error is detected, and the magnitudes of the remaining errors may be zero
divisors. The error position j1 is obtained from the error locator polynomial
σ(z) = z − T1 mod 2; the remaining error positions are obtained from the
error locator polynomial σ(z) = z2 − σ̄1z + σ̄2 where σ̄1 = τ1 mod 2, and
σ̄2 = τ2 mod 2 with

τ2 =
T3 − T4 + τ1(T3 − T2)

T2 − T1

mod 2m , (2)

and τ1 a root of the equation

x2 + x +
T6(T1 − T2) + T 2

4 − T4(T1 + T3) + T2T3

T4(T2 − T1) − T 2
2 − T 2

3 + T3(T2 + T1)
= 0 mod 2m . (3)

If τ1 is divisible by 2, then more than three errors are detected.

Proof. The error position j1 is computed from the zero of z − T1 mod 2, thus
we only need five equations to compute the remaining five unknowns. It is
convenient to define the variables X̄2 = Ξ−j0

m Ξj2
m and X̄3 = Ξ−j1

m Ξj3
m, associated

to the error positions; then, performing this substitution into the five equations

E1Ξ
�j0
m + E2Ξ

�j2
m + E3Ξ

�j3
m = S�, � = 1, 2, 3, 4, 6 ,



244 M. Elia

we get the five equations

E1 + E2X̄
�
2 + E3X̄

�
3 = S̄�, � = 1, 2, 3, 4, 6 ,

where the bar syndromes are defined as S̄� = Ξ−�j0
m S�. Finally, we obtain four

syndrome equations for the four unknowns E1, S̄5, σ̄1, and σ̄2⎧⎪⎪⎨
⎪⎪⎩

S̄3 − σ̄1S̄2 + σ̄2S̄1 = E1(1 − σ̄1 + σ̄2)
S̄4 − σ̄1S̄3 + σ̄2S̄2 = E1(1 − σ̄1 + σ̄2)
S̄5 − σ̄1S̄4 + σ̄2S̄3 = E1(1 − σ̄1 + σ̄2)
S̄6 − σ̄1S̄5 + σ̄2S̄4 = E1(1 − σ̄1 + σ̄2)

Solving for σ̄1 and σ̄2 we get the claimed expressions. If τ1 is divisible by 2,
then σ̄1 cannot be computed, which means that more than three errors are
detected.

4 - Decoding lifted codes over Z3m

We assume that the error pattern to be estimated is ê(x) = E1x
j1 + E2x

j2 ,
where E1 and E2 are the error magnitudes, and j1 and j2 are the error positions.
If the number of errors is greater than 2, then we set ê(x) = 0.
Letting Θm to denote a root of g3m(x), a simple description of the algorithm
makes use of a set of four syndromes

Sj = r(Θj
m) = E1Θ

j1j
m + E2Θ

j2j
m j ∈ {1, 3, 4, 5} .

The procedure always finds j1 and j2, and computes the error magnitudes by
solving a system of two equations, for example

E1Θ
j1
m + E2Θ

j2
m = S1 , E1Θ

5j1
m + E2Θ

5j2
m = S5 .

More than two errors are detected if at least one of the computed errors E1

or E2 does not lie in Z3m . The following theorem is key to the algorithm
motivation. Let us assume that S1 is not zero, and set T1 = S1

3jo , T5 = S5

3jo ,
where jo is defined as the minimum integer such that at least one among T1

or T5 taken mod3 is not zero.

Theorem 3. With the above hypotheses and notations:

i) If only T1 or only T5 taken modulo 3 is zero, then more than two errors
are detected.

ii) If T 5
1 = T5 �= 0 mod 3, an error is located in position j1 from the root

in F35 of σ(z) = z − (T5

T1
)1/4. Moreover, if S5 − Θj1

mS4 �= 0 mod 3m, the

second error position j2 is computed from the root Θj2
m of

z − S5 − Θj1
mS4

S4 − Θj1
mS3

= 0 mod 3m .
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iii) If T 5
1 �= T5 �= 0 mod 3, the error locator polynomial σ(z) = z2 − T1z + σ2

is computed, where σ2 is the root of σ2
2 − T 2

1 σ2 +
T5−T 5

1

T1
= 0 such that

σ22
2 = 1, then

1. If the roots z1, z2 of σ(z) = 0 are in GF (35), then two errors are lo-
cated in positions j1 and j2, and the error magnitudes are computed
from the system

{
E1Ξ

j1
m + E2Ξ

j2
m = S1

E1Ξ
5j1
m + E2Ξ

5j2
m = S5

(4)

2. If the roots of σ(z) = 0 are not in GF (35), then more than two
errors are detected.

Proof. Statement i) is a trivial consequence of the fact that the syndromes
modulo 3 are powers of each other, thus, if some syndrome is zero, necessarily
more than three errors are detected.
The first part of statement ii) is an immediate consequence of the fact that,
in F3, a single error occurs if T1 = E1θ

j and T5 = E1θ
5j , thus considering

the ratio T5

T1
= θ4j1 we get j1 from the claimed equation. To compute E1, E2,

and the error position j2, we consider a system of three equations for three
unknowns which can be written knowing S3, S4 and S5

⎧⎨
⎩

S3 = E1Θ
3j1
m + E2Θ

3j2
m

S4 = E1Θ
4j1
m + E2Θ

4j2
m

S5 = E1Θ
5j1
m + E2Θ

5j2
m

.

From this system two equations are obtained by eliminating E1, that is
S4 − Θj1

mS3 = E2Θ
3j2
m (Θj2

m − Θj1
m) and S5 − Θj1

mS4 = E2Θ
4j2
m (Θj2

m − Θj1
m) whose

ratio yields the claimed result. The proof of item iii) is essentially the same as
that given in [8] for the perfect ternary Golay code.

5 - Decoding lifted codes over 2-adic and 3-adic

rings

The 3-adic Golay code is an MDS code, thus it has minimum distance 6, al-
though it may correct only 2 errors; thus the same algorithm working over the
finite rings may be applied to decode this code.
The situation is totally different for the 2-adic Golay code, which is an MDS
code with minimum distance 12 [5]; thus it can correct 5 errors, and the decod-
ing algorithm for the perfect Golay code can no longer be lifted. Furthermore,
it is questionable whether a decoding algorithm for the 2-adic Golay code will
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ever be of any use. However, for purely theoretical purposes, a decoding algo-
rithm of moderate complexity may be the following.
Let r(x) = c(x) + e(x) be a received word, where the error pattern is assumed
to be

e(x) = E1x
j1 + E2x

j2 + E3x
j3 + E4x

j4 + E5x
j5 ,

and let σ(z) = z5−σ1z
4+σ2z

3−σ3z
2+σ4z−σ5 be the error locator polynomial.

To compute the 5 elementary symmetric functions, it is necessary to compute
the 11 syndromes Sj = r(Ξj

m), j ∈ C(2), which allow us to write a syndrome
system of 13 equations in 12 unknowns, namely the 5 elementary symmetric
functions and 7 syndromes that cannot be computed from r(x):

Sj = σ1Sj−1 − σ2Sj−2 + σ3Sj−3 − σ4Sj−4 + σ5Sj−5 j = 6, . . . , 18 .

A direct approach to this system entails solving an algebraic equation of degree
8192. This complexity may be significantly reduced for computational pur-
poses, by considering a set of three elementary symmetric functions {σ̄1, σ̄2, σ̄3}
in X1, X2, X3 and writing⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

σ1 = σ̄1 + X4 + X5

σ2 = σ̄2 + (X4 + X5)σ̄1 + X4X5

σ3 = σ̄3 + (X4 + X5)σ̄2 + X4X5σ̄1

σ4 = (X4 + X5)σ̄3 + X4X5σ̄2

σ5 = X4X5σ̄3

Substituting into the above system we get

Sj − (X4 + X5)Sj−1 + X4X5Sj−2 = σ̄1(Sj−1 − (X4 + X5)Sj−2 + X4X5Sj−3)−
σ̄2(Sj−2−(X4+X5)Sj−3+X4X5Sj−4)+σ̄3(Sj−3−(X4+X5)Sj−4+X4X5Sj−5)

for j = 6, . . . , 18. The pair of variables X4, X5 may take 253 values, thus
we may consider 253 systems, and for each system derive the cubic error lo-
cator polynomial for the remaining three errors. Following this approach, we
need only 7 syndrome equations, since for each system we have only three un-
known elementary symmetric functions, and four unknown syndromes, namely
S5, S7, S10, and S11. Moreover, using an additional syndrome equation, the
three elementary symmetric functions may be obtained from linear equations.
The burden is the reduction process, which may be fast when all variables
assumed to be known have specific numerical values.

6 Conclusions

Algebraic decoding algorithms for binary and ternary Golay codes lifted over
the corresponding power rings are described in full. The same algorithm also
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works for the 3-adic Golay code, while the situation is totally different for
the 2-adic (23, 12, 12) Golay code which is MDS; for this code, an algebraic
decoding algorithm of moderate complexity to correct 5 errors is outlined.
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