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Abstract 
 

                  The forced heat convection in the flow between two corrugated cylinders, whose 
generators are parallel to the flow direction, is studied through perturbation on the small 
amplitude of the corrugations. The coupled effects of frictional heating and non-linear interaction 
of the boundaries on the heat transfer rate are obtained.  
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1. Introduction 
 

                  The classes of fluid flows over wavy boundaries which involve the transfer of heat 
are often encountered in several atmospheric and industrial systems, e.g. atmospheric air 
circulation, convective heat exchangers, and lubrication technology. The need for efficient heat 
exchange devices has led to the development of corrugated passages because of their efficient 
heat transfer capability. The corrugations not only increase the structural strength of the material 
but also increase the transport area of heat and mass. The experimental studies by O’Brien and 
Sparrow [3] on forced convective heat transfer in a corrugated duct have shown the enhancement 
of heat transfer about a factor of 2.5 as compared to the conventional parallel plate channel.  Yao 
[5] has presented transformation method to study natural convection along a sinusoidal surface. 
The numerical studies for heat transfer are reported by   Amano [7] on the periodically 
corrugated wall channel. Asako and Faghri [9] have developed a solution for laminar flow and  
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heat transfer in a corrugated duct using finite volume method. Vajravelu [4] has studied 
numerically the fluid flow and heat transfer in horizontal wavy channels and has presented some 
interesting results. He has shown that the phase shift of the corrugations has the strong effect on 
flow and temperature fields. In all these studies the authors have considered wavy channels, in 
which the corrugations are oriented in a horizontal direction. However, the heat transfer in wavy 
channels, where the generators of the wall corrugations are parallel to the flow direction has not 
been considered so far. In this paper, we present the analysis of forced convective heat transfer in 
the annular flow between two corrugated cylinders, maintained at unequal temperatures, taking 
into account the viscous dissipation effects. The cylinders, in cross-section are basically circular 
in shape with a corrugation in the form of a sinusoidal perturbation superimposed upon that 
shape. The velocity distribution and the flow rate in such annular flow have been obtained by 
Wang [1] and Hiremath & Beena [6]. The amplitude of the corrugations is assumed to be small 
and the second order terms in perturbation corresponds to Poiseuille flow. 

 

2. Mathematical formulation 
We consider the hat transfer in an incompressible viscous flow of a constant- property fluid in an 
annulus formed between two corrugated cylinders (Fig.1) whose generators are parallel. In the 
cylindrical polar co-ordinates (r, θ, z) the z-axis is chosen along the axis of the cylindrical pipe 
and the annulus is described by [1]. 

                                                                                                                     (1)                          

                                                                                                       (2)                        
after normalizing the radial distance by the mean outer radius a. Here 0 <  <<  < 1; at least                 
one of the constants h and k is unity;  is a phase difference; m, n are integers representing wave 
numbers of the inner and outer wall corrugations;  is a small number and ≥  for all . The 
flow is driven by a constant axial pressure gradient dp /dz. The buoyancy effects are assumed to 
be negligible. The outer and inner cylinders are maintained at constant temperatures T1w and T2w 
respectively (T1w < T2w). The cylinders are assumed to be very long so that the end effects are 
neglected and the flow is parallel and the temperature field is independent of z. 

          Taking into account the effects of viscous dissipation, which would be important only 
when the Eckert number is of order unity, the axial momentum balance equation and energy 
equation, in the non-dimensional form, are 

0 = 4 + ,                                                                                                                           (3) 

0 = T + PE [ (1/r  ∂u/∂ )2  ]                                                                            (4) 

Respectively, where the following non-dimensional quantities are utilized: 

 =       where  =    [ ]                                                           (5a, b)\ 
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 =                                                                                         (5c) 

  =                      (Prandtl number)                                                                      (5d) 

  =        (Eckert number)                                                                        (5e) 

    +   +                                                                                            (5f) 

For incompressible fluids, Prandtl number P 1. Hence, the neglect of inertia terms in equations 
(3) and (4) is valid for .  

The boundary conditions are 

 = 0,                         = 0,                                                                              (6a) 

 = 0,                         = 1,                                                                              (6b) 

 

 

3. The perturbation solution 
 

The axial velocity distribution  has been obtained by Wang [1] in the form of a 
perturbation solution of equation (3), subject to the boundary conditions (6a), in terms of the 
small parameter , namely, 

                                                                  (7) 

Now, we seek perturbation solution of energy equation (4) in the form [2] 

                                                                    (8) 

The substitution of equations (7) and (8) in the energy equation (4) yields 

                                                                                      (9) 

                                                               (10)             

                          (11)  
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Etc, and the expansion for the boundary conditions (6b) in a Taylor series gives 

                            ,                                                                     (12 a, b)                       

                                                                                           (13 a) 

                                                                        (13 b)   

                                                         (14 a)         

                                (14 b) 

Etc . 

3.1 Zeroth order solution 

The zeroth order   solution corresponds to the flow between concentric circular cylinders. Thus, 
the solution of equation (9) subject to boundary conditions (12) is obtained as 

   ]                                                            (15) 

Where, 

                                                                                                               (16) 

                                                                                                                     (17) 

 ] +                                                                                (18)       

3.2   First order solution 

 We assume   is of the form 

                                                                               (19) 

Using the equation (19) in the equation (10), we obtain                                                                                           

                                               (20) 

                                      (21) 

 And the boundary conditions (13) reduce to 

                                               ,                                                         (22)                       

,                                              .                                                        (23)  

 where  ,  
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                                                                                                                                    (24 a) 

                                                                                                                                     (24 b) 

 ]                                                                                                                     (24 c) 

                                                                                                                         (24 d) 

                                                      (24 e) 

                                                                              (24 f) 

And the function G(x , y) is defined by 

G(x, y) =                                                                                                   (24 g) 

The solutions of the equations (20) and (21) subject to the conditions (22) and (23) respectively, 
are given by 

                                                                                                                      (25) 

                                                                                                                          (26) 

Where, the expressions for the functions  and  involving the geometric parameters 
n,  and thermal parameter  are given in ref. [2].  

3.3  Second order solution 

We assume  is of the form 

 
                                                                            (27) 

Using the equation (27) in the equation (11), we get 

                                                                                    (28) 

                                                                                    (29) 

                                                                                         (30) 

                                                                                         (31) 

                                                                                                         (32) 
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And the boundary conditions (14) reduce to 

                                                                                                 (33) 

                                                                                          (34) 

                                                                                                      (35) 

                                                                                                     (36) 

                                                                                                 (37) 

Where the expressions for ,  , , , , , ,  and  are given in ref [2]. 

The solutions of the equations (28)-(32), subject to the conditions (33)-(37), respectively, are 
given by 

                                                                                                                   (38) 

                                                                                                                  (39) 

                                                                                                                   (40) 

                                                                                                                   (41) 

   +                                                                                               (42) 

Where the expressions for the functions  , , , ,  and  involve the geometric 
parameters n,  and thermal parameter  [2]. 

3.4  Heat flux at the walls 

The rate of heat transfer   , is given by 

                                                                                                                 (43) 

Where  has been normalized by   . 

The rate of heat removal,  per unit length of the outer cylinder surface, is given by 

                                                                                       (44) 

If  denotes the rate of heat removal when the outer cylinder is circular, then 

  = (1,                                                                                                                     (45) 

And 

 



Forced convective flow                                                                                                                497 

 

 = 1 +  + O (                                                                                                        (46) 

The function  , in the equation (46), is given by 

         (47) 

Where, 

 =                                                                                                                          (48) 

  =      +      +   (                            (49) 

  =  (                                                                                   (50) 

The rate of heat supply,  per unit length of the inner cylinder surface, is given by 

                                                                                    (51)  

If  denotes the rate of heat supply when the outer cylinder is circular, then 

  = ( ,                                                                                                                 (52) 

And 

 = 1 +  + O (                                                                                                           (53) 

The function  , in the above equation, is given by 

            (54) 

Where, 

 =      +      +   (                           (55)   

 =                                                                                                                            (56)    

  =  (                                                                               (57) 

3.5  Negligible frictional heating 

When the frictional heating is negligible (corresponding to E = 0), the equations (45) and (47)-
(50), for the outer cylinder, reduce to  

  =                                                                                                                (58) 
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                                 (59) 

 = L3,                                                                                                                                                                                                      (60) 

 = L1,                                                                                                                 (61)                       

 = L4  L2,                                                                                                                                                                                            (62) 

Respectively, and the equations (52) and  (54)-(57), for the inner cylinder, reduce to 

 =   ,                                                                                                                        (63) 

,                                  (64) 

   + L3,                                                                                                                                                                 (65)   

 =  L1                                                                                                                                 (66) 

  L4  L2,                                                                                                                             (67) 

Respectively, where, 

L1 ,                                                                          (68) 

L2                                                                                            (69) 

L3 =                                                                       (70) 

L4                                                                                                         (71) 

 

4. Results and discussion 
 
The results obtained in zeroth order solution correspond to Poiseuille flow. If we consider 
the limiting case where the radius of the inner cylinder goes to zero ( →0), we have the 
flow through a cylinder, which can be a circular cylinder or a corrugated cylinder 
depending on whether  (or k) in equation (2) is zero or not. When the cylinder is 
circular, it gives rise to the problem of flow in a pipe driven by a constant pressure 
gradient. Hence, in the present analysis, the lowest perturbation solution for single pipe  
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case corresponds to Hagen_Poiseuille flow [8]; after some modification resulting from 
different non-dimensionalizations employed in the present problem. 
          The quantities  and , given by equations (47) and (54), represent the second 
order enhancement or reduction in the wall heat transfer rates, compared to the case of 
circular annulus. When E = 0 (i.e. PE=0) it corresponds to the case of negligible frictional 
heating. 
            If the outer cylinder is circular and inner cylinder is corrugated (h=0, k=1), then 

 and   are proportional to  and  respectively. On 
the other hand if the inner cylinder is circular and outer cylinder is corrugated (i.e. h=1, 
k=0), then  and   are proportional to  and  
respectively. The last term of equations (47) and (54) represent the non-linear interaction 
of the boundaries when both cylinders are corrugated with same number of waves. The 
graphs for ’s have not been shown here for the purpose of brevity. It is observed that for 
the first case (i.e. h=0, k=1) the effect of frictional heating is to enhance (reduce) the heat 
transfer rate on the outer (inner) cylinder and this effect is more pronounced for larger 
wave number. For the case when h-1,k=0 the rate of heat transfer on both the cylinders 
decreases due to frictional heating and it further decreases by corrugating the outer 
cylinder. 
            When both the cylinders are corrugated (h=1, k=1) with equal amplitude and 
equal number of waves, the expressions for  and  become 

                                                                         (72) 

                                                                         (73) 

Respectively. and   are represented in the Figures 2-5. 
            When , i.e. the corrugations of each cylinder are in phase, Fig.2 shows that  

 is negative for all  and  is positive for all , where  is the root of the 
equation .The value of  is found to increase for increasing values of 
PE and n. It shows that the rate of heat transfer increases on the outer cylinder for small 
inter-cylinder gap (i.e.  close to unity) and it decreases on the inner cylinder for all , as 
compared to the case of circular annulus. The effect of viscous dissipation is to decrease 
the rate of heat transfer on the outer cylinder; where as opposite effect is observed for the 
inner cylinder. 
                If , i.e. when the wall corrugations are out of phase,  and   
increase from a high negative value to a high positive value as  increases, which means 
that as compared to circular annular case, the rate of heat transfer on both cylinders 
increases as the inter-cylinder gap decreases. It can be seen from Fig.4 that the rate of 
heat transfer reduces (increases) on the outer (inner) cylinder due to frictional heating. 
Comparing the Figs.4 and 5 it is observed that by increasing the number of waves of 
corrugations,  and   decrease. 
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               On comparison of Figures 2 and 4, we notice that the effect of non-linear 
interaction of corrugated boundaries is to increase the wall heat transfer rates and are 
influenced significantly by the phase shift  of the wall corrugations. Thus, for given 
values of , n and PE, it is plausible to employ the mechanism of phase shift to the 
advantage of machine design specification. We also notice that the heat transfer rates at 
the walls are sensitive to phase shift for values of  near unity. 
 
 
5. Conclusions 

 
1. The rate of heat transfer on both walls increases significantly when the wall 

corrugations are out of phase. 
2. To achieve the higher rate of heat transfer as compared to circular annulus case, the 

inter-cylinder gap width has to be so chosen that the inner radius  is greater than  
as well as , where,  and  are roots of equations  and 

, respectively. For example, when , PE=2 and n=2, we find 
that =0.2(approx.), =0.45(approx.). Physically it means that rate of heat transfer 
in corrugated annulus can be made to increase or decrease, as compared to 
conventional circular annulus configuration, depending on the choice of wave 
number, value of PE and phase shift . 
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Figure captions 
 

1. Figure 1: The co-ordinate system 
2. Figure 2: The graph of   or   versus  for n=2 and   ; for different values of 

PE. 
3. Figure 3: The graph of   or   vertices  for n=3 and   ; for different values of 

PE. 
4. Figure 4: The graph of   or   vertices  for n=2 and   ; for different values of 

PE. 
5. Figure 5: The graph of   or   vertices  for n=3 and   ; for different values of 

PE. 
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Figure 3 
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Figure 4 
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Figure 5 
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