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Abstract

In this paper, exact solutions to the Einstein’s equations are ob-
tained for an anisotropic and homogeneous symmetry of Petrov Type
D, of a non-lineal fluid that responds to the equation of state R+R− = 0,

where R± = P + Λ − Λ
4

(
Λ

µ−Λ ±
√

4 + Λ2

(µ−Λ)2

)
where µ, P , and Λ are

the volumetric energy density, the pressure, and a constant linked to the
concept of dark energy. Two general solutions that are different between
them because of the initial expansion degree that a coordinate can have
in relation to a plane perpendicular to it are obtained. For each one
of the solutions, two cases are presented: one represents a space-time
with real geometry (R) for all the values of t, and asymptotically in
time this case becomes a isotropic space-time of FLRW, of a fluid of
dark energy and the other case presents a double singularity, so that
since the second singularity the space-time becomes a complex one (C),
with the increase of time the complex part of the interval tends to be
very small in relation to the real part, and the real part tends to an
isotropic space-time of FLRW, of a fluid of dark energy. The implica-
tions of the complex solution (of geometry of the complex space-time)
are discussed in quantum processes, such as the quantum entanglement,
and the behavior of the temperature in relation to the time is obtained.
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1 Introduction

The boom in cosmology is mostly the result of the discoveries related to the mi-
crowave background radiation, obtained by the COBE, WMAP and PLANK
satellites, the acceleration of the Universe, and the possible scenarios (states)
for which the Universe could go through. This and other aspects in cosmology
have been discussed in [1].
From a theoretical point of view, it is important to obtain possible cosmo-
logical models that can respond to the existent vision of the Universe and its
beginning; one of the possible options is that the Universe had gone through
a process where the fundamental fluid has had a non-lineal behavior. Some
works on that subject have been discussed and have obtained models in [2].
An interesting case is also the possibility that the cosmological space-time had
suffered various singularities [2], and its implications. Among other interest-
ing data, there are studies with complex geometries, either by considering the
coordinates complex [3] or, like Einstein considered, with elements of the com-
plex spacetime geometry [4]. In both cases, one of the motivations has been
to bring the Theory of Relativity closer to the Quantum Theory. This work is
about the situations mentioned before.

2 Symmetry, Einstein’s Equations, the Solu-

tions and the Kretschmann Invariant

The symmetry that will be used in this work is the anisotropic and homoge-
neous of Petrov Type D, that has the form [1]

ds2 = Fdt2 − t2/3K(dx2 + dy2)− t2/3

K2
dz2, (1)

where F and K are functions of t.
The components of the Einstein tensor (Gβ

α = Rβ
α− 1

2
δβαR) different from zero,

of (1), are

G0
0 =

4K2 − 9 t2K̇2

12t2K2F
, (2)

G1
1 = −

3KtK̇
(

2F − Ḟ t
)

+ 3Ft2
(

2KK̈ − 5K̇2
)

+ 4K2
(
Ḟ t+ F

)
12t2K2F 2

, (3)
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G2
2 = G1

1 = −G
3
3

2
+

9Ft2K̇2 − 4K2Ḟ t− 4K2F

8t2K2F 2
, (4)

where the points over the functions represent derivatives by the time.
The model of the perfect fluid used in cosmology represents a fluid without

viscosities, isentropic (P = P (µ)) and without shear stress, which could be
written in the following way

Tαβ = (µ+ P )uαuβ − gαβP, (5)

where Tαβ is the energy momentum tensor, uα the tetradimensional speed, gαβ
the metric tensor, and µ and P the volumetric energy density and the pressure
of the fluid.

The equation of state of the analyzed fluid comply with the following equal-
ity:

R+R− = 0, where R± = P + Λ− Λ

4

(
Λ

µ− Λ
±

√
4 +

Λ2

(µ− Λ)2

)
, (6)

where Λ is the constant linked to the concept of dark energy.
It will be considered a fluid with a tetradimensional speed uα = (u0, 0, 0, 0);
hence, the components of the energy momentum tensor (23) different from zero
are T 0

0 = µ, T 1
1 = T 2

2 = T 3
3 = −P , implying that, from Einstein’s equations

Gβ
α = κT βα , must be met that G1

1 = G3
3, so that, of (3) and (4) it is obtained

K̇K
(

2F − Ḟ t
)
− 2Ft

(
−KK̈ + K̇2

)
= 0 (7)

consequently

K = K0e
C1

∫
F1/2

t
dt, (8)

without loss of generalities, the constant K0 in (8) will be considered equal to
1 and C1 = ±2/3, for each possible value of C1 a different model is obtained.

From Einstein’s equations Gβ
α = κT βα , from (8), (6) and from the equality

T µν ;µ = 0 it is obtained, for any C1, that the solution of F is

F =
1

3t2Λ + 3t
√
a2 + at+ 1

, (9)

where a is a constant whose sense will be determined ahead.
From the solution (9), considering the Einstein’s equations and (8), (2) and
(3), it is obtained that the pressure P is

P = − Λ a

2
√
at+ a2

− Λ (10)
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and the density µ is

µ = Λ +
Λ
√
at+ a2

t
. (11)

The function K in (8) can be written

K = e±2σ/3, (12)

where σ = σ1 − σ0 and

σ1 =
−2 |a|√

3Λ
√
e2 − e4

√
e1 − e3

(
(D− +D+)(e1 − e2)− 2

e2F (ξ, C)

(e2
2 − a2)

)
(13)

and D± = Π(ξ,α±,C)
(e2±a)(e1±a)

. In (13) and D± the functions F (ν,m) and Π(ν, n,m) are
the incomplete elliptic integral of the first kind and the incomplete elliptic inte-
gral of the third kind, respectively, ν is the sine of the amplitude, n is the char-

acteristic and m the parameter, the parameter ξ = L
√√

at+a2−e1√
at+a2−e2

, L =
√

e2−e4
e1−e4 ,

the constants α± = (e2±a)
(e1±a)L2 , C = 1

L

√
e2−e3
e1−e3 , σ0 is a constant of integration and

the constants ek are the roots of the equation (−a2 + x2) (x2 + xa− a2)+ a2

3Λ
=

0, so the roots (usually complex) are taken counterclockwise, increasing with
the index k = 1..4, when graphed them in a rectangular coordinates system x
and y, where a root ek has the form ek = xk +yki. For roots that are multiples
of others, (ek = Ael), first is taken the one with the lowest absolute value.

3 Singularities and the Kretschmann

Invariant

In the study of the possible singularities of a given space-time, it is used the
Kretschmann invariant (Krets = RµναβRµναβ); the importance of this invari-
ant has been discussed in [1]. For the solutions found (with C1 = ±2/3) the
invariant has the form

Krets± = W± + U, (14)

where

U =
9 t2Λ2 (49 t2a+ 28 a2t+ 20 a3 + 32 t3) + 72 Λ2t3

√
a (t+ a) (5 t+ 2 a)

108t4 (t+ a)

and

W± =
128± 128

√
3 Λ t2 + 3 Λ t

√
a (t+ a) + 1 + 192 Λ t

(
t+
√
a (t+ a)

)
108t4
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and the positive sign is taken when C1 = 2/3 and the negative one if C1 =
−2/3. From the Kretschmann invariant (14), it is known that a singularity
exists in t = 0 for any value of C1 and of a. When C1 = 2/3, the Krestchman
invariant presents a singularity of t = 0 equivalent to the Kasner’s ED1 (with
depth of the order of t−4) discussed in [1]. When C1 = −2/3 the singularity
has a depth of the order of t−2, when a 6= 0.

4 Analysis of the Solutions

4.1 Case a > 0

The solutions, when a > 0 and t > 0, present only one singularity in t = 0,
as it can be noticed in (14). The constant σ0 in (13) has a similar form to σ1,
but it requires of the change of ξ → L; in this case the solution, for values of
t −→ ∞, becomes isotropic and of the form of dark energy analyzed in [1].
The density µ in (11) when t→ 0, tends to µ −→ ∞, but not the pressure P
of (10) that tends to P −→ −3Λ/2, the relation between P/µ when t −→ 0
tends to zero, so that in proximity to the singularity the fluid is close to a fluid
of dust type in its behaviour, for values of t9 0, the pressure is negative and
tends to −Λ for values of t→∞.

4.2 Case a < 0

The solutions when a < 0, and t > 0, of (14), present a double singularity,
in t = 0 and in t = |a|; for values of t ∈]0, |a|[ the solutions are real and the
values of the pressure P and the density µ and their relation λ = P/µ have
values between λ ∈ [−0.1230557084,∞[ , when t > |a| they become complex,
so that F = FR + iFI, µ = Λ + iµI and P = −Λ + iPI , of (9), (11) and (10)
in the same way that (8) and the interval ds2 = ds2

R − ids2
I . where

dsR
2 = FRdt2 − eBc cos (Bs) t

2/3
(
dx 2 + dy2

)
− e−2Bc cos (2Bs) t

2/3dz 2 (15)

and

dsI
2 = −FI dt2 + eBc sin (Bs) t

2/3
(
dx 2 + dy2

)
− e−2Bc sin (2Bs) t

2/3dz 2, (16)

where

Bc = C1

∫
4
√

FR2 + FI 2 cos

(
1

2
arctan

(
FI

FR

))
t−1dt, (17)

Bc = C1

∫
4
√

FR2 + FI 2 sin

(
1

2
arctan

(
FI

FR

))
t−1dt, (18)
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FR =
3 Λ t2 + 1

M
, FI = −3

Λ t
√
|a| t− a2

M
,

M =
(
3 Λ t2 + 1

)2
+ 9 Λ2t2

(
|a| t− a2

)
.

(19)

The real part of the interval ds2
R tends to an interval of the isotropic type of

dark energy (of FLRW) for values of t→∞ of the form

dsR
2 ≈ dη2 − e2/3 η

√
3Λ
(
dx 2 + dy2 + dz 2

)
+

C1

(
dx 2 + dy2 − 2 dz 2

)
√

3Λe1/3 η
√

3Λ
, (20)

where t = t0e
η
√

Λ
√

3 and it was considered t0 = 1. The last term, in the right,
in (20) tends to zero, when η → ∞, hence the metric tends to the equivalent
to isotropic dark energy. The part of the imaginary interval (16) is very small
for values of t→∞, which, written similarly to (20), is approximately

dsI
2 ≈

√
|a|

e1/2 η
√

3Λ

(
dη2 +

C1

(
dx 2 + dy2 − 2 dz 2

)
3
√

3Λe1/3 η
√

3Λ

)
. (21)

In a speculative way, as a hypothesis, it can be considered the transference of
information, as in the case of the quantum entanglement, through the imag-
inary interval ds2

I yet and when it is not possible to consider it through the
real interval; the simplest possibility is that the information is transfered in-
dependently of the sign of ds2

I , another option is that it could be possible only
if ds2

I ≥ 0; if C1 = 2/3, for instance, and dx = dy = 0, the interval could

be ds2
I > 0 for values of e1/3 η

√
3Λ|dz| > dη considered very big in the real

part of the interval (20) where ds2
R < 0, since its equivalent in the imaginary

interval is ∼ e−1/6 η
√

3Λ|dz|/Λ1/4 < dη, which because of the choice of t0 = 1,
previously mentioned, it implies that in the imaginary metric, the differential
elements related to three-dimensional space can be dismissed in most cases. In
general terms, if the space-time is complex, in the previous form, it is obtained
the equivalent to two Universes that exist together, one real and the other
imaginary, that influence each other as it can be observed in (15) and (16), in
such a way that when the time increases, the real Universe increases its size,
while the imaginary one decreases it and the complex Universe is found to be
equivalent to a real Universe but perturbed by an imaginary Universe.

5 The Temperature

In relation to the thermodynamics in cosmological solutions in a symmetry of
Petrov D, some possibilities have been discussed and analyzed in [5], where it
has also been determined that, as in a symmetry of FLRW type,

dP

µ+ P
=
dT

T
, (22)
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where T is the temperature of the fluid.
From (22), (11) and (10), it is obtained that

T =
T0 (t+ 2 a)√

t+ a
, (23)

where T0 > 0 is a constant of integration. From (23) when t → ∞, the
temperature tends to T0

√
t for any value of a (currently it should be of≈ 2.7K);

on the other hand, if a < 0, it means thar the temperature was imaginary
for values of t ∈ [0, a[ even though the space-time was real, hence it can be
concluded that this could not be determined in that time interval, however, for
values of t ∈]a, 2a], the temperature could be determined and it will be T ≤ 0
but for the rest of values it would be positive.

6 Conclusions

In the article, cosmological exact solutions to the Einstein’s equations were
found (two general solutions that are different between them for the grade of
initial expansion), for the case of a non-lineal fluid (non-lineal equation of state)
which, if a constant a < 0, they have double singularity, and if a > 0, they
have only one singularity; if a < 0, the first singularity presents a volumetric
energy density µ that is infinite, with a pressure P that is finite and the second
singularity presents a tendency of P →∞ but finite for µ. If the constant a >
0, the interval, P and µ are real (R) and with the increase of time, it becomes an
interval of the usual type for the model of dark energy of FLRW, but if a < 0,
the interval becomes complex since the second singularity (ds2 = ds2

R− ids2
I ∈

C) in such a way that with the increase of time dsi/dsR → 0 and the real
part ds2

R, it becomes the interval of dark energy of FLRW. It was discussed
the hypothesis about the possibility of transfering information of processes as
the quantum entanglement through the imaginary interval giving it the same
restrictions that are given usually to the interval, so it was concluded that
this is possible because the space part of the interval is fairly small compared
to the temporal part for the majority of cases. It was determined that the
temperature for any value of a with time tends to depend on the time of the
form T ≈ T0t

1/2, where T0 is a constant and in proximity to the singilarity
in t = 0 can have a finite and real value (in the case of a > 0) and without
major changes, with the passage of time, or finite but imaginary (in the case
of a < 0), infinite negative when t = |a|, real negative when |a| < t < 2|a|,
null if t = 2|a| and real positive when t > 2|a|.
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