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Abstract 
 

The residue number system (RNS) is a carry-free number system which can 
support high-speed and parallel arithmetic. One of the major issues in efficient 
design of RNS systems is the residue to weighted conversion. In this paper, we 
present an efficient design of residue to weighted converter for the newly 
introduced moduli set {3n–2, 3n–1, 3n}, based on mixed-radix conversion (MRC) 
algorithm. The proposed residue to weighted converter is adder-based and 
memory-less which can results in a high-performance hardware. The proposed 
residue to weighted converter has better performance and also eliminates the use 
of multiplier, compared to the last work. 
 
Keywords: Computer arithmetic, Residue number system (RNS), Multiple-valued 
logic (MVL), Residue to weighted converter 
 
 
1 Introduction 
 

The residue number system (RNS) is a non-weighted number system which 
speed up arithmetic operations by dividing them into smaller parallel operations. 
Since the arithmetic operations in each moduli are independent of the others, there 
is no carry propagation among them and so RNS leads to carry-free addition, 
multiplication and borrow-free subtraction [1]. One of the major issues in efficient 
design of RNS systems is the residue to weighted conversion. The algorithms of  
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residue to weighted conversion are mainly based on chinese remainder theorem 
(CRT), mixed-radix conversion (MRC) [1] and new chinese remainder theorems 
(New CRTs) [2]. In addition to these, novel conversion algorithms [3] which are 
designed for some special moduli sets have been proposed. 

Multiple-valued logic (MVL) has been proposed as a means for reducing the 
power, improving the speed, and increasing the packing density of VLSI circuits 
[4]. In MVL, the number of discrete signal values or logic states extends beyond 
two. Arithmetic units implemented with MVL achieve more efficient use of 
silicon resource and circuit interconnections [5]. There is a clear mathematical 
attraction of using multiple-valued number representation in RNS. The modular 
arithmetic that is inherent in MVL can be match with modular arithmetic needed 
in RNS. 

The first MVL-RNS system was introduced by Soderstrand et al. [6] to design 
a high speed FIR digital filter. The residue to weighted converter proposed in [6] 
is based on chinese remainder theorem (CRT) and implemented with read-only 
memories (ROM's). this converter is practical to implement small and medium 
RNS dynamic ranges and it is not appropriate for large dynamic ranges. In [7], 
new RNS systems based on the moduli of forms ra, rb–1 and rc+1 are presented. 
Abdallah et al. in [7] developed a systematic framework utilizing high-radix 
arithmetic for efficient MVL-RNS implementations and proposed many radix-r 
moduli sets. This moduli sets are not include pairwise relatively prime moduli, 
and this resulting in reduced dynamic ranges and unbalanced moduli. The residue 
to weighted converter presented in [7] is based on CRT and because of the scale-
down factors which are used for making moduli pairwise relatively prime, 
conversion delay and cost are increased. Recently, In [8] a  new residue number 
system based on the  moduli set {3n –2, 3n –1, 3n} was introduced. This moduli set 
includes pairwise relatively prime and balanced moduli that offers large dynamic 
range and simple realization of related circuits. The residue to weighted converter 
presented in [8] is based on CRT and requires multipliers and large modulo adder, 
so its area and delay complexities have been increased. 

In this paper, we developed a two-level MRC algorithm for designing an 
efficient residue to weighted converter for the moduli set {3n – 2, 3n – 1, 3n}. The 
proposed hardware architecture for residue to weighted converter is multiplier-
free and memoryless. In comparison with the residue to weighted converter 
proposed in [8], our converter has better performance in terms of area and delay. 
 
 
2 Background 
 

A residue number system is defined in terms of a relatively-prime moduli set 
{P1,P2, …,Pn} that is gcd(Pi,Pj)=1 for ,...,n,jiji 21and , =≠ . A weighted number 
X can be represented as X=(x1,x2, … ,xn), where 

ii
i

ii PxPXPXx <≤== 0, mod                                            (1) 

Such a representation is unique for any integer X in the range [0,M-1], where  
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M=P1P2…Pn is the dynamic range of the moduli set {P1,P2, …,Pn} [9]. 

Addition, subtraction and multiplication on residues can be performed in 
parallel without any carry propagation among the residue digits. Hence, by 
converting the arithmetic of large numbers to a set of the parallel arithmetic of 
smaller numbers, the RNS representation yields significant speed up. 
The algorithms of residue to weighted conversion are based mainly on chinese 
remainder theorem (CRT) and mixed-radix conversion (MRC). 

Chinese Remainder Theorem: by CRT, the number X is calculated from 
residues by 

M

n

i
i

i
ii MPNxX ∑=

=1
                                                         (2) 

where ii PMM =  and 
i

ii PMN || 1−=  is the multiplicative inverse of Mi modulo Pi. 

Mixed-Radix Conversion [10]: the weighted number X can be computed by 

∏ ++++=
=

n

i
in aPaPPaPaX

1
112123...                                        (3) 

where ais are called the mixed-radix coefficients and they can be obtained from 
the residues by 
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where n>1 and a1=x1. 
For a simple 2-moduli set {P1,P2}, the number X can bconverted from its residue 
representation (x1,x2) by 

2
2

1
11211121 )(

PPPxxPxPaaX −−⋅+=+=                       (5)                      

where 
2

|| 1
1 PP−  is the multiplicative inverse of P1 modulo P2. 

The RNS with Moduli Set {3n – 2, 3n – 1, 3n}: In [8], a new moduli set {3n –2, 
3n –1, 3n} was introduced for RNS. This moduli set contains pairwise relatively 
prime and balanced moduli which can offer large dynamic range and fast internal 
RNS processing. Because of using of  high radix (r=3), this RNS can be simply 
realized in ternary-valued logic (TVL). Addition circuits for moduli set {3n –2, 3n 
–1, 3n} can be obtained by using the method of [8] as follow. 

If we consider three numbers A, B and C as the residues in respect of the 
modulo m, then addition of these numbers in modulo m, can be performed as 

 
⎩
⎨
⎧

−++⇒≥++

++⇒<++

mCBAmCBA

CBAmCBA

        

        
                               (6) 

In other words, if the result is greater than or equal to the moduli, we add it to 
the complement of the moduli and ignore the carry out. For performing the 
addition operation in the modulo 3n, we add up two numbers and as the carry out 
is a multiple of 3n, we simply ignore the carry out. The corresponding circuit is 
illustrated in Fig. 1. It should be noted that the full adder (FA) basic cell in ternary 
is a 4-input adder cell [7]. 
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Fig. 1. Modulo 3n adder 

 
In modulo 3n–1 if the result is greater than or equal to the 3n–1 then the result 

will be added to the complement of the modulo, i.e. 3n – (3n–1)=1. By using 
parallelism, the result and the same result plus one are generated simultaneously 
and by using a multiplexer, the correct value will be directed to the output. The 
corresponding circuit is presented in Fig. 2. 

 
 

 
Fig. 2. Modulo 3n –1 adder 

 
In modulo 3n–2, if the result of addition is greater than or equal to 3n–2 then it 

will be added to the complement of the modulo which is 3n–(3n–2)=2. An 
interesting property of TVL is the possibility of having a carry in generated equal 
to two (in an adder in the base 3, carry in can be between zero and 2). Fig. 3 
shows the circuit of this modulo 3n–2 adder. 

 
 

 
Fig. 3. Modulo 3n –2 adder 
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3 Residue to Weighted Conversion Algorithm 
 

We propose a two-level conversion algorithm for the residue to weighted 
conversion of the moduli set {3n – 2, 3n – 1, 3n}. In the first level we use a MRC 
block for combining the two residues. The second level consists of another MRC 
block combining the result of the first level with the third residue. Fig. 4 shows 
the block diagram of the proposed residue to weighted converter. 

 

 
Fig. 4. Block diagram of the proposed converter 

 
The following propositions are needed for the derivation of our algorithm. 
Proposition 1: the multiplicative inverse of  3n–2 modulo 3n is k0=(3n–1)/2. 

Proof: it is clear that 223 3 −=− nn , so 

12
2
1

)23(
2

)13(
)23(

33
30 =−×−=−×

−
=−×

nn

n
n

n
nk               (7) 

Proposition 2: the multiplicative inverse of  3n(3n–2) modulo 3n–1 is k1= –1. 
Proof: Since 13 13 =−nn  and 123 13 −=− −nn , we have 

1111

)23(31)23(3

13

13131

=−××−=

−××−=−××

−

−−

n

n
nn

n
nnk

                           (8) 

Consider the three-moduli set {3n – 2, 3n – 1, 3n} and let the corresponding 
residues of the integer X be (x1,x2,x3). Consider the moduli set {3n – 2, 3n}and 
Z=(x1,x3). Using the MRC conversion algorithm (5), Z can be calculated by 

nxxkxZ n
31301 )()23( −−+=                                               (9) 

where 
1)23(

30 =− n

nk                                                                      (10) 

Substituting the value of k0 from proposition 1 into (9) gives 

n

xxxZ
n

n

3

)(
2

)13(
)23( 131 −×

−
−+=                                   (11) 

The above equation can be rewritten as 

two-channel MRC using moduli set {3n, 3n–2} 

two-channel MRC using moduli set {3n(3n–2), 3n–1} 

1x 2x3x

X
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TxZ n )23(1 −+=                              (12) 
where 

n
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we know that 
)1(10 3...33

2
)13( −+++=

− n
n

                                                                              (14) 

Therefore, (13) can be rewritten as 
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where 
nxxV

313 −=                                                                      (16) 
Vis in (15) can be obtained by the i digit left shifting of V. Since the final result of 
the addition of Vi temrs must be reduced in modulo 3n, we only need to consider 
the least significant n digits of Vi terms, and the other digits are ignored as they 
are multiplies of 3n. The equation (12) can be rewritten as 

TTxZ n 231 −+=                                                                  (17) 
Now, consider the moduli set {3n(3n–2), 3n–1}and X=(Z,x2). Using the 

derivation like before, X can be calculated by 

1321 )()23(3
−

−−+= nZxkZX nn                                          (18) 
where 

1)23(3
131 =−
−

× n

nnk                                                        (19) 

By substituting the value of k1 from proposition 2, we have 

132)23(3
−

−−+= nxZZX nn                                                (20) 
So, (20) can be rewritten as 

)(3)3(233 22 DDDZDDZX nnnn −−++=−+=                (21) 
where 

132 −
−= nxZD                                                                   (22) 

Since Z is a 2n-digit number, we can write 

13201132013
−−

−+=−+= nn xZZxZZD n                       (23) 

where Z1 and Z0 have digit level representation as 
)( 1121 nnn zzzZ +− ⋅⋅⋅=                                                           (24) 

)( 0110 zzzZ n ⋅⋅⋅= −                                                                 (25) 
 
Example: Given the moduli set {3n– 2, 3n – 1, 3n} where n=2. The residue 

number (1,4,2) converted into its equivalent weighted number as follow 
For n=2 the moduli set is {7,8,9}. So, by substituting values in (11) and (20) we 
have 
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291471
9
=×+=Z  

924299729
8
=−×+=X  

To verify the result, we have 
192

71 ==x  
492

82 ==x  
292

93 ==x  
Therefore, the weighted number 92 has RNS representation as (1,4,2) in the RNS 
with moduli set {7,8,9}. 
 

4 Hardware Implementation 
 
The MRC  block of the first level are represented by equations (15)–(17) 

whereas equations (21) and (23) represent the MRC block of the second level. 
Details on the first-level and second-level are as follow. 

 
The First Level: Equation (16) can be calculated by a regular n-digit ternary 

adder. Then, (15) is implemented by an n-digit ternary multioperand adder which 
is consists of a n-digit ternary carry save adder (CSA) tree followed by a regular 
n-digit ternary adder. Finally, (17) can be calculated by a 2n-digit regular ternary 
adder. It should be noted that since x1 is an n-digit number, no extra hardware is 
needed for computation of x1+3nT. The desired result can be obtained by 
concatenating x1 with T. Fig. 4(a) shows the hardware implementation of the first 
level of the residue to weighted converter. 

 
The Second Level: Equation (23) can be performed by an n-digit modulo(3n–1) 

ternary adder which is shown in Fig. 2. calculation of (21) rely on an n-digit 
ternary adder followed by a 3n-digit regular ternary adder. Like before, since Z is 
a 2n-digit number, no extra hardware is needed for computation of Z+32nD. Fig. 
4(b) shows the hardware implementation of the second level of the residue to 
weighted converter. 

 
As shown in figures 1 and 2, the proposed residue to weighted converter for the 

moduli set {3n – 2, 3n – 1, 3n} is multiplier-free and consists of ternary adders. 
The residue to weighted converter for the moduli set {3n – 2, 3n – 1, 3n} which is 
presented in [8], is based on direct implementation of the CRT algorithm and 
requires n-digit ternary multipliers and a modulo (3n – 2)(3n – 1)(3n) ternary adder 
for final reduction. So, as a result, the converter of [8] achieve long conversion 
delay and high hardware cost. But the larger modulo adder used in our converter 
is a modulo (3n–1) adder and also the proposed design eliminates the use of 
multiplier. Therefore, our proposed residue to weighted converter has better 
performance than the residue to weighted converter of [8]. 
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Fig. 4 Hardware architecture of the first level (a) and the second level (b) of the converter 

 
 
5 Conclusion 

 
In this paper an efficient design of the residue to weighted converter for the 

moduli set {3n–2, 3n–1, 3n} is presented. The proposed hardware implementation 
of the residue to weighted converter is multiplier-free and memoryless, which can 
be efficiently implemented in VLSI. In comparison with the last residue to 
weighted converter for the moduli set {3n – 2, 3n – 1, 3n}, the proposed design has 
better performance. 
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