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Abstract

Two notes concerning the linear random vibration equations are
given. The first note studies the solution of equations under general
random excitation processes. The second one considers the measure-
ment error problem.
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1 Introduction. Random vibration equations appear in many examples of
applications. A spring mass system effected by a stochastic excitation process,
car vibrations on the road, body vibration of airplane in flight and pendu-
lum with stochastic damping, all, are examples of random vibrated systems.
This topic has a history in engineering. Ozaki (1980) presented the non linear
time series models for non linear random vibrations. Ricciardi (1994) sur-
veyed random vibration of a beam under moving load. Grue and Oksendal
(1997) considered stochastic forced oscillations of a spring mass system with
time dependent and stochastic damping. Iwankiewicz (2002) studied dynamic
response of non linear systems to random trains of non overlapping pulses.
Iwankiewicz and Sotera (2004) considered non linear oscillator under random
renewal driven trains of impulses. Henderson and Plaschko (2006) studied a
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stochastic pendulum with stochastic excitation and damping forces. Linear
random vibrations constitute a rich family for analyzing the mechanical phe-
nomena, for example, Allen (2007) surveyed a single degree of freedom spring
mass system with a random excitation process.

Stochastic differential equations (SDE) are valuable tools for analyzing the
random vibration observations. There are a lot of good literatures for analyzing
SDE’s, see Kloeden and Platen (1999), Oksendal (2000) and Kutoyants (2004)
among the others. The SDE has been applied to model phenomena in other
fields of engineering, for example, it is used to model the fatigue damage of
materials or fluid mechanical turbulence (see Henderson and Plaschko, 2006).
These are not the purpose of the current paper.

Linear random vibrations are supposed to follow the stochastic linear dif-
ferential equation

ẍt + αẋt + βxt = ft,

where xt denotes displacement, α is damping term, β a real constant. The ft

is stochastic excitation process. For example, in one degree of freedom spring
mass system, we have

mẍt + bẋt + kxt = vft,

where m, b and k are the mass, damping coefficient and spring constant, re-
spectively. Parameter v2 is the expectation of squared momentum (v > 0). In
this case, ftdt = dWt where Wt stands for Wiener process. This equation is a
form of stochastic Lienard equation see Allen (2007) pages 156-158.

The general form of vector SDE’s in this paper is given by

dz∗t = A∗z∗tdt + B∗dU∗
t ,

where z∗t is a random vector, A∗ and B∗ are two matrices, and U∗
t is a suitable

(vector) stochastic process. In all cases, assuming z0 = 0, following Henderson
and Plaschko (2006), the solution is given by

z∗t =

∫ t

0

eA∗(t−s)B∗dU∗
s .

In this paper, we consider two notes about linear random vibration equations.
The first notes relates to generalizations of ft which is contained in section 2.
In section 3, we study the measurement error problem in random vibration
observations.

2 General excitation processes. In almost all literatures of engineering,
ft is a stationary uncorrelated process or the corresponding impulse Ft =
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∫ t

0
fxdx is simply a Wiener process. In practice ft or Ft can be too complicated,

i.e., suppose that Ft comes from a diffusion process defined by Ito SDE as
follows

dFt = a(t, Ft)dt + σ(t, Ft)dWt.

Example. Suppose that Ft satisfies in a Langevin SDE as follows, that is

dFt = cFtdt + σdWt,

where c is a real number and σ is a positive constant. To solve xt, let yt = ẋt.
Then, three canonical equations are derived as follows:

dyt = (cFt − αyt − βxt)dt + σdWt

dxt = ytdt

dFt = cFtdt + σdWt.

Let zt = (xt, yt, Ft)
T . Therefore, the above equations are summarized in the

following matrix equation

dzt = Aztdt + σbdWt,

where

A =

⎡
⎣ 0 1 0

−β −α c
0 0 c

⎤
⎦ and b =

⎛
⎝ 0

1
1

⎞
⎠ .

Therefore, the solution is given by

zt = σ

∫ t

0

eA(t−s)bdWs.

Remark. The assumption of general errors can appear in other forms of
SDE’s. For example suppose that the original series is a Langevin process with
Langevin errors, i.e.,

dxt = αxtdt + βdvt,

dvt = γvtdt + θdWt.

Therefore, dxt = (αxt + βγvt)dt + βθdwt, and dvt = γvtdt + θdWt. Let yt =
(xt, vt)

T . Then

dyt = Aytdt + θbdWt,
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where A =

[
α βγ
0 γ

]
and b = (β, 1)T . Suppose that y0 = 0 then

yt =

∫ t

0

eA(t−s)bdWs.

One can see that if α �= γ, Ak =

[
αk (αk−γk)

α−γ
γβ

0 γk

]
and if α = γ,then Ak =

αk

[
1 kβ
0 1

]
. Therefore,

eA(t−s) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
eα(t−s) eα(t−s)−eγ(t−s)

α−γ
γβ

0 eγ(t−s)

]
if α �= γ

eα(t−s)

[
1 αβ(t − s)
0 1

]
if α = γ

and then

xt =

{
θβ

α−γ

∫ t

0
{αeα(t−s) − γeγ(t−s)}dws if α �= γ

θβ
∫ t

0
{1 + α(t − s)}eα(t−s)dws if α = γ

For general equations of Ft, using the Euler approximation, we suggest the
numerical Monte Carlo solutions. Consider the following two canonical forms

dyt = −(αyt + βxt)dt + dFt,

dxt = ytdt

The corresponding matrix equation by letting zt = (yt, xt, )
T is

dzt − Aztdt = dFt,

where A =

[ −α −β
1 0

]
and b =

(
1
0

)
. By assuming z0 = 0, it is seen that

zt =

∫ t

0

eA(t−s)bdFs.

Then the Monte Carlo method is applied to approximate the integrated equa-
tion. The idea is, using the Euler approximation, to generate Ft for t = ti,
i = 0, 1, ..., n where 0 = t0 < t1 < ... < tn = t with ti − ti−1 = δ and then∫ t

0

eA(t−s)bdFt =
n∑

i=1

eA(tn−ti−1)b(Fti − Fti−1
).
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One may simplify eA(t−s)b and obtain xt based on integral of dFs and then
apply the numerical solutions of stochastic integrals. For example, when α = 0,
β = −1, then A2= I. Therefore,

eA(t−s) = A
∑

i=1,3,5,...

(t − s)i/i! + I
∑

i=0,2,4,...

(t − s)i/i!

= et−s(I + A)/2 + es−t(I − A)/2.

Then xt =
∫ t

0
( et−s−es−t

2
)dFs. So this equation is approximated by Monte Carlo

method.

3 Error measurement. In this section, we consider the error measure-
ment problem in linear random vibration equations. To describe more, suppose
that xt and yt are two processes such that satisfy in

dyt = −(αyt + βxt)dt + σdW1t,

where W1 is Brownian motion. We know that if dxt = ytdt then the linear
random vibration equation appear. Here, we suppose that the observation
process dxt is observed by error, that is

dxt = ytdt + ζdW2t,

where W2 is another Brownian motion. It is interested to solve xt. The term
error measurement refers to errors induced in observations dxt. Processes W1

and Wt are supposed independent or may have correlation ρ, that is

E(dW1tdW2t) = ρdt.

Let zt=(yt, xt)
T , W =(W1, W2)

T . Then

dzt −Aztdt = BdWt,

where A =

[ −α −β
1 0

]
and B =

[
σ 0
0 ζ

]
. Therefore, as the previous cases,

if z0 = 0, then

zt =

∫ t

0

eA(t−s)BdWs.

For example, again let α = 0, β = −1, then eA(t−s) = et−s(I + A)/2 +
es−t(I− A)/2.

xt = (σ/2)

∫ t

0

(et−s + es−t)dW1s + (ζ/2)

∫ t

0

(et−s − es−t)dW2s.



48 R. Habibi, H. Habibi and H. Habibi

In this case, xt is distributed with mean 0 and the following variance

(e2t/4){σ2

∫ t

0

h2
1(s)ds + ζ2

∫ t

0

h2
2(s)ds − 2σζρ

∫ t

0

h1(s)h2(s)ds}.

If Ws is another vector stochastic processes rather than Brownian motion, then
we refer to numerical solutions by applying Euler and Monte Carlo simulation
methods.
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