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Abstract 

In this paper the functional parameters involved during the Friction Stir Welding 

process is considered as numerical data and applied it over a Hyper Geometric Function 

and changes in Gamma values are studied. The aim of welding needs to be defect free 

which requires uniform distribution of weld bead. This uniform distribution is dependent 

on functional parameters viz., welding rotational speed, weld transverse speed and axial 

load. An elegant mathematical analysis of these welding parameters is done using the 

techniques of Gauss Hyper Geometric Function. In Gauss Hyper geometric Function, one 

of the weld parameter of FSW is kept as fixed parameter and remaining two parameters are 

changed and calculated for gamma value. The combination of different weld speed and 

rotational speed with fixed axial load are found for the effective combination of functional 

parameters based on uniformity of gamma value. It is experimentally executed on  

AA7075-T6 and AA2024-T6 combination of alloys for testing the weld homogeneity.  

 

Introduction 

In mathematics, a hyper geometric series, in the most general sense, is a power 

series in which the ratio of successive coefficients indexed by ‘n’ is a rational function of 

‘n’. The series, if convergent, will define a hyper geometric function, which may then turn  
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out to be defined over a wider domain of the argument by analytic continuation [5]. Hyper 

geometric functions have many particular special functions as special cases, including 

many elementary functions, the exponential, the logarithmic, the trigonometric, the 

binomial, the Bessel functions, the incomplete gamma function, the error function, the 

elliptic integrals and the classical orthogonal polynomials. This phenomenon is in part 

because the hyper geometric functions are solutions to the hyper geometric differential 

equation, which is a fairly general second-order ordinary differential equation. The term 

hyper geometric series also refers to a special type of these series, also known as Gauss's 

series (Carl Friedrich Gauss), which were the object of a great deal of interest in the 19th 

century. The series 2F1 are called Gauss's hyper geometric functions, classical standard 

hyper geometric or often simply hyper geometric series [3]. In mathematics, the hyper 

geometric series satisfies many identities. Gauss was born on 30th April 1777 in 

Brunswick, Duchy of Brunswick (now Germany). Gauss publications in 1816 include a 

rigorous treatment of series and an introduction of the hyper geometric function. Gauss 

independently discovered the arithmetic-geometric mean, as well as the law of quadratic 

reciprocity and the prime number theorem. He published the book Disquisitions 

Arithmeticae in the summer of 1801.  

Friction Stir Welding: 

A method of solid phase welding, which permits a wide range of parts and 

geometries to be welded are called Friction Stir Welding (FSW), was invented by 

W.Thomas and his colleagues at The Welding Institute (TWI), UK, in 1991.  Friction stir 

welding has a wide application potential in ship building, aerospace, automobile and other 

manufacturing industries. The process proves predominance for welding non-heat treatable 

or powder metallurgy Aluminum alloys, to which the fusion welding cannot be applied. 

Thus fundamental studies on the weld mechanism, the relation between microstructure, 

mechanical properties and process parameters have recently been started. Friction stir 

welding is a relatively simple process as shown in Fig.1 

 
Fig.1 Schematic illustration of Friction Stir Welding 
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In FSW the nugget zone is located in the middle and at each side three different 

zones can be detected. As shown in Fig.2 these zones are known as (a) Heat Affected Zone 

(HAZ); (b) Thermo Mechanical Affected Zone (TMAZ) and (c) Nugget Zone (NZ). 

 

 
 

Fig.2 Typical cross section of the weld (600rpm, 10mm/min, 6kN, Taper cyl.threaded tool) 

 

The nugget zone is composed of fine-equiaxed grains which are formed under high 

temperature and large deformation in the weld centre due to the stirring process [6]. The 

TMAZ is the region surrounding the nugget on either side where there is less heat 

deformation compared to the weld center [4]. The simultaneous rotational and translational 

motion of the welding tool during the welding process creates a characteristic symmetry 

between the adjoining sides. The side where the tool rotation coincides with the direction 

of the translation of the welding tool is called the advancing side (AS), while the other 

side, where the two motions, rotation and translation counteract is called the retreating side 

(RS) [7,1].  

Tool geometry, which consists of a threaded pin and a shoulder, is one of the most 

influential aspects of the friction stir process (FSP) development. The tool geometry plays 

a critical role in material flow and in turn, governs the traverse rate at which FSW can be 

conducted [2]. In this study, right and left helical pin screwed welds have been utilized in 

order to study the effect of pin structure on the mechanical and micro structural properties 

of the post-weld aged welded joints. For the right helical screwed pin, two different 

shoulder diameters have been employed to observe the effect of temperature input into the 

work piece. The gammas values are calculated for different rotational speed and weld 

transverse speed for this pin.  

 

2. EXPERIMENTAL PROCEDURES 

Aluminium alloys of AA7075-T6 and AA2024-T6 were selected for fabricating 

dissimilar joints using FSW process. The thickness for both AA7075-T6 and AA2024-T6 

strips were 5mm.The strips were placed in a butt joint configuration and the welding 

process was carried out normal to the rolling direction of the plates. The length and breadth 

of the plates are 200 and 100mm. Chemical compositions of AA7075-T6 and AA2024-T6 

is given in Table 1 respectively. Table 2 shows the mechanical properties of the BMs. 

Geometry of the two pin profiles photograph used to perform the welding process is shown  
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in Fig.3. The tool is made up of M2 high speed steel and which was tempered and 

hardened to 50 HRC. The welding process was accomplished at five combination of 

welding speeds and rotational speeds 10,20,30,12 and 15 mm/min with 

800,1000,1200,1000 and1200 rpm respectively. The net angle is set to 0º for all tests 

keeping constant axial load 2.5kN. The experimental set up is shown in Fig.4. 

 

Table.1. Chemical composition for the aluminium alloys (Base metals) 

Material Cu Mg Zn Fe    Si Mn Cr Al 

AA2024-T6 1.2 

to     

2 

2.1 to 

2.9  

5.1 to 

6.1  

 ≤ 0.5 ≤ 0.4 ≤ 0.3  0.18 

to  

0.28 

Remaining 

AA7075-T6 3.8 

to 

4.9 

1.2 to 

1.8 

≤ 0.25 ≤ 0.5 ≤  0.5 0.3 

to0.9  

≤ 0.1 Remaining 

 

 

Table.2. Mechanical properties of the base metals 

Material 
Yield stress 

MPa 

Ultimate stress 

MPa 

Percentage of 

Elongation 

Hardness 

(Vickers) 

AA2024-

T6 
327 461 29.5 154 

AA7075-

T6 
498 593 17.7 160 

 

 

 
Fig.3 Tool pin profiles (a) Straight cylindrical threaded (ST)  

(b) taper cylindrical threaded (TT) 
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Fig.4. Experimental set up of the FSW equipment 

The specimens were etched in the modified Keller reagent after polished by a 

diamond paste. The macrostructure figures were taken of the cross section of the welds 

using optical microscopy. The experiment was followed by the Vickers micro hardness 

distribution under the load of 0.05Kgf for 10 s at 1mm neighbouring distances. The 

American Society for Testing and Materials (ASTM) standards were followed in preparing 

the tensile tests specimens. According to ASTM E-1251.The test specimens were loaded 

under 6 KN axial load and the ultimate strengths and the elongations were reported. 

 

Tool Parameters 

Straight cylindrical threaded tool was used as shown in Figure.3. The tool is made 

up of M2 high speed steel and which was tempered and hardened to 50 HRC. The tool 

material composition is given in Table 3. 

 

Table 3: Tool Parameters 

Material C Cr W Mo V Fe 

M2 0.85 4.0 6.0 5.0 2.0 Remaining 
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Mathematical illustration 

GAMMA FUNCTION 

The Gamma function is defined as,  

 

 ( )  ∫     
 

 
        (z) > 0 and t > 0 

 

DUPLICATION FORMULA 
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√    (  )

        ( )
 

SHIFTED FACTORIAL FUNCTION 

 

The shifted factorial symbol or Pochammer symbol for any non zero complex number a is 

defined as 

( )  {
 (   )(   ) (     )             

           
 

GENERALIZED HYPERGEOMETRIC FUNCTIONS 

The generalized hyper geometric series pFq is defined by 
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GAUSSIAN HYPERGEOMETRIC SERIES 

 

In (1) put p = 2 and q = 1, we get Gaussian series is 
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  ]   ∑

( ) ( ) 
( ) 

 
  

  

 

   

 

 

 

This series is converges if | z | < 1 and diverges if| z | > 1. When c = 0 or a negative integer, 

obviously the series is not convergent. In case a or b (or both) is zero or negative integer, it 

is simply the sum of a finite number of terms. 

INTEGRAL REPRESENTATION OF 2F1 

A simple integral representation of the hyper geometric function can be obtained by using 

the Beta function. We know that if c is a non-negative integer, then  

    [
        
 
  ]   

 ( )

 ( ) (   )
 ∫      
 

 

(   )     (    )      

provided |z|  < 1 and  ( )    ( )     

 

GAUSS’S SUMMATION THEOREM 

If c is neither zero nor negative integer and   (     )    ,then 

Gauss summation formulae 

   (       )  
 ( ) (     )

 (   ) (   )
 

 

CLAUSEN HYPERGEOMETRIC SERIES 

 

In (1) put p = 3 and q = 2, we get Clausen series is 
 

   [
     

   
  ]   ∑

( ) ( ) ( ) 
( ) ( ) 

 

   

 
  

  
 

 

This series is converges if |z| < 1 and diverges if |z| >1. When d = 0 or e = 0 (or both) or 

negative integer, obviously the series is not convergent. In case a or b or c (or both) is zero 

or negative integer, it is simply the sum of a finite number of terms. 
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DIXON’S THEOREM 

 

If (1 + a - b) or (1 + a - c) is neither zero nor 

negative integer and    (a - 2b - 2c) > - 2, then 
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4F3 HYPERGEOMETRIC SERIES 

 

In (1) put p = 4 and q = 3, we get series is 
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This series is converges if |z| < 1 and diverges if |z| > 1. When e = 0 or f = 0 or g = 0 or 

negative integer, obviously the series is not convergent. In case a or b or c or d is zero or 

negative integer, it is simply the sum of a finite number of terms. 
 

SUMMATION FORMULA OF 4F3  

If  a/2  or (1 + a - b) or (1 + a - c) is neither zero nor negative integer and <    (a - 2b - 2c)  

> -1,  then 
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Weld trials 
Three sets of welding trials were made at the base material AA7075, only by 

varying the tool rotation speed , welding speed and keeping downward force as constant, 

the values of the parameters are given in Table 4. 

In experiments, For the respective rotational speed of 800,1000 and 1200 , the weld 

transverse speed  is assumed as 10,20 and 30. 
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By substituting the numerical values of functional parameters of FSW on this 

equation, Gamma values are calculated based on Gauss summation theorem in Table 3.  

Table 3. Calculated Gamma values based on Gauss summation theorem  

 Rotational speed, 

r.p.m. 

Weld transverse speed, 

mm/min 

 Axial load, 

KN 

Gamma 

value 

a b c    

800 10 6 1.078754132 

1000 20 6 1.129355031 

1200 30 6 1.164576165 

 

The estimated values of gammas function are getting a wider spread. So, the 

assumed values are not going to give the weld in a uniform geometric pattern. 

The gammas functions are calculated for different rotational speed and weld 

transverse speed. From calculation it is identified that the following transverse speed will 

give a uniform distribution of weld as gamma function gets nearly equal values as shown 

in table.4 

Table 4. Selected parameters based on constant Gamma values using Gauss summation 

theorem 

Rotational speed, 

r.p.m. 

Weld transverse speed, 

mm/min 

Axial load, 

KN 

Gamma 

Value 

a b C   

800 10 6 1.078754132 

1000 12 6 1.075398903 

1200 15 6 1.078633563 

 

3. RESULTS AND DISCUSSION 

Macrostructure for dissimilar joints 

Macrostructure observations are used widely for detecting any major defects that 

occur during the FSW process, such as crack, pinhole, tunnelling defect, Kissing bond etc. 

The macrostructures of the welds produced by different rotational speeds and welding 

speeds are shown in Fig.5 and Fig.6. In the FSW process, three factors contribute to the 

formation of the joints. The first factor is the temperature increase in the welding region, 

which softens the Base Metals (both 2024 and 7075) in the Nugget Zone. The second 

factor is the stirring of plastic materials, the process of accumulating multi-layer 

plasticized materials behind the tool, affected by the interaction of rotational and welding  
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speeds and the pin profile. The last element is the hot forging of plasticized materials 

conducted by the shoulder.  

Fig.5 Macro structure views of the weld cross section at a constant axial load of 6 kN for 

different combination of rotational speeds and weld speed 

(a) 800rpm; 10 mm/min, (b) 1000rpm; 20mm/min, (c) 1200rpm; 30 mm/min 

[ parameters without Gauss Hyper geometric series ] 

 

The macro structure of the dissimilar welded cross section inFig.5 reveals that for 

rotational speed of 800rpm no defect is identified whereas for 1000rpm worm hole defect 

identified due to poor mixing of the two base metals in the nugget zone. 

 
Fig.6 Macro structure views of the weld cross section at a constant axial load of 6 kN for 

different combination of rotational speeds and weld speed 

(a) 800rpm; 10 mm/min, (b) 1000rpm; 12mm/min, (c) 1200rpm; 15 mm/min 

[parameters with Gauss Hyper geometric series] 

 

Fig.6 reveals that the uniform concentration of joint for the following welding 

speeds of  12 mm/min and 1 mm/min which found less defect  with an axial force of 6 kN.  



Analysis of functional parameter on friction stir welding                                                 81 

 

 

 

CONCLUSION  

 

For the usual approach of process parameters as assumed values, the onion peel is 

not unique. By the application of  Gauss Hyper geometric function(2F1), Dixon’s 

theorem(3F2) and summation theorem (4F3) the gamma values are calculated  and plotted 

the graphs for different weld parameters (Figure 7 to 9 ) . The gamma values of 1.07 is 

getting closer for all these three methods, so by considering this gamma value weld 

parameters are chosen. With two decimal approximation,  combination of parameters given 

in table 4 have  the closer gamma value function to unity, which  results the uniformity of 

weld and  make the weld as less defect . It is revealed by the macro structure, combinations 

of process parameters by gamma value approach yields the uniformity in macro structure. 

 

 

 

 
 

Figure 7: Gamma values for various weld parameters using Gauss Summation Theorem, 

2F1 
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Figure 8: Gamma values for various weld parameters using Dixon’s Theorem, 3F2 

 

 

 

 
Figure 9: Gamma values for various weld parameters using Summation Theorem, 4F3 
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