
Adv. Theor. Appl. Mech., Vol. 3, 2010, no. 10, 485 - 490

Criteria for Homothetic Transformation and

Rotation for a Hole in Plane Elasticity

M. Yaghobifar1

Institute for Mathematical Research
University Putra Malaysia

Serdang 43400, Selangor, Malaysia

N. M. A. Nik Long

Department of Mathematics, Faculty of Science
University Putra Malaysia

Serdang 43400, Selangor, Malaysia

Abstract

In this paper, an arbitrary hole in infinite plane elasticity subjected
to remote stresses is considered. We investigate the effect of the ho-
mothetic transformation and rotation to the considered hole using the
governing equations for the displacement. The relation between stresses
are obtained.
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1 Introduction

The mapping of an arbitrary shape hole in an infinite plate into a unit circle
by a rational function leads to the relevant boundary value problem; and it can
always be solved in a closed form [2, 3]. Kohno and Ishikawa [10] examined the
plane elastostatic problems of a lozenge hole and a rigid lozenge inclusion in
the infinite plate under tension loading condition, using the conformal mapping
and Goursat stress functions. Xie et. al. [14] obtained the stress intensity
and strain energy density factors for a lip-like crack. Abdelmoula et al. [1]
introduced a new conformal mapping method to resolve the crack problems
originating at the boundary of a circular hole in an infinite plate. Ioakimidis [8]
combined the method of conformal mapping with complex path-indipendent
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integrals for the problem of elliptical hole. Panasyuk et. al. [13], Chen [5, 6, 7],
Nik Long and Eshkuvatov [12] and Isida and Sih [9] used the Muskhelishvili’s
complex potentials [11] for solving various curved crack problems.
In this paper we establish some relations for remote stresses σ∞

x , σ
∞
y and σ∞

xy

of homothetic transformation and rotation for a hole in plane elasticity.

2 Governing equation

The displacement (u, v) is expressed in terms of complex potentials φ0(z) and
ψ0(z) as [11]

2G(u + iv) = κφ0(z) − zφ
′
0(z) − ψ0(z), (1)

where G is the shear modulus of elasticity, κ = (3 − ν)/(1 + ν) for the plane
stress, κ = 3 − 4ν for the plane strain, and ν is the Poisson’s ratio. Consider
the uniform field

φ0(z) = Γz and ψ0(z) = Γ1z (2)

where

Γ = (σ∞
x + σ∞

y )/4 and Γ1 = (σ∞
y − σ∞

x )/2 + iσ∞
xy. (3)

Let

φ(ς) = φ0(z)
∣∣∣z=ω(ς) , ψ(ς) = ψ0(z)

∣∣∣z=ω(ς). (4)

where z = ω(ς) is conformal mapping from a hole in z plane into a unit circle
in ς plane. Applying (2) and (4) in (1) gives [4]

2G(u+ iv) = κφ(ς) − ω(ς)
φ′(ς)

ω′(ς)
− ψ(ς), (5)

or
2G(u+ iv) = (κ− 1)Γω(ς) − Γ1ω(ς). (6)

3 Homothetic transformation

Due to deformation, it is well known that a point (x, y) in plane elasticity
moves to (x+u, y+v). For a homothetic transformation, we define (mx,my) =
(x + u, y + v), where m is scale of similitude. Rearrange the transformation
gives u+ iv = (m−1)(x+ iy) or u+ iv = (m−1)ω(ς), m > 1. Hence Equation
(6) gives

2G(m− 1)ω(ς) = (κ− 1)Γω(ς) − Γ1ω(ς). (7)
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Rewrite Equation (7) as

Γ1 ω(ς) = [(κ− 1)Γ − 2G(m− 1)]ω(ς). (8)

Taking the conjugation to the both sides of (8) gives

Γ1 ω(ς) = [(κ− 1)Γ − 2G(m− 1)]ω(ς). (9)

Multiply both sides of Equation (9) with Γ1 gives

Γ1Γ1 ω(ς) = [(κ− 1)Γ − 2G(m− 1)]Γ1 ω(ς). (10)

Substitute Equation (8) into Equation (10) yields

|Γ1|2 = [(κ− 1)Γ − 2G(m− 1)]2 (11)

Using Equation (3) in Equation (11) gives

(
σ∞

y − σ∞
x

2

)2

+ (σ∞
xy)

2 =

[
(κ− 1)

(
σ∞

x + σ∞
y

4

)
− 2G(m− 1)

]2

(12)

Equation (12) is a necessary condition for homothetic deformation.

4 Rotation

Consider a point (x, y) in a plane elasticity. Applying the rotation at angle θ
with respect to the origin, gives

(x+ u, y + v) = (x cos θ − y sin θ, x sin θ + y cos θ)

or

u = x(cos θ − 1) − y sin θ, v = x sin +y(cos θ − 1).

In complex form we have

u+ iv = (x+ iy)(cos θ − 1) + (x+ iy)i sin θ = (eiθ − 1)ω(ς). (13)

Substitute (13) into (6) and obtain

2G(eiθ − 1)ω(ς) = (κ− 1)Γω(ς) − Γ1 ω(ς) (14)

Rewrite Equation (14) as

Γ1 ω(ς) = [(κ− 1)Γ − 2G(eiθ − 1)]ω(ς) (15)
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Taking the same procedure as in Equations (9), (10), (11) and after simplifying
we obtain

|Γ1|2 = ((κ− 1)Γ + 2G)2 − 4G((κ− 1)Γ + 2G) cos θ + 4G2. (16)

Equation (16) is a necessary condition for rotation of hole.

Example:
Let G = 0.5, ν = 0.5 and m = 2. Consider the case of plane strain. Figure 1
shows the graph of Equation (12) that is the relations between stresses σ∞

x , σ
∞
y

and σ∞
xy for the homothetic transformation.

σ∞
y

σ∞
x

σ∞
xy

Figure 1: Relations between stresses σ∞
x , σ

∞
y and σ∞

xy

5 Conclusion

In this paper we have established the relations between the displacement vec-
tors and mapping function for both cases of homothetic transformation and
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rotation. Equations (12) and (16) show that the necessary condition for ho-
mothetic deformation and rotation of holes are not depends on the shape of
hole.
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