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Abstract

In previous papers, it was denoted that a wave equation for a string
(cord) describing progressive waves on a string under the non-gravitational
field has such five kinds of exact solutions as a circular solitary wave
solution, a circle wave one, a U-shaped wave one, a circle-circular con-
necting wave one, and a circle-U-shape connecting wave one. Moreover,
three kinds among them can change into each other through a circle-
circular connecting wave solution and a circle-U-shape connecting wave
solution. And, it was proposed that the waves with N “loops” may com-
pose “loop group”. In the present paper, properties of this loop group
is investigated. It is an additive group where an element of each wave is
added so as to become an element of N-loop waves. An inverse element
of a and the unit element are defined as −a and 0, respectively. Then,
an inverse element a−1, −a is denoted to be a wave propagetes in the
opposite direction against a. Also, it is verified that the loop group is
complete for two kinds of the connecting elements concerning the exact
connecting wave solutions. Regarding two connecting wave solutions,
we find that they are considered as continuous mappings fk of each class
of [f ] in homotopy class. In addition, they are made clear to compose
additive group of homotopy class.

Keywords: loop group, additive group, homotopy class, continuous map-
ping

1 Introduction

In 1954, J. W. Craggs took up the plane motion of a flexible, thin string
with a uniform line density in the unstretched state.[1] Also, he permitted the
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stretched state of the string in this system. From this viewpoint, we consider
that the problem proposed by Craggs is different from ours. It is noted that
the method of characteristics for a general theory of waves presented by Craggs
has no useful relation with our study. In 1961, N. Cristescu introduced the
stress-strain relation to investigate the longitudinal and transverse waves on
the string.[2] It was also considered that the string is stretchable and by a
numerical method, the equation of motion could be solved. Compared with
his method, here, we propose the analytical approach to clarify the features of
the transverse waves which propagate on the string.
In a previous paper [6, 7], we studied an equation of motion concerning an
infinitesimal portion of a string (cord). There, we denoted that a derived
wave equation for a string (cord) has various linear approximate wave solu-
tions under the micro-amplitude approximation. In another separate paper
[4], we derive various exact solutions without the micro-amplitude approxima-
tion. There, we find that they are composed of a one-circular solitary wave
solution,[8, 5, 3] a one-circle wave one, a U-shaped wave one. In this case, the
wave equation for the string has wave solutions propagating in one direction
only. In addition to these three kinds of the exact wave solutions, we find other
two kinds of exact wave solutions, namely, a circle-circular connecting wave
one, and a circle-U-shape connecting wave one here.[9] And, we investigate
topological properties of these three kinds of the eact wave solutions. They
have singular points when their amplitudes approach to 0. We call three kinds
of the waves “loops” (“marumime” in Japanese). We present an attractive
conjecture that they may compose “loop group” and can change into each
other through a circle-circular connecting wave solution and a circle-U-shape
connecting wave solution.[9]
In this paper, we modify and make progress the theory of loop group. More-
over, we find that the two connecting wave solutions of the wave equations
for a string are regarded as continuous mappings in homotopy class and they
compose additive group of homotopy class.[10]

2 Summary of exact wave solutions

First, we assume that no external forces such as gravity are exerted on a string
(cord) and that stretching and contraction of a string are negligible. And, we
let a string lie along the x-axis and a wave propagate on the xy-plane. The
original equation of motion for the string reads[6]

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.1)
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where σ is a line density, s an arclength along the string, and T a norm of a
tension vector. Here, we should remark that

z = x+ iy, (2.2)

zs = eiθ = cos θ + i sin θ, (2.3)

x2s + y2s = 1, (2.4)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter. In the previous paper,[6]
we have proved that T is constant when there exists such a form of a solution
as z(s, t) = z(ξ) = z(s±ct), where c is a positive constant. When T is constant,
Eq. (2.1) reduces to

∂2z

∂t2
− c2∂

2z

∂s2
= 0. (2.5)

Due to this equation, we find that solutions of this equation have arbitrariness
of linear equations with respect to ξ and t.[4]

Here, we sum up the result of exact wave solutions for Eq. (2.5).[9]

2.1 circular solitary wave solution

x = s− (2/κ){tanh[κ(s− s0 ± ct)] + 1}, (2.6)

y = (2/κ)sech[κ(s− s0 ± ct)]. (2.7)

These are just the parametric representation of the one-circular solitary wave
solution.

2.2 circle wave solution

x− x0 ± ct = ±(1/κ) sin[κ(s− s0 ± ct)], (2.8)

y = (1/κ) cos[κ(s− s0 ± ct)], (2.9)

where x0 = −s0. Eliminating u = κ(s − s0 ± ct) from these equations, we
obtain

(x− x0 ± ct)2 + y2 = .(1/κ)2. (2.10)

This equation means that a rotating circle around its center moves leftward
or rightward along the x-axis.
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2.3 U-shaped wave solution

x− x0 ± ct = ±(1/κ) log{cosh[κ(s− s0 ± ct)]}, (2.11)

y = (2/κ) arctan{exp[±κ(s− s0 ± ct)]}. (2.12)

It may be meant that the curve moves leftward or rightward by continuing to
pull the both ends of the string along the x-axis with a constant velocity c.
This is a U-shaped wave.

2.4 circle-circular connecting wave solution

z = −2

∫
(cn2κξ + isnκξcnκξ)dξ + s+ k2(t), (2.13)

= −2

[
1

k2κ
ε(κξ)− k′2

k2
ξ − i

k2κ
dnκξ

]
+ s+ k2(t), (2.14)

where ε is the Jacobian epsilon function, k is a modulus, and k′ is a comple-
mentary modulus. When considering the case, k = 0, we have

sn(u, 0) = sinu, cn(u, 0) = cosu, (2.15)

Substituting these equations into Eq. (2.13), we obtain a circle wave solution.
Next, considering the case, k = 1, we have

sn(u, 1) = tanhu, cn(u, 1) = sechu, (2.16)

Substituting these equations into Eq. (2.13) yields just a circular solitary wave
solution. As a result, we call the exact solution, Eq. (2.14) a circle-circular
connecting wave solution.

2.5 circle-U-shape connecting wave solution

z = x+ iy =

∫
(snκξ − 1 + icnκξ)dξ + s+ k2(t). (2.17)

Here, define

Sn(u, k) =

∫
sn(u, k)du = ±1

k
log(dnu∓kcnu) + C1, (2.18)

Cn(u, k) =

∫
cn(u, k)du = ±1

k
sin−1(±ksnu) + C2. (2.19)

combining these equations with Eq. (2.17) yields

z = x+ iy =
1

κ
Snκξ +

i

κ
Cnκξ + s0∓ct+ k2(t). (2.20)
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Considering the case, k = 0 and substituting Eq. (2.15) into Eq. (2.17), and
then we have just a circle wave solution. Next, considering the case, k = 1
and substituting Eq. (2.16) into Eq. (2.17), we obtain just a U-shaped wave
solution. As a result, we call the exact solution, Eq. (2.20) a circle-circular
connecting wave solution.

3 Loop group as additive group

Here, for the solution (x, y) of the wave equation for the string, we shall intro-
duce a function f of the parameter (s, t). And, we define each function f of
five kinds of the exact wave solutions as follows.

z = x+ iy = f0(s, t) = f̄0(s, t), :circle wave solution (3.1)

z = x+ iy = f1(s, t), :circular wave solution (3.2)

z = x+ iy = f̄1(s, t), :U-shaped wave solution (3.3)

z = x+ iy = f(s, t), :circle-circular connecting wave solution (3.4)

z = x+ iy = f̄(s, t), :circle-U-shape connecting wave solution (3.5)

Then, the following relations between wave solutions hold.

when k = 0, f(s, t) = f0(s, t), f̄(s, t) = f̄0(s, t), :circle wave solution
(3.6)

when k = 1, f(s, t) = f1(s, t), f̄(s, t) = f̄1(s, t), :circular wave solution,

U-shaped wave solution (3.7)

where k is a modulus of the Jacobian elliptic function. Next, regarding loop
group of additive group, it is sufficient that we denote the composition of
additive group only by two kinds of connecting wave solutions. Since they
include the circle, circular, and U-shaped wave solutions of the wave equation
for the string. As action, we define sum a+b of elements a, b of loop group and
add each connecting wave solutions to increase the loops. Regarding inverse
element a−1 and unit element, we define a−1 = −a and 0, respectively. So that
a+ a−1 = a+ (−a) = 0.

In order to investigate explicit forms of inverse elements, we denote their
two kinds of connecting wave solutions to be waves propagating in the opposite
direction. And, since the wave equation for the string has no such solutions as
sum of two wave solutions propagating in the opposite directions, they collapse
and diappear after collisions. Afterwards, there is left behind one line of the
string (unit element).



378 T. Shimizu

3.1 inverse element of circle-circular connecting wave
solution

From Eq.(2.14), we obtain

x− 2k′2 + k2

k2
t− s1 = − 2

k2κ
ε(κξ) +

2k′2 + k2

k2κ
(κξ), (3.8)

y =
2

k2κ
dn(κξ), (3.9)

From z = −RHS of Eq.(2.14), we have

x+
2k′2 + k2

k2
t− s2 =

2

k2κ
ε(κξ)− 2k′2 + k2

k2κ
(κξ), (3.10)

y = − 2

k2κ
dn(κξ), (3.11)

Then, we find that inverse element of circle-circular connecting wave solution
propagates in the opposite direction.

3.2 inverse element of circle-U-shape connecting wave
solution

From Eq.(2.20), we get

x− ct− s3 =
1

κ
Snκξ +

i

κ
(κξ), (3.12)

y =
i

κ
Cnκξ. (3.13)

From z = −RHS of Eq.(2.20), we obtain

x+ ct− s4 = −1

κ
Snκξ − i

κ
(κξ), (3.14)

y = − i
κ

Cnκξ. (3.15)

Then, we find that inverse element of circle-U-shape connecting wave solution
propagates in the opposite direction. Summing up the result thus far, we
conclude that the two connecting wave solutions of the wave equation for the
string compose loop group as additive group.
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4 Proposition of completeness in loop group

Proposition “loop group is complete in two kinds of connecting wave solu-
tions, f and f̄ .”

By reduction to absurdity, we investigate this proposition. We assume that
there exists another connecting element, f̃ . When a modulus, k = 0, we can
put

f̃(s, t) = f̃0(s, t) = f0(s, t), :circle wave solution (4.1)

From Eq.(2.8) and Eq.(2.9), we have

x = ct− (1/2κ) sin(2κξ), (4.2)

y = (1/2κ) cos(2κξ), (4.3)

From Eq.(2.15) and Eq.(2.16), when k=1, the above equations reduce to

x = ct− (1/2κ) tanh(2κξ) + c1(ξ) = s− (1/2κ) tanh(2κξ), (4.4)

y = (1/2κ)sech(2κξ), (4.5)

Accordingly, when k = 1, we get

f̃(s, t) = f̃1(s, t) = f1(s, t), :circular wave solution (4.6)

Hence, f̃ = f , so that contradiction occurs. Then, there exist no connecting
elements other than two kinds of the connecting.wave solutions.

5 Homotopy class as additive group

Regarding continuous mappimg class fk from topoligical space X : (s, t) to
topological space Y : (x, y) where fk : X→Y (0≤k≤1) (k is a modulus), when
fk is continuous with respect to k, fk is called one homotopy.[10] At the same
time, f0 and f1 are said to be homotopic, namely, f0'f1 : X→Y . Each class [f ]
such as f and f̄ in Eq.(3.4) and Eq.(3.5) is called homotopy class or mapping
class. In the same manner as we have investigated the composition of loop
group as additive group thus far, homotopy class of f and f̄ in Eq.(3.4) and
Eq.(3.5) also composes additive group.

6 Discussion

Mainly in the present paper, we study the properties of loop group as addi-
tive group and in relation to this problem, we note that its homotopy class is
also considered to compose additive group. To clarify the relatiion between
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the above homotopy class and homotopy group is our future task. We also
wish to investigate this homotopy class from the viewpoint of two dimensional
topology.
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