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Abstract

This article describe the unsteady boundary layer flow over a stretch-
ing sheet. The governing boundary layer equations are transformed to
a non-linear partial differential equation by applying similarity trans-
formations. Analytic solution valid for all times is obtained using ho-
motopy analysis method (HAM). The influence of dimensionless time
and second grade material parameter is discussed on the velocity com-
ponents and for the skin friction coefficient.
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1 Introduction and preliminaries

In recent years the flow problems of non-Newtonian fluids have received con-
siderable attention. This is due to their practical applications in industry and
technology. The flow of non-Newtonian fluids are mainly classified into differ-
ential, integral and rate type fluids. Amongst these, the flows of differential



96 Iftikhar Ahmad

type fluids have attracted the applied mathematicians, computer program-
mers and numerical analysts. The constitutive equations of differential type
fluids are very complex involving a number of material parameters of the fluid.
The simplest of these is a second grade fluid and the task of finding a so-
lution is not trivial. Moreover, it is a known fact that governing equations
of non-Newtonian fluid are of higher order than the Navier-Stokes equations.
Therefore, in general, one needs additional boundary conditions in order to
find a unique solution. This issue of additional boundary conditions regarding
the existence and uniqueness of solution is discussed in the excellent attempts
given by Rajagopal [1, 2], Rajagopal et al. [3] and Rajagopal and Kaloni [4]
The study of non-Newtonian flows over a stretching sheet is an interesting
topic of research recently. The reason is that a number of processes in in-
dustrial manufacturing involves the production of sheeting material. For the
manufacturing of polymer sheet the molten material thrust through an extru-
sion die and solidifies before arriving at the collecting end. There are many
processes that involves the stretching of a sheet whose stretching force depends
upon time. Such problems are significant in both theoretical and industrial
contexts. Several recent attempts dealing with the boundary layer flows in-
duced by stretching sheet are given in [5–14] and references therein. All these
attempts employed some numerical methods and are semi-analytic and semi-
numerical ones. Much attention has been given to the steady stretching flow
problems in various situations. However, the literature regarding the unsteady
flow problems over a stretching sheet is scarce. Few studies [15–21] dealing
with the unsteady flow problems over a stretching surface are available in the
literature Moreover, most of these existing problems have solution for small
and large times and these solutions are not valid for all values of time. The ob-
jective of the present paper is to provide the analytic solution for the unsteady
flow of a second grade fluid over a stretching sheet. The second grade fluid
model is able to predict the normal stress differences but it does not take into
account shear thinning and shear thickening. The homotopy analysis method
(HAM) proposed by Liao [22, 23] is applied to obtain the analytic solution
of the highly non-linear problem. The exact infinite series is presented and
the recurrence formulae are obtained for finding the coefficients of the series.
Many researchers are already engaged in finding the HAM solution [24, 25].
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2 Mathematical formulation

Under the usual boundary layer arguments that u, t, x, be of O(1) and y, v
be of O(δ) we have
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The boundary conditions are

u = ax, v = 0 at y = 0, (3)

u → 0 as y → ∞.

Defining

u = axf ′(ξ, η), v = −
√

avξf(ξ, η),

η =

√
a

vξ
y, ξ = 1 − e−at,

the incompressibility condition (1) is automatically satisfied and Eq. (2) re-
duces to
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whence

α =
aα1

μ
,

and equation (3) reads as

f = 0, f ′ = 1 at η = 0, (5)

f ′ → 0 as η → ∞.

The skin friction coefficient is given by

Cf = (ξReX)−
1
2 f ′′(0, ξ), 0 ≤ ξ ≤ 1, (6)

where ReX = aX2

v
is the local Reynolds number.
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3 Analytic solution

Here we choose the initial guess approximation and auxiliary linear operator
as

f0(η, ξ) = 1 − exp(−η), (7)

L[f(η, ξ; p)] =
∂3f

∂η3
− ∂f

∂η
, (8)

L [C1 + C2 exp(−η) + C3 exp(η)] = 0, (9)

where C1, C2 and C3 are constants, and define the nonlinear operator
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If � is the auxiliary nonzero parameter then the so-called zero-order deforma-
tion problem is

(1 − q)L[f̄(η, ξ; q) − f0(η, ξ)] = p�N [f̄(η, ξ; q)], (11)

subject to boundary conditions

f̄(0, ξ; q) = 0,
∂f̄(η, ξ; q)

∂η
|η=0= 1,

∂f̄(η, ξ; q)

∂η
|η=+∞= 0, (12)

where q ∈ [0, 1] is the embedding parameter. As q increases from 0 to 1,
f̄(η, ξ; p) varies from the initial guess f0(η, ξ) to the solution f(η, ξ). For q = 0
and q = 1, one can write

f̄(η, ξ; 0) = f0(η, ξ), f̄(η, ξ; 1) = f(η, ξ). (13)

By Taylor series we can write

f̄(η, ξ; q) = f(η, ξ; 0) +
+∞∑
n=0

fn(η, ξ)qn, (14)
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where
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From Eqs. (13) and (14) we obtain
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The mth-order deformation problem is
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and

χm =

{
0, m ≤ 1,

1, m > 1.

To obtain the solution of mth-order deformation problem up to first few order
of approximations, the symbolic computation software MATHEMATICA is
used and obtain the following series solution

f(η, ξ) = lim
M→∞

M∑
m=0

fm(η, ξ),

where

fm(η, ξ) =
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n=0

2(m+1−n)∑
q=0

2m∑
r=0

aq,r
m,nξrηq exp(−nη). (20)
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4 Convergence of HAM solution

In this section, we discuss the convergence of the series containing the auxiliary
parameter �. The values of � determine the convergence region and rate of
approximation for HAM. Since the auxiliary parameter � provides us with a
simple way to ensure the convergence of the series solution therefore the �-
curve is sketched in Fig. 1 for 10th-order of approximation. Fig. 1 clearly
indicates that the range for the admissible values of � is −2 = � = −0.1.
Thus, by means of choosing � = −0.5, we obtain an accurate analytic solution
valid for all time 0 ≤ τ < ∞ in whole region 0 ≤ η < ∞.

Figure 1: �-curve for the velocity

5 Results and discussion

This section describe the variations of dimensionless time τ and the second
grade fluid parameter α on the velocity components and skin friction coeffi-
cient. Such variations has been discussed through graphs of Figs. 2, 3, 4, and
5. The purpose of Figs. 2 and 3 is to see the variations of τ on the velocity
components f and f ′ in the Newtonian and second grade cases. From these
figures it is noted that when τ increases the x-component of velocity and the
boundary layer thickness increases for both Newtonian and second grade flu-
ids but the variation is large in magnitude in the case of second grade fluid
case. This shows that the parameter α enhances the effects of the dimension-
less time. However the y-component of velocity decreases and boundary layer
thickness increases with an increase in τ for both Newtonian and second grade
fluids as shown in Fig. 3. In order to see the effects of second grade parameter
α on the velocity components f and f ′ Fig. 4 is prepared. From these Figs. it
is obvious that when we increase the values of second grade parameter α, the
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velocity component x and boundary layer thickness increases whereas the ve-
locity component y increases and the boundary layer thickness decreases. Fig.
5 is plotted to see the variation in skin friction coefficient under the influence
of second grade parameter and the dimensionless time. This figure elucidate
that the magnitude of skin friction coefficient decreases with an increase in
the second grade parameter. The Results for the Newtonian case presented
in reference [11] are obtained as the special case of the present solution when
α = 0.

Figure 2: The velocity profile f ′(η, ξ) at different dimensionless time τ . New-
tonian fluid

Figure 3: The velocity profile f ′(η, ξ) at different dimensionless time τ . Non-
Newtonian fluid

5.1 Concluding remarks

In this paper, we have found the analytic solution for unsteady boundary layer
flow of a second grade fluid caused by an impulsively stretching sheet. The
solution is explicitly given and recurrence formulas are presented for finding
the coefficients of the series. It is noted that HAM provided us a solution which
is valid for all times. The influence of dimensionless time and the second grade
parameter is discussed through graphs. The results presented in [11] for the
Newtonian case are obtained as special case of the presented solution. To the
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Figure 4: The velocity profile f(η, ξ) at different dimensionless time τ . New-
tonian fluid

Figure 5: The velocity profile f(η, ξ) at different dimensionless time τ . Non-
Newtonian fluid

best of our knowledge such type of analytic solution for second grade fluid is
given for the first time.

Figure 6: The velocity profiles f ′(η, ξ) at different values of fluid parameter α
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Figure 7: The velocity profiles f(η, ξ) at different values of fluid parameter α
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