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Abstract 
 
                This paper deals with the analysis of impulsive motion of an incompressible 
viscous fluid in a longitudinally corrugated pipe, due to sudden application of the 
axial pressure gradient. The solution of the problem is obtained by using Laplace 
transform technique and perturbation on small amplitude of the corrugations. It is 
found that, by suitably corrugating the pipe, the momentum transfer may be 
augmented during the initial period of the flow development. 
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1. Introduction  
 
                The unsteady laminar flows of incompressible fluids occur in various 
technological applications. Among the most common transient flows is the start-up 
flow in a pipe or channel due to an impulsive application of a constant axial pressure 
gradient. It corresponds to physical situation in which valves of a flow system are 
opened suddenly. The unsteady pipe-flow caused by suddenly imposing a pressure 
gradient was first studied by Syzmanski [5]. Such a flow in an annulus of circular 
cross-section was considered by Mueller [2]. The analogous case, when the pressure 
gradient is removed instantly, was dealt by Gerbers [1]; it corresponds to the sudden 
closing of the valves of flow system. Otis [3] has investigated laminar start-up flow in 
a circular pipe for different values of start-up flow parameter.   
                In this paper, our objective is to analyze the impulsively started flow in a 
corrugated pipe, whose generators are parallel, due to the sudden application of axial  



470                                                                                                                B. G. Kittur 
 
 
pressure gradient. The time required for the subsequent flow establishment can be of 
importance in the design of hydraulic systems. It is observed that during the initial 
period of the flow development, the wall corrugations cause the flow rate 
enhancement as compared to the case of circular pipe. After a large time, the flow 
reaches the steady state asymptotically [4]. 
 
 
2. Mathematical formulation     
 
                We consider start-up flow of an incompressible viscous fluid in a 
corrugated pipe, whose generators are parallel to the flow direction (Fig.1). The fluid 
is initially at rest. At the instant t=0, a constant pressure gradient is suddenly imposed 
along the axis of the pipe, and the fluid begins to move. The pipe is assumed to be 
very long so that the end effects can be neglected. 
                In cylindrical polar co-ordinates (r, θ, z) with z-axis chosen along the pipe 
axis, the radius of the pipe is described by 
   r1 = 1+ ε sin n θ                                                                                                        (1) 
The radial distance is normalized by mean radius a. Here, ε < 1 is the dimensionless 
amplitude of the wall corrugations and n is an integer representing the wave number 
of the wall corrugations. Due to long pipe assumption, the flow is parallel to the pipe 
axis. The unsteady axial momentum balance is given by 
     = 4 +                                                                                                             (2) 
After normalizing the axial velocity by u* =    a2 (dp /dz)/ (4μ) and time by a2 ρ/μ, 
The initial and boundary conditions are 
Initial condition:  t ≤ 0, u = 0, for all r in 0 ≤ r ≤ r1                                                     (3) 
Boundary conditions: t > 0,   r = 0, u < ∞                                                                 (4a) 
                                                r = r1, u = 0                                                                (4b) 
 over the annular region (Fig.1). We solve the equation (2) subject to the conditions 
(3) and (4). 
 
 
3. Solution of the problem 
 
We define the Laplace transform of u(r, θ, t) by 
L{u} = (r, θ, s) = u r, θ, s   e  dt ,                                                                     (5)  
Where s is transform parameter. Taking Laplace transform of equation (2) and using 
the initial condition (3) we get 
     s                                                                                                                     (6) 

      Further, the boundary conditions (4) transform to 
(0, θ, s)  < ∞                                                                                                            (7a) 
 (r1, θ, s)  = 0                                                                                                           (7b) 
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The Perturbation solution 
We seek the perturbation solution of the equation (6) in the form 

( r, θ, s) =   (r, θ, s) + ε (r, θ, s) +   (r, θ, s) + ……                                    (8) 
The substitution of equation (8) in the equation (6) yields 

    s 0    =                                                                                                      (9)                               

          s 1    = 0                                                                                                   (10)                               
        s  2 =  0                                                                                                    (11)                               
etc. and the expansion of boundary conditions(7) in a Taylor series gives 

 (0, θ) < ∞,          (1, θ) = 0                                                                         (12 a, b) 

      1 (0, θ)  ∞ ,        1 (1, θ) =     h sin n θ   1,                                         (13 a, b)                      

       2 (0, θ)  ∞  ,   2 (1,θ) =       sin2 n θ
∂ ,

∂
     h sin n θ   1,     (14 a, b)                              

etc. where the parameter s is not explicitly written as an argument of the transformed 
functions. 

 
Zeroth order solution 
 
                The zeroth order solution corresponds to the flow in circular pipe. Thus, the 
solution of the equation (9) subject to condition (12) is obtained as  

      0 =   [1      √
√

     ]                                                                                         (15)                               

Where,  denotes the modified Bessel function of first kind of order zero. 
Taking the Laplace inverse of   we get 
 (r, θ, t) = 1 – r2 + 8∑ 0

3  1        
t                                                     (16)                              

where,  i  (p=1,2,3, …) are imaginary roots of the equation I0(√s) = 0. 
 
First order solution 
                             

We assume (r, θ) is of the form  
      1 = f1(r) sin n θ                                                                                                         (17) 

Using the equation (17) in the equation (10), we obtain             
 r2 "

   + r      ( r2 s + n2) f1 = 0                                                                                   (18)                               
The boundary conditions (13) reduce to 
f1 (0) < ∞,                             f1 (1) = h B11                                                                                                 (19) 
Where   

     B11 =      
,   =   

√
 √

√
                                                                    (20)                          

And prime denotes differentiation with respect to argument. The solution of equation 
(18) subject to the condition (19) is given by 
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      f1(r) = h B11 

√
√

                                                                                                    (21) 

Taking Laplace inverse of   we get 

       u1(r, θ, t) = 4 h [  - 2∑   
t
 –  

                          2(1  δn,1) ∑  
 t ] sin n θ                                 (22)                               

Where i    are imaginary roots of equation In (√ ) = 0 
 
Second order solution 
                                      
We assume (r, θ) is of the form 

   = F1(r) cos2nθ + F2(r)                                                                                       (23)                         
Substituting the equation (23) in the equation (11), we get 

" + r    (r2s + 4 n2) F1 = 0                                                                                (24)                              
" + r     r2s  F2 = 0                                                                                           (25)           

And the boundary conditions (14) reduce to 
F1 (0) < ∞                                                 F1 (1) =    h2 B2                                   (26a, b) 
F2 (0) < ∞                                                 F2 (1) = h2 B2                                                        (27a, b) 
 where 

B2 =  
" √

√
       √ √

 √ √
                                                                    (28) 

The solutions of equations (24) and (25) subject to the conditions (26) and (27), 
respectively, are given by 

F1(r) =    h2 B2 
√

√
                                                                                (29) 

F2(r) = h2 B2 
√

√
                                                                                     (30) 

Next, taking the inverse Laplace transform of (r, θ, s), we obtain 
      , , = h2 [   + ∑     t     

4 (1 – δn,1) ∑    
t    

                            

  ∑   

 4 1 –  δn, 1 ∑    

 2 ∑    
2

  

cos 2    ]              (31) 

 
Where the expressions for quantities A1p, A2p,Cq,Dp, Nq and Vx      are given in the 
Appendix. 
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4. The flow rate 
 
The flow rate Q is given by 
         2π   r1 (θ) 
Q =   ∫    ∫   (u r) d r d θ                                                                                              (32) 
        0   0 
If Q0 denotes the flow rate when the pipe is circular, then we obtain 
Q    = 1 + ε2 K                                                                                                            (33) 
Q0 
Where, the function K is given by 

K =  
 ∑        

4 1 , ∑       
      (34) 

And Q0 is given by 

Q0  =   2 8 ∑                                                                        (35) 

We observe from equations (34) and (35) that K tends to the Phan-Thien [5] value    
3-2n as t →∞. 
 
 
5. Small-time solution 
 
               The solution obtained in equation (34) and (35) hold good for any time t. 
However, for small time (t small), this solution is unsuitable for numerical 
computation due to the slow convergence of the series. Hence, we obtain the small-
time behavior of the developing flow, by expanding the transformed expression for K 
in powers of 1/s. and then applying the inversion theorem, which gives  
 

K =   
1  

√
    

√
  

  
√

 /    . .
                

      
                                                                                                                             (36) 
 
6. Results and discussions 
 
                The sensitivity of the flow rate to the boundary corrugations is measured by 
the quantity K given by the equation (34). The quantity K represents the second order 
enhancement or reduction in the flow rate compared to the case of circular pipe. 
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                The numerical computation of the small time solution given in the equation 
(36) has been carried out and reported in the Figure2. , which shows the graph of the 
function K (n, t) versus time t for different wave numbers n. For a given wave number 
n, there exists a critical value  of t such that during the initial period of flow 
development the flow rate is in excess to the circular pipe case for t<.  For t> , the 
flow rate decreases and reaches the steady state asymptotically. As wave number n 
increases the value of decreases. For example, = 0.18 and 0.03 for n=2 and 3 
respectively. However, for n=1, the flow rate is always found to be in excess to the 
circular pipe case and quick flow development is noticed. In the limit as t→∞, we 
obtain the results for steady flow problem discussed by Phan-Thien [5]. 

     
 
     Appendix 

 
The expressions for A1p, A2p, C q , D p,  N q and V x appearing in the equation (31) are 
given by 
A1p = F1p     2 H1p                                                                                                         (1)                             
A2p = F2p – 2 H2p                                                                                                                                                               (2) 

C q =                                                                                                        (3) 

D p =     )                                                      (4) 

N q =                                                                                           (5) 

 V x =   )                               (6) 

  where 

  F1p =   (6 ( + t ) R p – 2 T p )                                                           (7) 

F2p =                                                                                                               (8) 

 H1p =  [( 6 ( + t ) R p – 2 T p ]                                                                                     (9) 

H 2p   =                                                                                                             (10) 

R p =                                                                                                         (11) 
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T p =  [ i  ]                                     (12) 

ϕ 1p =                                                                                                             (13) 

  ϕ 2p  [ i  ]                                                (14) 

ϕ 3p                                                                                                                          15  

ψ1p                                                                                                            16  

ψ2p          

                   2i                                 17  

Ψ 3p                                                                                                         18  
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Figure captions 
 
1. Figure 1: The co-ordinate system 
 
2. Figure 2: The graph of K versus t for different values of n. 
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Fig. 2 
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