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Abstract 
 
This article makes a mathematical analysis of transient rotating flow of an 
incompressible second grade fluid in a porous medium. The flow motion in the 
model is induced by a given but arbitrary inlet volume flow rate which varies 
with time. We have applied the model by the application of Laplace transform 
technique to find mainly two basic flow situations, which are a sudden started 
and a constant acceleration flow, respectively. Then we use these two results to 
a practical case that is a trapezoidal piston motion which contains three phases 
of piston motion have also been derived corresponding to (i) when the constant 
acceleration from the rest to a fixed velocity, (ii) when keeping at fixed velocity 
and (iii) when the constant deceleration to a stop. As well as, the oscillatory 
case is also considered. 
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1. Introduction 
It is well known that volume flow rate variation as well as rotation plays an 
important role in various phenomena in cosmical fluid dynamics, in 
meteorology, in geophysical fluid dynamics, in gaseous and nuclear reactors 
etc. Recently, the study of non-Newtonian fluid has gained considerable 
importance. This is mainly due to their several applications in petroleum 
industry, manufacturing and processing of foods and paper and many other 
industrial applications. Besides that the flows such fluids offer varied 
challenges to applied mathematicians, numerical analysts and modelers in 
developing suitable algorithms for computing the flows. It is because of the fact 
that governing flow equations of non-Newtonian fluids are much more 
complicated and of higher order than the Navier-Stokes equations. But due to 
complexity of fluids, several constitutive equations of non-Newtonian fluids 
have been proposed in the literature. Amongst these there is a subclass of non-
Newtonian fluids namely the second grade fluids for which one can reasonably 
hope to obtain analytic solution. Some recent studies in this direction may be 
mentioned in [1, 7-9, 13, 15]. Due to this fact in mind, the fluid model in the 
present paper is second grade.  

Unsteady flow of non-Newtonian fluids, which is of vital interest, has also been 
investigated by several researchers and scientists. From literatures, the non-
Newtonian fluids are principally classified on the basis of their behavior in 
shear. A fluid with a linear relationship between the shear stress and the shear 
rate, giving rise to a constant viscosity, is always characterized to be a 
Newtonian fluid. Based on the knowledge of solutions to Newtonian fluid, the 
different fluids can be extended, such as Maxwell fluid, Voigt fluid, Oldroyd-B 
fluid, Rivlin - Ericksen fluid or power-law fluid. In this study, we prefer to the 
second order Rivlin-Ericken fluid, or so called second grade fluid. Several 
authors are now engaged with the equations of motion of second grade fluid 
and also to the study of the existence and uniqueness of solutions for flows of 
volume rate variation and rotation case fluids [2-6, 10-12, 14]. 

The main objective of the present study is to bring out the transient rotating 
flow characteristics of second order fluid though porous medium between two 
parallel plates. The flow is created by an arbitrary but given volume flow rate  
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with time. The modeled problem is solved analytically by Laplace Transform 
technique for different type of piston motion which is very useful in various 
practical and engineering applications. 

 

2. Mathematical Analysis 

Let us consider the transient flow of an incompressible, homogeneous second 
grade fluid in the porous medium bounded by two parallel plates at z=0 and 
z=h. Initially both the plates and the fluid are in a state of solid body rotation 
with constant angular velocity  about the z-axis is taken normal to the plates. 
Since the plates are infinite so the velocity is a function of z and t only. Under 
these assumptions, the governing system of equations to the problem is 

  ,    (1) 

  ,     (2) 

for the non-vanishing components u and v of the velocity field. Introducing a 
new variable 

 . 

 Now we have 

 ,    (3) 

where  is porosity parameter,  is the kinematic viscosity, is the 

porosity, K is the permeability of the porous medium, is the coefficient 

of the visco-elasticity, p is the modified pressure,  is the fluid density, 
 are material parameters .  

The appropriate boundary and initial conditions are 

      (4) 

,       (5) 
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here  is the average inlet velocity. It is clear that the initial condition is 
related to the inlet volume flow rate. 

 

3. Methodology of solution 

Since we have the governing equation, boundary and initial conditions, the 
problem is well defined. Before proceed to solve the problem, we have to 
choose the method treating this third order non-homogeneous partial 
differential equation. In general, it is not convenient to use the method of 
separation of variables to solve non-homogeneous linear partial differential 
equation. In our study, we utilize the Laplace transform method reducing the 
two variables into single variable, i.e. transforming PDE into ODE. This 
procedure will greatly reduce the difficulties of treating the original differential 
equation. Therefore, here we will discuss the four interesting cases using 
Laplace transform. The detail procedure to solve this problem can be seen by 
Chen et al. [3]. 

3.1 Constant accelerated flow 

The piston motion of constant acceleration can be described by the following 
equation: 

,        (6) 

where  is the constant acceleration,  is the final velocity after acceleration 
and  is the time period of the acceleration. The velocity and pressure gradient 
are given by 

    

 ,      (7) 

  

      (8) 

   (9) 
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Where  are the zeros of  

3.2 Impulsively started flow 

In this case 

  

=          (10) 

    

 ,      (11) 

  

      (12) 

3.3 Trapezoidal piston motion 

We will obtain here the solutions for three stages of piston velocity which has a 
trapezoidal variation with time as given below as 

 

 

 

        = 0   for          (13) 

and the solutions for different time periods of the velocity and pressure gradient 
are as follows: 

3.31 During constant acceleration case (  

,         (14) 
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       (15)

  

  

      (16) 

3.32 During the constant piston velocity phase  

     (17) 

  

     (18)

  

  

    (19) 

3.33 During constant deceleration phase  

           (20) 

  

      (21)
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    (22) 

3.34 After the piston has stopped  

 

           (23) 

, (24)  

  

           
 (25) 

3.4 Oscillatory piston motion  

The asymptotic solution for flow in a two dimensional channel due to a 
sinusoidal oscillating piston is known has discussed by Uchida [9] and 
Wembersley [10]. We consider the oscillatory piston motion starting from rest. 
The piston motion is described as 

  for  and  for     (26) 

             (27) 

  

 +     

           
 (28) 
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 (29) 

 

4. Conclusion 

This paper deals with the analytical solutions for transient unidirectional 
rotating flow in the porous medium when the volume flow rate is given as a 
function of time. The governing equations of the second grade fluid are 
modeled and then solved using Laplace transform technique. The importance of 
the work lies in the fact that volume flow rate conditions play a significant role 
in several practical, engineering and industrial applications. It is found that both 
steady and unsteady solutions are strongly dependent upon the porosity 
parameter. The existing results of Chen et al. [2] can be obtained as a special 
case from the present analysis by choosing . 
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