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Abstract
In this paper, it is reported that through the bending equation of
an elastic wire denoted in a previous paper, a theoretical curve of cusp
Elastica of an elastic wire bent sharply at one point is derived and
compared with its corresponding experimental curve. Correspondence
between both curves are found. On the other hand, parametric expressions of 1-loop curve of Elastica and of 1-cusp curve of Harry Dym
equation have delicate coefficients in both similar equations of x(s,t),
where s is an arclength parameter. When those delicate coefficients
are exchanged, then, it is found that the former 1-loop curve becomes
1-cusp curve and that vice versa.

Keywords: theoretical curve, experimental curve, cusp elastica, bent elastic wire

1

Introduction

First, we refer to the review paper by D. P. Holmes concerning connecting
the fundamentals of elastic instabilities to the advanced functionality currently
found within mechanical metamaterials.[1] Particularly, we are interested in
the bending and buckling problems, so that, we take up the relevant articles
to them cited in this review paper. The interest here has been produced by
the reason why one-loop curve of the elastica which we deal with in this paper
is the result of the bending and buckling problems of an elastic rod.
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If one slides a sheet of paper over the edge of a desk, at what length will
this sheet begin to bend under its own weight? Because one expects the sheet
of paper will bend when the energetic potential from gravity is on the same
order as the energetic resistance to bending, one arrives at a characteristic
elastogravity length scale.[2, 3] Next, the balance of bending and gravity is
also what determines the length of curly hair.[4] A natural question to ask is:
at what length scale should one starts to worry that capillary forces will deform
his structure? The most elegant scenario to imagine was outlined by Roman
and Bico in their review papers on this topic [5, 6] in which they consider a thin
strip spontaneously wrapping around a wet cylinder of radius R. Second, they
are concerned with the buckling phenomena. The elastic buckling of a beam
or plate provides a straight-forward way to get large, reversible, out-of-plane
deformations which can be utilized for generating advanced functionality. For
instance, embedding a flexible plate within a microfluidic channel provides a
means for mechanically actuated valving.[7, 8] Wrinkles are what appear when
a thin structure buckles and the soft substrate it is bound to constrains the
amplitude of the out-of-plane deformation.[13, 9, 10, 11, 12, 14]
We study the elastica problem in this paper. The construction of analytical solutions for elastica is also developing. For example, the following two
recent articles on elastica will be relevant to our paper. In 2007, Y. Mikata
investigates an exact elastica solution for a clamped and hinged beam. And
he applies it to a carbon nanotube.[16] Here, we refer to the paper by Sano
and Wada in 2018 which introduce the assymmetric boundary conditions to
an elastic strip. They treat the problem that one compresses a flat elastic
strip along its axis, it is bent in one of two possible directions via spontaneous
symmetry breaking, forming a cylindrical arc.[17]
Before we start the problem description in the section of Introduction, we
note the relationship of our cusp elastica problem with previous works and engineering applications. Mechanics of slender structures has been a traditional
yet an active research field, triggered by the precise fabrication techniques and
the evolution of numerical computation power. We should also pay attention
to the recent development of the research field. However, we cannot find the
resembled deformation problem of an elastic wire to our cusp elastica problem.
Mikata treats an exact elastica solution for a clamped-hinged beam, and its
applications to a carbon nanotube. Sano and Wada study snap-buckling of
an elastic strip with one end hinged and the other end clamped. These asymmetric boundary constraints break the intrinsic symmetry of the strip. In our
cusp elastica problem, we treat a folded elastic wire at one point. then the
initial condition may produce new applications in the field of mechanis and
geometry such as the bending of a carbon nano tube. Explicitly speaking, one
of the reasons why we study the current cusp elastica problem is because we
treat it under the quite new initial condition that a wire is already bent at
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one point. Another is because the initial condition may be thought to yield
new properties of slender structure materials. In such meanings, our work is
relevant and significant in the field of mechanics and geometry, hence, it may
be considered stimulating and significant. These reasons why we study the
current cusp elastica problem are nothing but our motivation and purpose of
the present research.
As the main subject in the present paper, we consider the bending problem
[18, 15, 19] of an elastic wire which is described by the integrable ordinary
differential equation. And, the bending curve is well-known as Elastica. In
the paper [19], as an example of Elastica, we have treated the 1-loop curve.
Also, we take up the expression of 1-loop curve basicly in the following study.
When we dissolve partially this 1-loop curve in the Elastica problem, it is made
sure that its partial curve is equivalent to the meniscus of water adjacent to a
flat vertical wall [20, 21], or the Bernoulli’s lintearia [22]. We add the analysis
concerning the meniscus problem to Appendix A, because the analogy between
it and the bending problem of an elastic wire is unnecessary for the prediction
of a wire.
Recently, we have denoted the existence of the equivalent three kinds of
expressions concerning the meniscus of water adjacent to the vertical wall.[23,
24] Among them, here, we take up the Raurup form expression which is written
by the parametric variable θ of an elevation angle with respect to an arbitrary
point on the curve.(cf. Appendix A) Here, let a contact angle to the vertical
wall be χ, then let θ be θ = θ 0 .
And, we assume the initial bent angle of the elastic wire at one point to
be 2 χ and pull its both ends by the tension T along the straight line (x-axis).
Then, we can derive the theoretical expression of one-cusp curve at the bending
wire, and we describe it by the Raurup form expression. The reason why we
apply the Raurup form expression of a meniscus curve to the cusp elastica
problem is because it includes the contact angle χ to the wall. Regarding this
curve, we show it for various bent angles 2 χ in figures. Compared with this
theoretical curve, we demonstrate an experiment of the bending curve of the
piano wire by a photograph. As a result, we have made sure the correspondence
between them. Accordingly, we validate the analytic solution of the bending
equation of an elastic wire thoroughly. This is the main important result in
the cusp elstica problem under the quite new initial condition, then it may be
considered relevant and significant in the mechanical and geometric field and
the material application field. Regarding the experimental protocol, we denote
it in Sect. 3.
The following study about the parametric representation is irrelevant directly to the current cusp elastica problem, therefore, we denote it in Appendix
B. We consider Elastica by our s-parametric form expression with respect to
the arclength variable s. Regarding the parametric expressions of the one-loop
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curve in Elastica and the one-cusp curve in Harry Dym equation, we can point
out the slight difference between coefficients in x-expressions. Then, we hit
upon it to exchange their coefficients each other and execute it. And, we have
one-cusp curve insted of the former one-loop curve, and vice versa. This is an
interesting discovery. Moreover, we derive new nonlinear differential equations
to be satisfied in the above-mentioned curve expressions.
The last section is devoted to discussion. There, we take up the buckling
problem of a bent elastic wire by the angle 2 χ at the peak. When we push
both ends of a bent wire by the time we cause the buckling, there appears a
cusp loop of the elastica.

2

Bending Problem of Elastic Wire

Let us first derive the equation which describes the bending of an elastic wire.
If we apply a steadily increasing thrust to the both ends of an elastic wire,
its bending becomes large. After the ends have passed one another, we obtain
a loop (assuming the wire to retain its elasticity). This phenomenon is wellknown in the theory of buckling and the bending curve is referred to as the
“Elastica”.[18]

Figure 1: Sketch of 1-loop curve
We consider the configuration sketched in Fig. 1 where an elastic wire is
held in its loop shape by two opposite tensions T applied on the ends. We
asssume that the thickness and the length of the wire is sufficiently smaller
and larger than the radius of the bend, respectively. We let the deflection of
the wire from the straight line (x-axis) between the ends be y. The bending
moment M at the point P in the figure is equal to tne tension T multiplied by
the moment arm y(x).
M = T y(x).

(2.1)

We introduce the beam equation.
M = EI/R,

(2.2)
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where E is Young’s modulus, I is the moment of inertia and R denotes the
radius of curvature of the bent beam. Combining eq.(2.1) with (2.2), we have
f
g −3/2
y − (1/κ 2 )y00 1 + y02
= 0 for y00 > 0,
f
g −3/2
y + (1/κ 2 )y00 1 + y02
= 0 for y00 < 0,

(2.3)
(2.4)

where κ is expressed as follows
κ=

p

(2.5)

T/EI.

The nonlinear ordinary differential equations (2.3) and (2.4) with respect to y
are closely related to the following nonlinear evolution equations,
f
g
qt ± qx (1 + q2 ) −3/2
= 0,
(2.6)
xx

where subscripts x and t denote partial differentiation. Taking the second
derivative of Eqs. (2.3) and (2.4) with respect to x and putting y0 = q and
qx = −κ −2 qt due to q = q(x − κ 2t), then we have Eq. (2.6). From the one-soliton
solution of these nonlinear evolution equations (2.6), we can derive the one-loop
curve (Elastica) solution of the nonlinear ordinary differential equations (2.3)
and (2.4).[19] By the arclength parameter s for the curve (x, y), the one-loop
curve solution is expressed in the following.
x(s) = s − (2/κ){tanh[κ(s − s0 )] + 1},
y(s) = (2/κ)sech[κ(s − s0 )].

(2.7)
(2.8)

Next, we shall introduce the meniscus problem that water contacts to a
vertical wall in analogy with the bending problem of an elastic wire. The
former problem is investigated in Appendix A since it is unnecessary for the
current discussion. And, we try to apply the Raurup form expression of the
meniscus problem to the bending problem of the elastic wire. We put the
initial angle of the elastic wire bent at one point to be 2 χ and pull its both
ends by the tension T along a straight line (x-axis). Then, we have one-cusp
curve. Using the Raurup form expression to describe this curve, we have the
following result. (cf. Appendix A) Here, we note that the constant κ is used
instead of L c .
x = ±κ −1 [2 cos(θ 0 /2) + log |tan(θ 0 /4)| − 2 cos(θ/2) − log |tan(θ/4)|] ,
y = −2κ

−1

sin(θ/2),

(2.9)
(2.10)

where (θ 0 ≤ θ < 0), θ 0 = χ − π/2, and κ −1 = L c . As theoretical curves for a
few initial bent angles 2 χ, we plot them through above equations in Fig. 2
and 3.
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Figure 2: Curve of Eq.(2.9),(2.10) when
2 χ = 0.

Figure 3: when 2 χ = π/6.

Figure 4: Comparison of theoretical and experimental curves (photograph)
Being different from this theoretical curve, we have actually folded a piano
wire to the bent angle 2 χ, pulled its both ends by the tension T and superposed
it on the theoretical curve line, Then, we have taken a photograph. (cf. Fig.
4) In this example, we let the bent angle of a piano wire be 2 χ = 70◦ and κ
be κ = 0.6. By this photograph, we find that both of curves correspond each
other well. Also, we can realize this one-cusp curve by the situation that we
insert a infinitesimally thin plate into the water surface and create meniscus
curves on the both sides of the plate.

3

Experimental protocol

Here, we explain the experimental protocol in the current elastica problem.
First for the experiment, we prepare the piano wire, which is a 3G string for
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the guitar. It is the product made by YAMAHA and the product name is
FS523/LIGHT GAUGE. We describe its dimensions in the following.
material
stainless steel
diameter
0.63
mm
length
50.0
cm
Young’s modulus 19.7
1011 dyn/cm2 [26]
Second, we bend the wire at the center point by the angle 70◦ . Third, we
print the figure of the theoretical curve of the cusp elastica on an A4 paper
by the scale of 2.2 cm per 1 graduation. And we fix the center peak of the
wire onto the one of the theoretical curve by a Scotch tape. Forth, we pull
and fix the both ends of the wire along the x-axis so as to superpose it on the
theoretical curve, then we show the appearance in Fig. 5. At the end, we take
a photograph and trim it properly. In such a manner, we have obtained the
photograph of Fig. 4.

Figure 5: B. C. of cusp Elastica when κ = 0.6.
Now, we can discuss that the result will be useful for experimental measurement of material properties or tension of the
√ wire. In other words, analytical
expression can be applied to measure κ = T/EI experimentally, by observing the angle 2 χ at the cusp only. In the current example, κ = 0.6. When
the bending modulus EI is known, we can predict the tension T and vice
versa. We assume the tension T = 5(g·weight), then the moment of inertia
I = 0.7 × 10−8 (g·cm2 ).

4

Discussion and conclusion

The outcome of the present paper is stated as follows. We have solved the
bending equation of an elastic wire and derived its solution of one-loop Elastica curve through the close relation to the nonlinear evolution equation. And
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finally, we have denoted the correspondence between the theoretical and experimental curves of the cusp elastica. We consider the quite new initial condition
of the bent elastic wire, and mention explicitly that the result obtained here
is relevant and significant in the field of mechanics and geometry. Also, we
estimate it to be applicable to the material science such as carbon nanotubes.
Next, we take up the buckling problem of a bent elastic wire by the angle 2 χ
at the peak. When we push both ends of a bent wire along the straight line
(x-axis) by the time we cause the buckling, there appears a cusp loop of the
elastica. To make sure the correspondence between theoretical and experimental curves of a cusp loop is a future subject.

A

Analogy of Elastica problem with meniscus
one
y

d
χ
x

O
θo

Figure 6: Geometry of simple plate meniscus for acute angle χ < π/2.
In the present appendix, we introduce the meniscus problem that water
contacts to the vertical wall. First, we consider the Laplace formula in the
water surface problem, (cf. Fig. 6)
∆p = γ(1/R1 + 1/R2 ).

(A.1)

where ∆p is the difference of pressures, γ the surface tension coefficient, and
R1 and R2 are the principal radii of curvature of the water surface. Here, we
note that
R1 = ∞, R2 = ±(1 + y02 ) 3/2 /y00, ∆p = ρgy.
(A.2)
Sign of the curvature radius R2 is determined by the concave or the convex of
the water surface curve. Eqs. (A.1) and (A.2) yield
y∓L c 2 y00/(1 + y02 ) 3/2 = 0,

(A.3)
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where the capillary length L c is written as
p
L c = γ/ρg.

(A.4)

Through the foregoing discusssion, comparing Eqs. (2.3) and (2.4) with
Eq. (A.3), we find that both of them correspond for κ −1 = L c . Regarding
this equation (A.3) of the meniscus curve, three kinds of form expressions are
known.[23, 24] Here, we shall introduce the Raurup form expression for it. In
this form expression, the elevation angle θ with respect to arbitrary points on
the curve is the parametric variable, where the contact angle to the vertical
wall is χ, and θ = θ 0 (θ 0 = χ − π/2) holds for the meniscus curve. cf. Fig. 6.
The explicit Raurup form expressions of the curve read [21]
x = L c [2 cos(θ 0 /2) + log |tan(θ 0 /4)| − 2 cos(θ/2) − log |tan(θ/4)|] ,
y = −2L c sin(θ/2),

(A.5)
(A.6)

(θ 0 ≤ θ < 0). Then, it ought to be verified that Eqs. (2.7) and (2.8) are
equivalent to the above-mentioned equations. [23]

B

Creation of Cusp Curve or Loop Curve
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Figure 7: 1-cusp curve of (B.6),(B.7) Figure 8: 1-loop curve of (B.8),(B.9)
when κ = 0.6.
when κ = 0.6.
In this Appendix, we return to our s-parametric form expression of Elastica
with respect to the arclength parameter s. Here, we write down again these
parametric expressions of the one-loop curve of Elastica and the one-cusp curve
of Harry Dym equation [25], respectively.
x(s) = s − (2/κ){tanh[κ(s − s0 )] + 1},
y(s) = (2/κ)sech[κ(s − s0 )].
x(s) = s − (1/κ){tanh[κ(s − s0 )] + 1},

(B.1)
(B.2)
(B.3)

y(s) = sech2 [κ(s − s0 )].

(B.4)
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Here, Harry-Dym equation is expressed as follows, and the latter solutions is
derived from the condition that the time of its one-cusp soliton solution is put
to be t = 0.
rt + (1 − r 3 )r x x x = 0.
(B.5)
Regarding Eqs.(B.1) and (B.2), and Eqs.(B.3) and (B.4), both of x-expressions
with respect to s are similar, but it is pointed out that the coefficients are
slightly different. We have just hit upon the exchange of the coefficients, and
we get
x(s) = s − (1/κ){tanh[κ(s − s0 )] + 1},
y(s) = (1/κ)sech[κ(s − s0 )].
x(s) = s − (2/κ){tanh[κ(s − s0 )] + 1},

(B.6)
(B.7)
(B.8)

y(s) = sech2 [κ(s − s0 )].

(B.9)

The former one-loop curve has reduced to the one-cusp curve (Eqs. (B.6)
and (B.7)), and vice versa. This may be interesting discovery. We show their
curves in Fig. 7 and 8. Moreover, we have the following nonlinear evolution
equations to be satisfied by the above curve propagating solutions, respectively,
when assuming the expression of a progressive wave solution y = u(x − κt).
ut = u x x /(1 + u x 2 ) 3/2 .
√
ut = ±2u 1 − u/(1 − 2u).

(B.10)
(B.11)

Eq.(B.10) is similar to the mean curvature flow equation. There might be the
possibility that it is related with some physical system.
Acknowledgements. The author wishes to thank his wife for her help to
take a photograph of the experimental one-cusp curve of a piano wire.
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