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Abstract 
 

This paper reveals the effect of the stiffeners on the radiated sound loudness from the 
stiffened rectangular plates. Based on the hierarchical trigonometric functions and the 
corrected perceptual evaluation of audio quality (PAQ) method, the sound loudness 
radiated from different stiffened plates and the effect of the stiffeners’ form are 
sparely studied. The effect of the stiffener on the radiated sound intensity level and the 
critical-band level are also studied. Due to the frequency selectivity of human hearing, 
the difference of the physical sound and the human hearing sensation are illustrated. 
Moreover, the effect of the mode density on the radiated sound loudness is also 
illustrated. 
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1. Introduction 
Stiffened plates structures are a frequently-used form in the mechanical products 

design. The structural acoustics radiated from stiffened plates is thus of interest with 
respect to the noise of such structures. Moreover, when the plates are excited, the 
sounds radiated from the plates are often the main source of the noise. As a reason, 
designers and manufacturers are often faced with negative reactions to the sound or  
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noise of their products. A typical response to such reactions is confusion due to the 
“sound quality” of the problem. For the product sound represents a more complex set 
of attributes, both aesthetic and functional, the product sound quality becomes a key 
problem in design [1, 2]. 

Sound quality metrics include loudness, sharpness, roughness and fluctuation 
strength etc. Sound loudness is an important metric due to it is most closely to the 
human sensation of sound intensity stimulus. For the sound loudness calculation, 
based on the Zwicker’s loudness model [3], researchers have provided some methods 
such as enhanced modified-bark spectral distortion (EMBSD) [4], perceptual 
speech-quality measurement (PSQM) [5] and perceptual evaluation of audio quality 
(PEAQ) [6]. But these methods still fail to provide all of the necessary details. These 
have been summarized in [7]. Kabla [8] corrected the PEAQ method, which is more 
precise than the others. In this paper, the corrected PEAQ method is applied to 
calculate the sound loudness radiated from the stiffened plates. 

Many researches have been carried out for the analysis of the stiffened plates. A 
review paper has summarized most of the stiffened plate vibration till 1994 [9]. In 
vibration analysis of the stiffened plates, researches have proposed many methods 
including the methods based on the early orthotropic model [10], the grillage models 
[11], the Rayleigh-Ritz method [12-15], the matrix method [16], the finite difference 
method [17-19] and the finite element method [20, 21]. The main analysis methods of 
stiffened plate vibration are the Rayleigh-Ritz method or the finite element method 
(FEM). The FEM uses a discretization of the global structure and interpolation 
functions which are local in nature. The FEM methods are convenient and can be used 
to solve large, complex structures with all kinds of boundary conditions. However, 
model size limitations still restrict conventional FEM to low frequency. The inherent 
characteristic of the FEMs become disadvantageous under some circumstances. In 
order to overcome these limitations, some alternatives to the conventional FEM have 
been proposed. KoKo and Olson [21] developed the super-elements to model the free 
vibration of stiffened plates. Chen et al. [22] used a spline compound strip method 
where the plate is being divided into finite strips and splines are used as trial functions. 
Cote [23] applied the p-version of the FEM to several structural acoustics problems, 
including the vibration of stiffened plates. Bardell [24] developed a hierarchical FEM 
for the free vibration of plates. Beslin and Nicolas [25] proposed a set of hierarchical 
trigonometric functions in order to predict high order modes of vibration. The 
hierarchical trigonometric functions of Beslin are used as local trial functions in the 
prediction of stiffened plate vibration in this paper. The local functions are defined on 
the plate domain present between consecutive stiffeners, thereby allowing a coarse 
discretization of the global structure.  
  In this paper, using the hierarchical trigonometric functions and the corrected 
PEAQ method, the effect of the stiffeners of the radiated sound loudness from the 
stiffened plate is calculated and compared. By comparing the plate with different 
stiffeners’ forms, the effect is revealed, including taking the frequency selectivity of 
human hearing into account. Moreover, the effect of the mode density is also studied 
to verify the effect of the stiffeners on radiated sound loudness. 
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2. Stiffened Plates Vibration Equations 
 
Consider a flat isotropic rectangular plate element of dimensions a  and b , 

thickness h . Suppose a non-dimensional coordinates 2 / 1x aξ = − , 2 / 1y bη = −  as 
shown in Fig.1, such that the plate element corresponds to 1 1ξ− ≤ ≤  and 1 1η− ≤ ≤ . 
When two orthogonal, beam-like stiffeners are attached to the plate element at 
positions x a=  (“y-wise stiffener”) and y b=  (“x-wise stiffener”), the forced 
response of the plate is affected. According to the research results of Berry and 
Nicolas [26], the continuity of displacements is assumed between the plate element 
and the stiffeners. Therefore, all displacements of the stiffeners can be expressed as a 
function of the plate transverse displacement ( ),w ξ η . 

 
 

      
 

Figure.1 The stiffened plate element and coordinate system 
 
According to Rayleigh-Ritz method [14, 15], the local displacement ( ),w ξ η  on 

the plate element can be expressed as 

( ) ( ) ( )
1 1

,
M N

mn m n
m n

w qξ η φ ξ φ η
= =

=∑∑ ,                  (1) 

where ( )mφ ξ  and ( )nφ η  are trial functions, M  and N  are the numbers of 

functions along the x  and y  directions, and the mnq  are the local unknown 
Rayleigh-Ritz coefficients.  

According to the research results of Beslin and Nicolas [25], the trigonometric set 
( ){ }mφ ξ is defined as 

( ) ( ) ( )sin sinm m m m ma b c dφ ξ ξ ξ= + + ,                (2) 
where the coefficients ma , mb , mc  and md  are given in Table 1. 
Table.1 Table of coefficients ma , mb , mc  and md  relative to the trigonometric set 

( ){ }mφ ξ  

y  

a  
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b  

-1 
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η
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+1 ξ  

x-wise stiffener 

y-wise stiffener 



382                              Yufeng Qiao, Qibai Huang and Tianyun Li 
 
 

m  ma  mb  mc  md  
1 / 4π  3 / 4π  / 4π  3 / 4π  
2 / 4π  3 / 4π  / 2π  3 / 2π  
3 / 4π  3 / 4π−  / 4π  3 / 4π−  
4 / 4π  3 / 4π−  / 2π  3 / 2π−  

>4 ( )/ 2 4mπ −  ( )/ 2 4mπ −  / 2π  / 2π  
 
These functions allow arbitrary boundary conditions to be specified by selecting 

proper combinations among the first four functions and a simple assembly of plate 
elements. The most attractive particularity of the trigonometric functions is that they 
offer great number stability and do not require special attention to the round-off 
errors. 

For a forced response plate, the elementary force mnf  on the plate element is 

( ) ( ) ( )
1

1
,

4mn m n
abf f d dξ η φ ξ φ η ξ η

−
= ∫ ,             (3) 

where ( ),f ξ η  is the force per unit of area on the plate element. If the excitation is a 

point force at location ( )0 0,ξ η , we have 

( ) ( ) ( )0 0 0,f fξ η δ ξ ξ δ η η= − − ,                (4) 
where 0f  is the magnitude of the force, δ  is Dirac Delta function. This leads to 

( ) ( ) ( )0 0 0 0,
4mn m n

abf f ξ η φ ξ φ η= .               (5) 

For the plate element in Fig.1, the elementary mass matrix pM  is 

00 00

4p mr ns
habM I Iρ ⎡ ⎤= ⎣ ⎦ ,                        (6) 

and the elementary stiffness matrix pK  is 

( ) ( )
4 2 2

22 00 00 22 20 02 02 20 11 11
3

4 2 1p mr ns mr ns mr ns mr ns mr ns
Db a a aK I I I I I I I I I I
a b b b

μ μ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + + + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
,  (7) 

where ρ  is the density of the plate element material, D  is the flexural rigidity 
defined by ( )3 2/12 1D Eh μ= − , E  is the Young’s modulus, μ  is the Poisson’s 

ratio, terms mrIαβ  is defined by the integrals 

( ) ( )1

1

m r
mr

d d
I d

d d

α β
αβ

α β

φ ξ φ ξ
ξ

ξ ξ−
= ∫ .                  (8) 

Given the simple expression of the trial functions, these integrals can be calculated 
analytically. The plate element damping coefficient adopted in this paper are 

/100C hρ ω π= , where ω  is the angular frequency, which were obtained from 
experiments [27, 28]. 

When we consider a plate reinforced by an array of orthogonal stiffeners as shown 
in Fig.1, such a structure can be viewed as an assembly of plate elements with 
attached x-wise and y-wise stiffener elements. Local coordinates systems ( ),i ix y   
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and ( ),i iξ η  are defined for each elements i . Since the global structure is forced by 
assembling plate and stiffener elements, it is planar but its geometry is not necessarily 
rectangular. The array of stiffeners is also not necessarily periodic as the dimensions 
of the elements. The boundary conditions along the sides of the plate elements that 
define the contour o the global plate can be taken as simply supported, clamped or 
free, and may vary from one plate element to another. 
  Consider a plate stiffened by a stiffener with arbitrary shape as shown in Fig.2, the 
location of the y-wise stiffener 1yξ = . In Fig.2, G  is the stiffener’s center of inertia, 
x  and z  define the position of the plate-stiffener junction O  with respect to the 
stiffener’s center of inertia. 

 
Figure.2 Stiffener geometric characteristics 

 
The elementary mass matrix of the y-wise stiffener yM  on the plate element is 

[29] 

( ) ( ) ( ) ( ) ( )2 2 00 2 11
, ,2

2 2y y
y y xx zz m y r y ns y xx m y r y ns

b
M S x z I I I S z I I

a bξ ξ

ρ ρ
φ ξ φ ξ φ ξ φ ξ⎡ ⎤ ⎡ ⎤= + + + + +⎣ ⎦⎣ ⎦      

( ) ( ) ( ) ( ) ( ) ( )00 00
, ,2 2

y y y y
m y r y m y r y ns m y r y ns

S xb S b
I I

a ξ ξ

ρ ρ
φ ξ φ ξ φ ξ φ ξ φ ξ φ ξ⎡ ⎤− + +⎣ ⎦ , (9) 

and the elementary stiffness matrix of the y-wise stiffener yK  on the plate element is 

( ) ( ) ( ) ( )2 22 11
, ,3 2

8 8y y
y xx y m y r y ns y m y r y ns

E G
K I z S I J I

b a b ξ ξφ ξ φ ξ φ ξ φ ξ⎡ ⎤= + +⎣ ⎦ ,  (10) 

where yρ  is the density of the y-wise stiffener, yS  is the cross-section area, xxI and 

zzI  are the moments of inertia with respect to G , yE  is the Young’s modulus, yG  
is the shear modulus, yJ  is the torsion constant of the y-wise stiffener. 

The corresponding expressions for the x-wise stiffener are obtained by permuting 
a  and b , x  and y  as well as ξ  and η . Then, the mass and stiffness matrices of 
the stiffeners can be calculated analytically. 

As for the continuity conditions between two adjacent elements (Fig.3), it requires 
equality of the transverse displacement and slope at the interface between elements i  
and 1i + . In non-dimensional coordinate, the continuity conditions is given by 

Stiffener 

Plate 

x  

z  

x  

O  

G  

z  

y  
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( ) ( )11, 1,i i i iw wη η+= − ,                     (11) 

( ) ( )1
1

1

2 1, 2 1,i i i i
i i

i i

dw dw
a d a d

η η
ξ ξ

+
+

+

−
= .                   (12) 

    
Figure.3 Continuity conditions between two adjacent plate elements 

According to Eq. (1), use the expansions of the displacements over the local trial 
functions. Then, Eq. (11) and (12) is re-written as 

( ) ( ) ( ) ( ), , 1
1 1 1 1

1 1
M N M N

mn i m n i mn i m n i
m n m n

q qφ φ η φ φ η+
= = = =

= −∑∑ ∑∑ ,          (13) 

( ) ( ) ( ) ( )
, , 1

1 1 1 11

1 1M N M N
m n i m n ii

mn i mn i
m n m ni

d daq q
d a d

φ φ η φ φ η
ξ ξ+

= = = =+

−
=∑∑ ∑∑ .        (14) 

Using the coefficient values in Table 1, we calculate out the values of the 
trigonometric at the end points +1 and -1. Therefore, the displacement and slope 
continuity conditions is simplified as 

( ) ( )3 , , 1
1 1

N N

n i n i n i n i
n n

q qφ η φ η+
= =

=∑ ∑ ,               (15) 

( ) ( )4 , 2 , 1
1 112 2

N N
i

n i n i n i n i
n ni

aq q
a
ππ φ η φ η+

= =+

=∑ ∑ .             (16) 

Since the functions ( )n iφ η  from a basis on 1 1iη− ≤ ≤ + , for 1 n N≤ ≤ , Eq. (15) 
and (16) reduce to 

3 , 1 , 1n i n iq q += , 4 , 2 , 1
1

i
n i n i

i

aq q
a +

+

= .                (17) 

Using the reciprocity relationship, the continuity conditions at the interface, which is 
parallel to the x-axis, between the elements i  and 1i +  is given by 

( ) ( )1,1 , 1i i i iw wξ ξ+= − ,                     (18) 

( ) ( )1
1

1

2 ,1 2 , 1i i i i
i i

i i

dw dw
a d b d

ξ ξ
η η

+
+

+

−
= .                  (19) 

Similarly, for 1 m M≤ ≤ , Eq. (18) and (19) can be reduced to 

3, 1, 1m i m iq q += , 4, 2, 1
1

i
m i m i

i

bq q
b +
+

=                (20) 

iη  

iξ  

1iη +  

1iξ +  

x  

y  
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Consider a stiffened plate is assembly of pN  plate elements such as the one shown 

in Fig.1, the global mass matrix and stiffness matrix are 
 
 

1

0

0
p

i

N

M

MM

M

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

O

O

,               (21) 

1

0

0
p

i

N

K

KK

K

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

O

O

,                (22) 

 
where iM  and iK  are the telemetry mass matrix and stiffness matrix defined by 

i i i i
p x yM M M M= + + ,                     (23) 

i i i i
p x yK K K K= + + .                      (24) 

For each element, the global force vector is ( )1, , , ,
pi NF f f f= L L , when ignore the 

damp of the stiffeners, the forced response of the stiffened plate is the solution of the 
linear system 

Mw Cw Kw F+ + =&& & .                    (25) 

 
 

3. Radiated Sound from Plates 
 
For a stiffened rectangular plate in an infinite baffle, the structural sound pressure 

radiated from the plate can be calculated by evaluating the Rayleigh surface integral 
where each element on the plate is treated as a simple point sound source and its 
contribution is added. The radiated sound pressure ( )p Q  at an arbitrary observation 

location ( ), ,Q x y z  is [30] 

( ) ( )0

2

jkr

S

j ep Q w P dS
r

ωρ
π

−

= ∫ & ,              (26) 

where 0ρ  is the air density, S  is the surface area of the plate, r  is the distance 
between the observation location and the infinitesimal element on the plate. 
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Figure.4 Coordinate system for evaluation of structural sound pressure 

 
 
The structural sound intensity at the observation location Q  is [30] 

( ) ( ) ( )*1 Re
2

I Q p Q v Q⎡ ⎤= ⎣ ⎦ ,               (27) 

where ( )v Q  is the velocity of acoustic medium at the location Q , *  denotes 
complex conjugate. The sound power radiated into the semi-infinite space above the 
plate is given by 

( )'

'

S
W I Q dS= ∫ ,                    (28) 

where 'S  is an arbitrary surface which covers area S . 
According to Eq. (26) and (27), Eq. (28) takes the form 

( ) ( )'

* '0 Re
4

jkr

S S

jeW w P v Q dSdS
r

ωρ
π

−⎡ ⎤
= ⎢ ⎥

⎣ ⎦
∫ ∫ & .        (29) 

Since { } ( )*Re / 2J J J= + , where J  is a complex function, we note that 

( ) ( ) ( ) ( ) ( ) ( )* * *1Re
2

jkr kr krje je jew P v Q w P v Q w P v Q
r r r

− − −⎡ ⎤⎡ ⎤ ⎛ ⎞ ⎛ ⎞−
= +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥

⎣ ⎦ ⎝ ⎠ ⎝ ⎠⎣ ⎦
& & &  

( ) ( ) ( ) ( )* *1 sin cos sin cos
2

i iw P v Q w P v Q
r r

θ θ θ θ⎡ + − ⎤⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
& & .     (30) 

When we suppose 'S  to S , due  to the  reciprocity relationship between 1r
r  and 

2r
r  (Fig.4), ( ) ( )v Q w Q= & . Eq. (30) is simplified as 

( ) ( ) ( ) ( ) ( )* *sin
Re

jkr krjew P w Q w P w Q
r r

−⎡ ⎤
=⎢ ⎥

⎣ ⎦
& & & & .    (31) 

Then Eq. (29) is given by 

( ) ( ) ( )* ' '0
0 0 0 0

sin
4

b a b a kr
W w P w Q dxdy dx dy

r
ωρ
π

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
∫ ∫ ∫ ∫ & & .     (32) 

When the plate is divided into N elements, Eq. (32) is approximated by a finite series 
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( ) ( ) ( )2*0

1 1

sin
4

N N

i j
i j

krW w r w r S
r

ωρ
π = =

≈ Δ∑∑ r r
& & ,         (33) 

where ir
r  and jrr  are the position vectors of the center point of two elements. 

          
Figure.5 Discretization of the Rectangular Plate Surface 

When we define the velocity matrix as ( )1, , , , T
i Nw w w w=& & & &L L , where T  denotes 

transposition, W  is expressed as 
HW w Zw= & & ,                     (34) 

where H  denotes complex conjugate and transposition, Z  is the resistance matrix 
defined by 

1,2 1,

1,2 1,

2,1 2,2 2
0

2,1 2,2
0

,1 ,2

,1 ,2

sin sin
1

sin sin
1

4

sin sin
1

N

N

N

N

N N

N N

kr kr
kr kr

kr kr
S kr krZ

N c

kr kr
kr kr

ω ρ
π

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

L

L

M M O M

L

.            (35) 

where 0c  is the sound velocity in air. 
 

4. Model of Sound Loudness 
In free sound field, according to [30], the sound intensity level IL  is given by 

0

10lg 10lgI
WL S
W

= − ,                  (36) 

where 0W  is the reference value of the sound power defined by 1210− Watt. 
The sensation that corresponds most closely to the sound intensity of the stimulus is 

loudness. Critical bandwidth plays an important role in the loudness, and the slopes of 
the frequency-selectivity characteristic of human hearing also play an important role. 
The excitation level versus critical-band rate represents the pattern that describes not 
only the influence of critical bandwidth, but also that of the slopes. Therefore, it 
seems reasonable to use the excitation level versus critical-band rate as a basis from  
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which the loudness of the complex may be constructed [31]. The loudness N  is then 
an integral of the specific loudness N ′  over all critical-band rates [3] 

24

0
N N dz′= ∫ .                      (37) 

Thus, the transformation from critical-band rate level into excitation level versus 
critical-band rate is necessary. Both the frequency-related transformation to 
critical-band rate and the amplitude-related transformation to specific loudness are of 
crucial importance for the evaluation of the sound at the specific receiver, e.g. the 
human hearing system. The transformation from excitation level into specific 
loudness must be known in order to transform excitation level versus critical-band 
rate into specific loudness versus critical-band rate. 

Steven’s law [32] says that a sensation belonging to the category of intensity 
sensations grows with physical intensity according to a power law. According to this 
law, we have to assume that a relative change in loudness is proportional to a relative 
change in intensity. Instead of using the total loudness as the value, specific loudness 
is used. According to Zwicker’s loudness model, the specific loudness N ′  is given 
by [3] 

( ) ( )0.23 0.23

00.08 / 0.5 0.5 / 1TQ TQN E E E E⎡ ⎤′ = + −⎢ ⎥⎣ ⎦
.        (38) 

where TQE  is the excitation level at the threshold in quiet approximated by 

( ) ( ) 0.83.64 /1000TQE f f −= , 0E  is the reference excitation corresponding to the 

reference intensity 12 2
0 10 /I W m−= . The values for these two parameters are given in 

[33, 34]. 
The critical-band concept is thus important for describing human hearing sensations 

and it leads to the so-called critical-band rate scale, which is based on the fact that the 
human hearing analyzes a broad spectrum into parts that correspond to critical bands. 
In many cases, an analytic expression is useful to describe the dependence of the 
critical-band rate (and of the critical bandwidth) on the frequency over the whole 
auditory frequency range. The following relations are useful [3] 

( ) ( )213arctan 0.76 /1000 3.5arctan / 7500z f f= + ,          (39) 

( )
0.69225 75 1 1.4 /1000Gf f⎡ ⎤Δ = + +⎣ ⎦ ,                (40) 

where z  is the critical-band rate, GfΔ  is the critical bandwidth. 
The frequency selectivity of the human hearing can be approximated by 

subdividing the intensity of the sound into parts that fall into critical bands. Such an 
approximation leads to the notion of critical-band intensities. The critical-band level 
and the excitation level play an important role in many acoustic models. The 
critical-band level intensity GI  can be calculated from the following equation that 
takes into account the frequency dependence of critical bandwidth [3] 

0.5

0.5

G

G

f f

G f f

dII df
df

+ Δ

− Δ
= ∫ .                   (41) 

The critical-band rate z  is useful to describe the characteristics of the human 
hearing. Because z  is a definite function of frequency, ( )I f  can also be expressed 
in terms of the critical-band rates 
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0.5

0.5

z

G z

dII dz
dz

+

−
= ∫ .                     (42) 

On a logarithmic scale, using 12 2
0 10 /I W m−=  as the reference value, the 

critical-band level GL  is defined as 

( )010 lg /G GL I I= .                     (43) 
  The critical-band intensity can be seen as that part of the overall un-weighted sound 
intensity, which falls within a frequency window that has the width of a critical band. 
The transformation of the frequency into the critical-band rate transfers the 
frequency-dependent window width into 1Bark, independent of the critical-band rate. 
Consequently, a critical-band-wide narrow-band noise produces a critical-band 
intensity which is a function of the critical-band rate, and which shows the form of a 
triangle with a base width of 2Bark. A harmonic tone, however, produces a function 
with a rectangular shape and a width of 1Bark. 

The intermediate values such as the excitation or the excitation level, however, 
represent a much better approximation to the frequency selectivity of human hearing 
system. The so-called main excitation corresponds in this transformation to the 
maximum value of the critical-band level. In most cases, the excitation level, defined 
by EL , is given by 

010lg /EL E E= .                     (44) 
The excitation level can be constructed most simply from the critical-band level as 

a function of the critical-band rate, by calculating the critical-band level in the range 
of the main excitation. In cases of an abrupt change of the intensity density as a 
function of the critical-band rate, for low-pass noise or sinusoidal tones, the excitation 
level is identical to the critical-band level. 

 

5. Numerical Results and Discussions 

Consider a steel ( 112.1 10E Pa= × ， 0.28μ = ， 37800 /kg mρ = ) rectangular plate of 
size 0.5 0.3m× . The plate is stiffened by three different stiffeners through the center 
of the plate as shown in Fig.6. The steel stiffeners have a rectangular cross-section 
with height 2 mm  and width 5 mm  and the same material characteristics as the plate. 
When the temperature is 20 C° , the air properties are 3

0 1.21 /kg mρ =  and 
343 /c m s= . The frequencies adopted for the numerical simulations are those in the 

frequency range of 20-1000 Hz, i.e. 0.2-8.5 Bark. Consider the plate thickness is 
0.5 mm  and a harmonic point force j tf e ω= , where the force unit is Newton, excites 
at the location (0.4, 0.2).  

      

b 

x  

a (a) 
y
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Figure.6 Four rectangular plates used in numerical comparison. (a) un-stiffened 
rectangular plate, (b) y-wise stiffened rectangular plate, (c) x-wise stiffened 
rectangular plate, (d) x-wise & y-wise stiffened rectangular plate. 
 
 

For the rectangular plates shown in Fig.6, the boundary conditions at the edge 
0x =  can be expressed as follows: 

0, 0, 0w ww
ξ η
∂ ∂

= = =
∂ ∂

.               

(45) 
Using the reciprocity relationship, the expression of boundary conditions at other 
three edges can also be obtained. According to Sect.2, whether large elements with 
many local hierarchical functions or small elements with few local hierarchical 
functions are all preferable. Therefore, according to the model established in Sect.3, 
we divide the rectangular plates into 60 plate elements. In the discretization, the 
stiffener requires at the edge of every plate elements. Choose the location (0.25, 0.15, 
0.1) as the observation location. The sound intensity level radiated from the 
rectangular plates is shown in Fig.7. 
 
 

y

b 

x  

y
a 

/ 2b

(b) 

b 

x  

y
a 

/ 2a

b/2 

(d) 

b 

x  

a 

/ 2a

(c) 
y



Effect of stiffeners on the radiated sound loudness                        391 
 
 

 

 

 

 
Figure.7 Sound intensity level radiated from the rectangular plates. (a) sound intensity 
level radiated from the un-stiffened plate, (b) sound intensity level radiated from the 
x-wise stiffened plate, (c) sound intensity level radiated from the y-wise stiffened 
plate, (d) sound intensity level radiated from the x-wise & y-wise stiffened plate 
 
  Because of the effect of the stiffeners, the sound intensity level radiated from the 
stiffened plates is lower than the one radiated from the un-stiffened plate (Fig.7a). The  
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trend of sound-intensity-level versus frequency is also different. Moreover, with 
different stiffener forms, the stiffener has different effect on the radiated sound 
intensity level. When the plate is stiffened along with the x direction (Fig.7b), with the 
frequency increasing, more frequencies, which make the sound intensity level to local 
maximum or minimum value, appear when comparing with the un-stiffened plate 
(Fig.7a). In addition, the difference between the maximum and the minimum value is 
also lower than the corresponding one of the un-stiffened plate. When the stiffener is 
along with the y  direction (Fig.7c), we observe the similar trend. However, 
comparing with the x-wise stiffener, the radiated sound intensity level from the y-wise 
stiffened plate has less fluctuation in low frequency range. When the plate is stiffened 
both in x direction and y direction (Fig.7d), the radiated sound intensity level is even 
lower than others, especially when the frequency is in high range. 

Taking the frequency sensitivity of human hearing into account, according to Eq. 
(42) and (43), the critical-band level of the radiated sound from the plates is shown in 
Fig.8. 
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Figure.8 Critical-band level of the radiated sound from the rectangular plates. (a) 
critical-band level radiated from the un-stiffened plate, (b) critical-band level radiated 
from the x-wise stiffened plate, (c) critical-band level radiated from the y-wise 
stiffened plate, (d) critical-band level radiated from the x-wise & y-wise stiffened 
plate 
 
 
  The critical-band level is quite different from the sound intensity level when we 
compare Fig.7 and Fig.8. Comparing with the radiated sound intensity level, due to 
the frequency selectivity of human hearing, more local maximum or minimum value 
of critical-band level appears, especially when the frequency in high range. The effect 
of the stiffeners on the radiated sound critical-band level is also different. When the 
plate is stiffened by x-wise stiffener (Fig.8b), the critical-band level is lower than the 
one radiated from un-stiffened plate (Fig.8a) in high frequency range. However, when 
the frequency is middle range, the curves of critical-band-level versus critical-band 
rate become flatter and the value is also higher than the one radiated from the 
un-stiffened plate. It is similar as the effect of stiffener on sound intensity level. For 
the y-wise stiffened plate (Fig.8c), in the middle range, although the curve of the 
critical-band-level versus critical-band-rate also becomes flat, the curve is more 
similar as the one of the un-stiffened plate (Fig.8a) when comparing with the x-wise 
stiffened plate (Fig.8b). However, different from the x-wise stiffened plate, the 
critical-band level radiated from the y-wise stiffened plate is quite flat in high 
frequency range. When the plate is both stiffened by x-wise stiffener and y-wise 
stiffener (Fig.8d), comparing with the un-stiffened plate, the critical-band level of the 
radiated sound is quite low in low frequency range. Moreover, the critical-band level 
is lower than the one radiated from x-wise stiffened plate and y-wise stiffened plate. 
In addition, the difference between the maximum and minimum value is also lower 
than the one of x-wise stiffened plate and y-wise stiffened plate. 

 
Using the critical-band level obtained in Fig.8, we calculate the radiated sound 

loudness according to the model described in Sect.4. The radiated sound loudness 
from the plates is shown in Fig.9. 
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Figure.9 Loudness of the radiated sound from the rectangular plates. (a) sound 
loudness radiated from the un-stiffened plate, (b) sound loudness radiated from the 
x-wise stiffened plate, (c) sound loudness radiated from the y-wise stiffened plate, (d) 
sound loudness radiated from the x-wise & y-wise stiffened plate 
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Due to the effect of the stiffeners on the critical-band level, the stiffener also greatly 
affects the radiated sound loudness from the plates. Comparing with the radiated 
sound loudness from the un-stiffened plate (Fig.9a), the radiated sound loudness from 
the stiffened plates is lower. However, with the frequency increasing, the difference of 
the radiated sound loudness becomes small. Moreover, although the critical-band 
level is quite difference in high frequency range, the difference between the radiated 
sound loudness is not like so. 

 
When the plate is stiffened along with the x  direction (Fig.9b), the radiated sound 

loudness is lower than the one radiated from the un-stiffened plate (Fig.9a) in the 
frequency range lower than 2Bark. Notice that, in the frequency range of 2.5-5Bark, 
the radiated sound loudness from the x-wise stiffened plate is higher than the one 
from the un-stiffened plate. When the frequency is higher than 5Bark, the radiated 
sound loudness from the x-wise stiffened plate is lower than the one from un-stiffened 
again. Although the curve of the radiated-sound-loudness, which is radiated from the 
un-stiffened plate, versus critical-band-rate is flat in this range, the curve of the x-wise 
stiffened plate is fluctuated. For the y-wise stiffened plate (Fig.9c), the stiffener shows 
different effect. When the frequency is lower than 1Bark, the radiated sound loudness 
from the y-wise stiffened plate is higher than the one radiated from the un-stiffened 
plate. Due to the radiated sound loudness from the un-stiffened plate increases quickly 
with the frequency increasing, the sound loudness is higher than one radiated from the 
y-wise stiffened plate again in middle and high frequency range. Comparing with the 
x-wise stiffened plate (Fig.9b), the radiated sound loudness from the y-wise stiffened 
plate is lower in low frequency range and higher in the high frequency range. When 
the plate is both stiffened in x  and y  directions (Fig.9d), the increasing of the 
radiated sound loudness is slowest comparing with other plates. In low and high 
frequency range, the radiated sound loudness from the x-wise & y-wise stiffened plate 
is the lowest. However, in the middle frequency range, the radiated sound loudness 
from the x-wise & y-wise stiffened plate is higher than the un-stiffened plate and 
y-wise stiffened plate. Therefore, we obtain that different stiffener form has different 
effect on the radiated sound loudness. The radiated sound loudness from the stiffened 
plates is not always lower than one radiated from the un-stiffened plate. 

 
Because the plate thickness variation will cause the mode density variation, for 

investigating the effect of the mode density on the radiated sound loudness from the 
stiffened plates, we consider the plate thickness is continuous variable from 0.3 mm  
to 1 mm . The radiated sound loudness with different plate thickness is shown in 
Fig.10. 
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Figure.10 Loudness of the radiated sound from rectangular plates when the plate 
thickness is variable. (a) sound loudness radiated from un-stiffened plate, (b) sound 
loudness radiated from x-wise stiffened plate, (c) sound loudness radiated from y-wise 
stiffened plate, (d) sound loudness radiated from x-wise & y-wise stiffened plate 
 

With the plate thickness increasing, the structural mode density becomes sparse 
[35]. For each plate thickness, the conclusions obtained from Fig.9 can be observed 
again in Fig.10. For the radiated sound loudness from the un-stiffened plate (Fig.10a), 
with the plate thickness increasing, the local maximum and minimum value of the 
sound loudness becomes sparse. Moreover, the frequency range, in which the radiated 
sound loudness is quite low, extends to larger range when the plate thickness increases. 
However, due to the effect of the stiffeners, the variation of the mode density has not 
similar tendency. Therefore, the effect of the stiffeners on the radiated sound loudness 
from the plates is different for different plate thickness, although the radiated sound 
loudness also becomes sparse. With the frequency range increasing, the frequency 
range, in which the radiated sound loudness is quite low, does not appear for stiffened 
plates. In addition, the form of the stiffener also affects the radiated sound loudness 
when the plate thickness increases. Comparing with the x-wise stiffened plate 
(Fig.10b) and the y-wise stiffened plate (Fig10.c), the radiated sound loudness from 
the x-wise & y-wise stiffened plate (Fig.10d) has less difference for each plate 
thickness. 

6. Conclusions 

The stiffened plates are frequently-used structure forms in mechanical product 
design. The human hearing sensation of the sound radiated form them is often a key 
problem of the product quality. Using the hierarchical trigonometric functions and the 
corrected PEAQ method, the radiated sound loudness from the stiffened plates is 
calculated and compared with one radiated from the un-stiffened plate in this paper. 
Through the calculation results of the radiated sound loudness, the effect of the 
stiffeners on the radiated sound loudness is revealed. Moreover, the effect of the 
stiffeners’ form difference, in term of mode density, on the radiated sound loudness is 
also prompted. 
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The research results show that the stiffeners do not always decrease the radiated 

sound loudness in the whole frequency range. In some frequency range, the radiated 
sound loudness from the stiffened plate is higher than the one radiated from the 
un-stiffened plate. On the other hand, the effect of the mode density is also different 
for the radiated sound loudness. The stiffeners and its form change the effect of the 
mode density on the radiated sound loudness when comparing with un-stiffened plate. 
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