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Abstract

The authors study the small oscillations of a compound pendulum partially filled
by a heavy liquid, in presence of surface tensions.

Using the variational formulation of the problem, they prove that, under a very
simple geometrical condition, it is a classical vibration problem.

On the other hand, introducing the operatorial equations of motion, they prove
that the eigenvalues equation can be obtained by equaling to zero an absolutely
convergent infinite determinant.
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1. Introduction

The problem of the small oscillations of a heavy system formed by a container
partially filled by an inviscid liquid has been the subject of a number of works
(Moiseyev and Rumiantsev 1968).

The same problem has been studied more recently in the case of a liquid
submitted to surface tensions and oscillating in a fixed container (Morand et
Ohayon 1992, Kopachevsky and Krein, Vol 1, 2001).
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In this work, the authors consider the problem of a moving container partially
filled by a capillary liquid, restricting themselves to the simple case of the

compound pendulum.

Using the variational formulation of the problem and suitable Hilbert spaces, they
prove that, under a simple geometrical condition, the problem is a classical
vibration problem.

On the other hand, introducing the operatorial equations of motion, they obtain the
eigenvaluesequation by equaling to zero an absolutely convergent infinite
determinant.

2. Position of the Problem

The container is a compound pendulum oscillating about a fixed @int
We use the axe©x, Oy, Oyvertical upwards (unit vectors ,y ).

In the equilibrium position, the container is symmetrical with respeddyo It
contains an incompressible inviscid liquid (denspy that occupies a domai
bounded by the wetted paB of the wall of the container and the horizontal free
line T or AB (AB=0), the equation of which isy=-h (h>0). The mass of
the pendulum is denoted b, its center of mass by, (660 =-dy; d> 0); g

is the acceleration of the gravity.

At the instantt, the liquid occupies the domaif, , bounded by the wetted part
Z, of the wall of the container and the free life or AB'. If G is the

position of G,at the instantt, we set0G,,0G=6¢), 6 and its derivatives

being small. Introducing the axe®X, OY, Ox,0X=6 , we denote by
Y=-h+7(X 1) the equation ofl,, ¢ and its derivatives being small.
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We suppose that the pressure above the free line is equal to zero and we take into
account the constant surface tension

We are going to study the possible small oscillations of the system
pendulum-liquid about its equilibrium position, in linear theory.

3. Equations of motion
3.1. Let usconsider theliquid

If P isthe pressure, we introduce the dynamic pressurby
P=-pg(y+h+p

Then, if d(x yt) is the small displacement of a particle from itsiigoyrium

position, we have

(1) pli=—gradp (Euler's equation);

divi=0 (incompressibility)
Integrating from the equilibrium position to the instantwe have

(2) divii=0
The kinematic condition can be written

def

3) u,, =00 =6(xy, - yp,) ;
def

(4) U, =M =¢+6x,

A, andn- being the unit vectors normal t& and T .

3.2. Let uswritethe equations deduced from the laws of the capillarity

a) Denoting by a the anglen., fi; at the pointsA and B, the conditions of
contact angle are (Morand et Ohayon 1992)

(20 Jead ofo04) (oo
®) Z(iE’tJ_iRsinaZ(i 2’@' ( _axj'

whereR is the radius of curvature of at the pointsA and B.

b) The Laplace law on the free line in the equilibrium position is verified, because
the pressure on the ling =—h is equal to zero.
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We obtain easily the Laplace law dnp  (Morand et Ohayon 1992)
(6) p. =p9({+0X)-"
{" being classically the curvature df, .

3.3. The theorem of the moment of momentum for the system
pendulum-liquid gives.

I9+L2,o(x(jy - yUX) dQ=-mgd-p ger xQ, ,

| being the moment of intertia of the pendulum alfout
We can write

paf, xdQ, =pgf (X-0Y) @, =p §[ ye-p § Xa
But we have
pl ydQ=my,
wherem, is the mass of the liquid an@, its center of mass in the equilibrium

position, and
Jo, xda = xda+ [ Xdxdv= jr( [ d} Xd% [ fxTo.

On the other hand, we have, using the Euler's equét) and the Green formula

o

==[,p. 0, ~yn,) &~ pd
Finally, using the condition (6), we obtain the atjon

(7) Iéz_K20+Iz p\z (XnZy B yQX)CE_TIr Xt d

where
J =pjrx2dr : Kzzg(md— my - u)
K?being positive if the pendulum is preponderant.

4. Variational formulation of the problem

4.1) Let use introduced arbitrary in R, a smooth functiod defined in
Q and verifying

divi=0 ,in Q , d, =8(xn, - yn,),
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and? by ay, = +0x .
Using the equation (1) and the Green formula, we ha

JpltidQ = -] gradptuc=—[ pTy, @~ p7y O .
Using the condition (6), we obtain
o - = 2 = — _ " = = " _
166 +[_plildQ + K66+ pgf y T d -7 § 7y d+or[ & &8=0
Integrating by parts the last two integrals andngknto account the condition (5),
we obtain the variational equation

L= = 2 _ g

I99+jgm DI]dQ+[K +m(1 ZRSmﬂ pgj Y,
A 9% (94

(8) +TD uy G dr Rsina{q“ ( 2} Lhr( 2)

ezt (355

so that the problem is self adjoint.
We are going to study the equation (8).

( g H
%um(%J—um( 1

Q|

0

4.2) Since | u, dr =0, we look for u, in the space
A (r)={vor*(r); | var =0}
We are going to prove that:

A= inf

o oY
2 2

It is sufficient to seek thisnf in the spaceC?(T")= {vD c(F j vd = 0} since

C*(T) is dense inH*(r).
Introducing the multipliersA and g , we write

5{ " vidx- A{\f(gj+ \2(—9}}}—2#5]”’2 vex0, 06vOC?(T)
- 2 2 -ol2

IU/Z VoV dx= A |: \{2)5{2) + \{—gjd {_Zﬂ _,UIUIZ 5 vdz 0
-ol2 2 2 2 2 -ol2

or, after integration by parts

or
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e ) o2 5] (o
-ol2 2 2 2 2 2 2
So, we obtain for calculatingl the Steklov eigenvalues problem:

V'+u=0; jmvdx:O; v’(gj—)lv(gjzo; v’(—£)+/]v(—£):0
-ol2 2 2 2 2

We find easily two values fonl : 2 and E, so that A :3.
g

g g

4.3) Now, we consider the hermitiansesquilinear forrantmuous in
H*(T)xH*(r):

b(u"\r Uy, ) :-[r %:% a- Rsilna[ th [%jtq“ [22)+ * (_22):% [_%ﬂ

Using the precedent result, we have

b(un\r Yo ) 25(1' Rsilna'jU e (EZJ

In the following, we will suppose

2

) 1-—72 >0
2Rsina

so that

K? 1- Oandb(u, , >0
+T0{ 2Rsinaj> an (un‘r LHr)

It is easy to see that de condition (9) exprestttiecenter of curvature of in
A must be of the right of the axis Oy.

4.4) Let use prove that
a(wV)=pgf [V d+rH{vY

defines omi*(I) the square of a norm that is equivalent to thesital norm|| O, of
H*(r), i.e that there exist>0 such that

% (V)

M

Indeed, if ¢ does not exist, there is a sequefeg OH'(I') so that |v,| =1
and a,(v,,v,) -~ owhen n - «. From the sequencév,} bounded inH*(r'), we
can deduce a sequence, denoted stil{fy, that is strongly convergent in the

space [*(r) ={vO 2(r), [ var =g to vOR*(r)0(r).

From a,(v, - v,,v,- v,) - Owhen n, m- «, we deduce easily

2C .




Analysis of small oscillations of a pendulum 73

b(v, - v, v, - v,) -~ 0and then|v, —\/m||fz(r) -0 .
Therefore, the sequende,} is strongly convergentin ~ H'(F) , so that
|9, =1, in contradiction withv=0.

45) In the variational equation (8), we consider thernhigan
sesquilinear form

al(H,U;é,ﬁ) E [ K? +T0(1— 2R;naj}65+ 30( W, %)

R LA CARACA MCA A

By means of the precedent result and little lorigudation, it is possible to prove

~ U2 -
that, under the condition (9{@(6,0;6’, D)} defines onCxH*(r') a norm that
Is equivalent to the classical norm of this space.

4.6) Since, by the Lagrange’s theorem, is a gradient, we introduce
the space

L =(6.0)'; 60C; 0=gratp ;g0 i (Q) {pOH(Q) [ 4, ar= b
divi=A¢=0 in Q; u, Z%k =e(qu— y@x) 4, =%|FD H(r)
equipped with the hilbertian norm defined by
Jul; =l6t* + [, " a0 +|u,
and the spacey , completion ofV for the norm defined by
Ul =1let*+ ], pldf"dQ .

2
1

Writing a(u,U) instead of a(6,0;6,3) , we obtain the precise variational

formulation of the problem:
To find U (JOV such that

(10) (U’,U)X+a(u,0)=omu mY;

4.7) Using a method and calculations that can be foundhe book
(Sanchez Hubert, Sanchez Palencia 1989, pp 66s68jkhat we omit the proof-
we see that the problem (10) is a classical vibngproblem.

Therefore, if the pendulum is preponderant and urile simple condition
o <2Rsina , there exists a countable infinity of positivalreigenvalues
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O<KUL <SS <..6f — +o0
The corresponding eigenelemeim;s(6?n,Un)t form an orthonormal basis iy
and an orthogonal basis M equipped with the scalar produe(u,U).

5. Operatorial equations of motion

5.1) We introduce the displacement potentig(x, y,t) defined by
d=gradp .
Using the equations (2), (3), (4), we see thatverifies
Ap=0 in Q ; g—ﬁh:e(xniy—yrh) ; g—ﬁ|r:(+9x
We are going to seelg in the form
p(xyt)=9"(x v, )+o(e(x Y |
¢”and® being solutions of the Neumann'’s problems
Ag"=0 in Q; ‘L”D|z:o : aim|r:( ;[ gldr=o;
" on " on bt ’

AD=0 in Q: 9®
on

s = XN, YN jrqrdr:o .

®(x,y)is a Joukowski's potential, depending on the fofmQ .
On the other hand, i¥ 02 (r) , it is well-known that the first problem has a gmilized
solution
$"0A(Q)={¢"0H(Q), [ g7dr =9
and only one and that
# =K
K beingan operator bounded frory(r) into [*(r), self-adjoint, positive

definite and compact.
From the Euler’s equation (1), we deduce

p=-pp+dY
So that
P, =—,0(KZ+6? ¢‘r)+o(t).
Using the condition (6), we obtain the equation
-p(KZ+8 @ )+c(t)= pg(¢ +6X)-"
Integratingon ', we calculatec(t) and we obtain finally a first equation
between 8(t) and {(x,t)
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. N " r g g1]|=
(11) p(ki+® 8)+pg(+0x )-1 +JRsina[Z(_2)+Z(__2ﬂ_o

5.2) Now, we transform the left-hand side of the equrabf the moment
of momentum.

We have
[.o(xu, - yu) :J‘Qp{a((;;(ﬁ) _6(63)/(¢)} D
=p[,#(xn, - yn) doQ) ,

[, (x4, - ya) @ =0 922 do0)
$andd being harmonic, we can write

jm¢—d (6Q)=] ¢6¢ d(eQ)=[ o (afn +‘9ﬁj d(Q)
and finally
IaQ¢—d (0Q) = [ @ Zdr +6] gradwdQ
Setting
| +pf grad®dQ=1,; md-my =mg(m=m+m; g>0),
we obtain another equation fd(t) and¢ (x,t).

(12) pf ® {dr+1,8+mag+pd X d=0

5.3) We transform the equation (11) by introducing thebaunded

operator A, of [*(r)defined by
T g g
aRsina{Z(_ZjﬁLZ( _ZH

D(A0)={ZDH2(F)J [ ¢dr=o0; f(igj:imlma((igzj}

It is easy to verify that

Aol =-10"+pgd +

(Ro¢.0), =20(¢.€) D2, £OD(A),
so that theFriedrich’s extension &,, denoted still by, is the unbounded
operator associated to the foraa(( Ve ) , continuous and coercive in
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H*(r)xH*(r)and the pair(H*(r),C2(r)).
Then the equation (11) takes the form

(13) p(KZ+CD‘r9)+pg)$r6+AOZ:O

In order to obtain the equations with bounded dpesawe set
AY?Z=n0OL%(T).
ApplyingA;“* to the equation (13), we obtain

(14) IO(A61/2KA61/2,7+A Bl/Z(D‘ré )+,09A 51/2)$r0+,7:0
and the equation (12) can be written

(15) p(A2® 1), +18+mas+po(AT? x,1), =0

(r)

6. Theegenvaluesequation

We set
N - A—l/ZKA -1/2
0 0 -
N is obviously compact fron¥ (r)into [*(r)and, since
(N7.2)ey =(KEE) sy
it is self-adjoint and positive definite.
Therefore, N has a countable infinity of positive eigenvalues
Wz =2 2> 1 - 0whenn - o
If ¢,x), n=1,2,... are the orthonormalizedeigenfunctions, we have
N@g, =19, n=12,..
Since n7(xt), Nn(xt), A% , Aj”® belong to *(r'), we can write
n(xt) =37, 08,(); N7 (xt)~ > 12, (0, (%);
A(;l/z )ﬁr - zan¢n(x) l A(;l/z CD", -~ Zﬁn¢n(x)

(the sign ~ indicates the convergence if (I))
The equation (14) gives the denumerable infinitgp@diations

(16) ,o(uf/'jn+,8n9)+pgan0+/7n:0, n=12,..
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and the equation (15) takes the form
(17) pZﬁnﬁn-'-Ioé+m0age+pgzan,7n:0
Seeking the solutions of (16), (17) in the foréit) =9, , n,(t)=1,€“, 6,

and the 7,, being constants andv being real, we obtain the system of a
countable infinity of linear equations fof}, and ther,,.

_ Io(‘-'2 P — B =
(18) %P %%J+magh“w% fr) =0

60(9a, - B,67) + 110, (1- ppile?) =0, n=1.2,..

The infinite determinant of this system is

1- Ioaf p(gal_wzlgl) p(gaz_wzlgz) ,o(ga'n—wzﬁn)
mag mag mag  mag

p(ga, - Ba?) 3 pLa? 0 0

,0(90'2 _1820)2) 0 1—,0,[1220)2 0

p(ga, - B.oF) 0 0 Apriaf

It is a Von Koch’s determinant ( Riesz, 1913) ahdsiabsolutely convergent
because the series

S, Dat, Y.B, Y a,B, areconvergent.
Equaling to zero, we obtain the equation for tlyeevalues«’ , n=1,2,....
Truncating this determinant, it is possible to aidte the first eigenvalues.
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