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Abstract

This is the second part of a two-part study of flow generated by a
double vortices. In this part, the two-dimensional flow inside a circular
cylinder are studied in the presence of stick-slip boundary conditions.
For simplicity, line vortices are assumed to be parallel to the cylinder
axis, all axes in the same plane. The interior boundary value prob-
lem is solved in terms of a stream function. Analytical solutions for
the flow field are obtained by application of the Fourier method. The
streamline patterns are sketched for a number of special cases where
the cylinder is either stationary or rotating about its own axis. In par-
ticular, some interesting flow patterns are observed in the parameter
space which may have potential significance in studies of various flows.
We also investigate into the way the streamline topologies change as
the parameters are varied. The results presented may be relevant for a
variety of applications including vortex mixing.

1 Introduction

The first part (El-Bashir 2007 ref[8]; herein referred to as part 1) is investigates
flows outside a cylinder for various combinations (strengths and locations) of
the vortices. The far-field behavior give a uniform flow with speed and flow
direction depending on the primary vortices and their locations. In the case of
vortices with their axes along the y-direction, the far-field uniform flow van-
ishes if the primary vortices have equal strengths. In the presence of rotation
of the cylinder, eddies of unusual sizes and shapes appear. The rotation pa-
rameter also significantly influences the eddy structure.
In the case of two-dimensional creeping flows, a study of singularity solutions
has been the topic of many researchers. One of the interesting and unusual
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phenomena associated with the plane creeping flow is the Stokes paradox which
is a consequence of the fact that there is no solution to the biharmonic equa-
tion that represents slow streaming flow past a finite body. The cause and
resolution of this paradox was explained by Kaplun and Lagerstrom ref[13]
and Proudman and Pearson ref[17]. However, Jeffery ref[12], showed that two
cylinders of equal radius rotating with equal but opposite angular velocities
produce a uniform flow at large distances. Jeffery’s work was the catalyst
for many investigations concerning locally generated two-dimensional creeping
flows. Dorrepaal et al. ref[7] found a uniform stream in situations when a vor-
tex is located in front of a circular cylinder. The vortex model has also been
used in the stirring mechanism inside a corrugated boundary ref[8]. The po-
tential flow singularities such as a source, a sink, a doublet, etc., when placed
in front of a cylinder also produce a uniform flow at large distances as shown
by Avudainayagam et al. ref[1]. Furthermore, the image solutions for a vortex
is also used in the interpretation of the results for two cylinders rotating in a
viscous fluid.

The most common model used to demonstrate stirring process is the two-
dimensional Stokes flows generated by singularities inside a circular cylinder.
In these models, a line rotlet, which may be regarded as a rotating cylinder
of infinitesimal radius, has been used as a model for a stirrer. Incidentally,
this flow is topologically equivalent to the flow between two eccentric circular
cylinders with inner or both cylinders rotating which models flow in a journal
bearing (see [1] for a comprehensive analysis of journal bearing flows). It is
worth citing the work of Jana et al. [2] who have recently attempted to explain
vortex-mixing flows using two finite cylinders rotating slowly in a cylindrical
volume of viscous fluid. There are many studies of mixing and other interior
Stokes flows, which are not cited here but can be found in the literature. All
these studies make use of the no-slip conditions at the boundary of the cylinder.

In this paper, we investigate the flows inside a cylinder generated by double-
vortex. These bounded viscous flows abound in nature as well as in many areas
of practical interest such as journal bearing, stirring, and mixing of viscous
fluids, etc. An insight into various mechanisms and flow topologies of such
flows with respect to available free parameters can be beneficial to improving
the performance of various systems involving such flows. To gain such insight,
it is usually desirable to design models that retain the basic flow features of
the complex problem, yet simple enough to be analyzed accurately using a
combination of analysis and numerics.

The paper is organized as follows. In section (2), we formulate the problem
of creeping flow in two-dimensions in terms of stream function. In section
(3), we provide the solution scheme of two vortices inside a circular cylinder.
Section (4) contains the detailed discussion. The streamline topologies are
discussed in each case in the respective sections. Finally, the concluding remark
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are made in section (5).

2 Mathematical Formulation

We consider two dimensional steady creeping flow of a viscous incompressible
fluid inside an infinitely long circular cylinder of radius a. The governing
equation for the steady Stokes’ flows in terms of stream function ψ is given by

∇4ψ = 0, (1)

where ∇4 is the usual biharmonic operator. The radial and tangential compo-
nents are given by

ur = −1

r

∂ψ

∂θ
, (2)

uθ =
∂ψ

∂r
. (3)

We seek solutions for equation (1) for ψ subject to appropriate boundary
conditions at the surface of the cylinder. The boundary conditions may be
stated as follows.

ψ =
∂ψ

∂r
= 0, on r = a. (4)

In the case of singularity driven flows, in addition to equation (4) we also have
the condition

ψ ≈ ψ0, as R −→ 0, (5)

where ψ0 corresponds to the stream function only due to the singularity and
R is the distance of the field point measured from the singularity. We now
proceed to present solutions for two-dimensional creeping flows inside a circular
cylinder due to a double vortices.

3 Solution Scheme

The unbounded flow ψ0 in the absence of the cylinder is expanded as

ψ0 = G(r) +
∞∑

n=1
[
αn

rn
+

βn

rn−2 ]fn(θ). (6)

Here fn(θ) = an cosnθ + bn sinnθ and αn, βn, an, bn are known constants. The
stream G(r) is a known function of r alone associated with the given flow. The
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Fourier representation of the complete solution in the interior domain can be
taken as

ψ = ψ0 +A0 + B0r
2 +

∞∑
n=1

[Anr
n + Bnr

n+2]fn(θ). (7)

The constants A0 and B0 satisfying the boundary conditions (with the aid of
G(r)) are calculated to give

A0 =
1

2
− ln a, B0 =

1

2a2

The unknown Fourier coefficients An and Bn for n ≥ 1 may be calculated
separately to give

An = −(n + 1)αn

a2n
− nβn

a2(n−1)
(8)

Bn =
nαn

a2(n+1)
+

(n− 1)βn

a2n
(9)

will be found later in each singularity driven flow The exact solutions have
been used to depict the flow topologies for a number of cases where the cylinder
is either stationary or rotating about its own axis. If the cylinder rotates in
the presence of the singularities, then the stream function is taken to be

Ψ(r, θ) = ψ(r, θ) − k ln(
r

a
), k > 0.

Here, ψ(r, θ) refers to the stream function when the cylinder is stationary.
The second term arises when the cylinder rotates about its axis. Below we
refer to k as the rotation parameter. The negative sign in front of the second
term indicates the rotation in the counterclockwise direction for our purposes
below. We provide the discussion for inside flows in Sec. (4).

4 Inside Stokes Flows

As in part 1, the center of the cylinder is taken to be the origin of the coordinate
system and the primary singularities are assumed to lie on the x-axis but inside
the cylinder r < a . The basic formulation for this interior creeping flow is
similar to that of Sec. (2). Therefore, we follow here the notations used in the
previous sections. Furthermore, we adopt here the terminologies used in Sec.
(3). Below R, R̂, R1, R̂1 are given by the same formulas as in part 1. Now, we
discuss the various singularity generated flows inside a cylinder.
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We consider double vortices of strengths F, F̂ positioned at (r, θ) = (c, 0),
and (r, θ) = (ĉ, π), respectively. Here c, ĉ < a. The stream function corre-
sponding to these vortices in an unbounded flow is given in Eq. (8). The
complete solution satisfying the equations of motion and the boundary con-
ditions may be obtained by the use of Fourier expansion method. The final
closed form solution is

ψ(r, θ) = F

[
lnR− ln

cR1

a
+

(
1 − r2

a2

)
(a4 − c2r2)

2c2R2
1

]

+ F̂

[
ln R̂− ln

cR̂1

a
+

(
1 − r2

a2

)
(a4 − c2r2)

2c2R̂2
1

]
. (10)

It should be pointed out that the solution for a single vortex inside a cylin-
der was derived independently by Ranger ref[18] and Dorrepaal ref[7]. Their
solution may be recovered from Eq. (22) by putting F̂ = 0. We now discuss
different flow topologies in the case of double vortices.

In Fig. 1, the flow patterns are shown in the case of equal vortices (F =
F̂ = 1 ) located at various equidistant positions in the absence of rotation.
As seen from this figure, the distance parameters c and ĉ affect the flow pat-
terns qualitatively. When the vortices are positioned close to the center, a
single larger eddy enclosing the vortices and extending up to the cylinder wall
appears as shown in Fig. 1(a). Of course, the fluid in the neighborhood of
the vortices exhibits a circulatory motion as expected. Interestingly, the lat-
ter nearly circular streamlines cross each other at the center giving birth to a
double homoclinic orbit. If the two vortices are moved away from the center
according to equidistant criteria, the outer, larger eddy starts thinning in the
middle, as shown in Fig. 1(b) for the case c = ĉ = 0.48. As the vortices are
moved farther away, this thinning process continues due to the increase in the
size of each of the attached eddies just above and below the neck of the larger
eddy. A typical case of this scenario is shown in Fig. 1(c) where c = ĉ = 0.59.
Moving the vortices even farther away from the center causes the larger eddy
to split into two smaller eddies each around the vortices, as shown in Fig. 1(d)
where c = ĉ = 0.64. Furthermore, the pair of attached eddies that existed
before now connect at the center giving birth to a double homoclinic orbit.
The double homoclinic orbit seems to disappear if the vortices are moved even
farther away from the center [see Fig. 1(e)]. Now the squeezing effect is re-
duced and the fluid around the center gets stretched along the y-axis, making
the eddies around the vortices thinner. If the vortices are located very close to
the wall, the fluid between them gets stretched along the x-direction as shown
in Fig. 1(f). The core of the eddy (that occurs in the middle) has the shape
of an ellipse.

Next we investigate the flow situations by fixing the vortices at equidistant
positions and allowing the cylinder to rotate in the counterclockwise direction.
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The flow topologies for various values of the rotation parameter k are shown in
Fig. 2 keeping the vortex locations fixed at c = ĉ = 0.45. For small values of k,
a larger eddy enclosing the vortices and a pair of symmetric eddies (separated
from the larger eddy) attached to the wall appear, as shown in Fig. 2(a).
The rotation of the cylinder causes a circulatory motion of the fluid near the
center. The circular streamlines around the vortex cross each other just above
and below the center yielding a pair of stagnation points lying on the y-axis
(not shown in the figure). When k = 0.32, the larger eddy breaks up into two
eddies each around the vortices, as seen in Fig. 2(b). The eddies attached
to the wall now move closer to the center while the width of the circulatory
flow region around the center increases. Further increase of k changes the size
and shape of the different eddies [see Figs. 2(c)-2(d)]. The two symmetric
eddies become a single larger eddy having a pair of cores on either side of the
y-axis. This eddy has an unusual size and shape and seems to occur due to
the cylinder rotation. For higher values of k, the shape of the unusual eddy
changes significantly while the circulatory flow region expands. Some of this
scenario is shown in Figs. 2(e)-2(f). The plots also show the thinning of the
eddies around each vortex as we increase the value of k. In all of these cases,
the fluid close to the wall exhibits a circulatory motion due to the rotation of
the cylinder.

Figure 3 shows the flow patterns for equal vortices (F = F̂ = 1) for two
different values of rotation parameter k and for various vortex locations. When
k = 0.7 and c = ĉ = 0.25 (equidistant vortices), the flow structure shown in
Fig. 3(a) is almost identical to that depicted in Fig. 2(a). The flow is more
interesting for the same value of k but for nonequidistant positions of the
vortices. Figure 3(b) shows a typical case where c = 0.25, and ĉ = 0.4. In
this case, an eddy around each vortex and a circulatory flow region around
the center appear. In addition, an outer eddy attached to most of the cylinder
wall enclosing a pair of smaller eddies right above and below the center also
appears. The streamline bounding this eddy is a heteroclinic orbit, as seen
in this figure. Next, we show some streamline patterns for a higher speed of
rotation of the cylinder in Figs. 3(c)-3(d) (k = 1.4). Figures 3(c) and 3(d)
correspond to the cases of equidistant and nonequidistant vortices, respectively.
In the equidistant case, the flow has a pair of stagnation points on the x-axis
which are on a heteroclinic orbit. The fluid motion around the center and the
vortices in the present case are very similar to those depicted in Figs.2(d)-2(e).
In the nonequidistant case [Fig. 3(d)], a careful scrutiny of the streamlines
plotted shows that flow topology does not have heteroclinic orbit. Here some
of the flow features resemble those of Fig. 3(b).

The flow topologies for opposite vortices for two different locations for fixed
k = 1.0 are shown in Figs. 4(a)- 4(b). The flow topologies for both equidistant
and nonequidistant vortices are almost the same as seen from these plots.
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(c) (d)

(a)
(b)
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(e) (f)

Figure 1: Streamlines for F = F̂ = 1 and k = 0 (a)C = Ĉ = 0.32 (b) C =
Ĉ = 0.48 (c) C = Ĉ = 0.59 (d) C = Ĉ = 0.64 (e)C = Ĉ = 0.7(f)C = Ĉ = 0.9.
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(c) (d)

(a) (b)
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Figure 2: Streamlines for a double vortices with equal strengths F = F̂ = 1
and equidistant (C = Ĉ = 0.45) (a)k = 0.3 (b)k = 0.32(c) k = 0.6(d)k = 0.7
(e)k = 1.5(f)k = 2.5.
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(c)
(d)

(a)
(b)

Figure 3: Streamlines for a double vortices with equal strengths F = F̂ = 1
and rotation parameter (i)k = 0.7 (a)C = Ĉ = 0.25 (b) C = 0.25, Ĉ = 0.4
(ii)k = 1.4 (c) C = Ĉ = 0.4 (d) C = 0.25, Ĉ = 0.4.
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(a) (b)

Figure 4: Streamlines for a double vortices with opposite strengths F = −F̂ =
1 in the presence of several values of k and locations. (a)C = Ĉ = 0.5; k = 1;
(b) C = 0.4, Ĉ = 0.6, k = 2.5.

5 Conclusion

Singularity induced two-dimensional creeping flows inside a circular cylinder
are studied by careful investigation of the level sets of stream functions of these
flows. An exact solution for the stream function has been derived in closed
form which have been subsequently used to plot streamline topologies for these
flows. These shed light on the qualitative features of the flows such as eddies
and stagnation points, etc. In all cases, eddies of different sizes and shapes
are found to occur. The flow topologies in the case of two equal vortices are
found to be qualitatively similar to vortex mixing flows. The streamline plots
illustrate the existence of interior saddle points (hyperbolic points) in these
flows. The hyperbolic points depend on location of the vortices. One might
expect that the flow induced by double vortices considered here could exhibit
chaos under a given time-periodic perturbation. This in turn could make the
stirring more efficient for the cases in which the unperturbed flow possesses a
hyperbolic fixed point.
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