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Abstract

A massive scalar field equation with non linear torsion induced term,
is studied in a form slightly different from the one previously consid-
ered. The object is of both discussing solutions of the equation and
suggesting physical interpretation. In the Robertson-Walker metric a
variable separation method is applied in analogy of what done for non
linear spin 1/2 and 1 field equation in RW metric. The angular sep-
arated equation is suitably integrated and the time and radial depen-
dence further discussed. In the Minkowski space time, solutions that
are small perturbations of plane waves solutions are discussed. In the
given approximation, the perturbation produces a modification of both
the velocity of propagation and, more sensibly, of the amplitude of the
unperturbed solution.

Keywords: Scalar field equation with torsion - RW space time - Minkowski
space time - Solution of equation

1 Introduction

There is interest in considering the torsion tensor in General Relativity. It
allows to introduce new degrees of freedom that are useful to properly describe
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further aspects of the space time as well as of the spin field equations [3, 1, 7].
This holds also for the scalar field equation [3] and in particular for application
to cosmological models (e. g., [5, 4, 6]). The formulation of field equation of
non zero spin with torsion has also been considered in a unified manner in
[9, 11, 12, 14], while the extension to zero spin field has been considered in
[10, 13, 17]. In the present paper a spin zero field equation with torsion is
considered that is a slight modification of the equation discussed in Ref. [17]:

∇α∇αφ+ ξ φ∇α∇α(φφ̄) +m2
oφ = 0 (1)

(ξ a real numerical parameter, mo the mass of the field particle). The equation
can be derived as in [17] by considering an interaction of the scalar field φ
with the trace τα of the torsion tensor in the form τα∂αφφ̄ (instead of τα∂αφ

2).
Therefore it does not contain the most general expression of torsion-scalar
field interaction. The problem arises of determining the solution and of giving
a physical motivation to the equation. A possible cosmological role of the
equation has been considered [17] by coupling it to an Einstein field equation
with torsion. The lack of the general analytical solution does not however
allows to completely decide about the validity of the resulting cosmological
mofodel.

The attention of the present paper is first towards the mathematical solu-
tions of the equation (1) in the Robertson Walker space-time. An elementary
variable separation method is applied. The resulting separated angular equa-
tion is integrated and the real part of the exact solution is chosen as the
acceptable solution. (This is the analog of what done in the study of the non
linear Dirac and of the spin 1 field equation in RW space time [15, 16]). The
surviving separated equation in the r, t variables can be further separated by
very special time dependence assumption. This forces to a quite improbable
time evolution of the universe and to an highly nonlinear separated radial equa-
tion. Further information about the solution are obtained by an explicit exact
integration of the massless scalar field equation in the special case φ = φ(t)
and φ = φ(r) in flat and open RW space-time model.

The equation (1) has been considered also in the space-time of Minkowski.
Since plane waves are solutions of the scalar field equation (1) also in presence
of torsion, the problem studied here is to see in what sense small perturbations
of plane waves are still solutions. One obtains that the motion of the perturbed
solution is a slight perturbation of the motion of the original plane wave, with
an exponentially decaying amplitude.
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2 Separation of the equation in RW metric

The object is to look for solution of equation (1) in the Robertson Walker
space time whose tensor metric gµν is given by [8]:

ds2 = gµν = dt2 − a2(t)
[ dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

]
(k = 0,±1) (2)

By making explicit the covariant derivative through the relation ∇α∂
αφ =

g−1/2∂α[
√
g(∂αφ)] (g the determinant of gµν) one obtains

∇α∇αφ = φtt −
1− kr2

a(t)
φrr −

1

r2a2(t)

[
φθθ +

1

sin2 θ
φϕϕ

]
+

+3
ȧ(t)

a
φt −

cot θ

r2a2(t)
φθ +

kr2 − 2

ra2(t)
φr (3)

(φi = ∂iφ, φ̇ = ∂tφ). The expression ∇α∇α(φφ̄) then follows from (3) by the
substitution φ→ (φφ̄).
By combining those results the eq. (1) becomes then

φtt + ξφ(φφ̄)tt −
1− kr2

a(t)

[
φrr + ξφ(φφ̄)rr

]
−

− 1

r2a2(t)

[
φθθ + ξφ(φφ̄)θθ +

1

sin2 θ

(
φϕϕ + ξφ(φφ̄)ϕϕ

)]
+

+3
ȧ(t)

a

[
φt + ξφ(φφ̄)t

]
− cot θ

r2a2(t)

[
φθ + ξφ(φφ̄)θ

]
+

+
kr2 − 2

ra2(t)

[
φr + ξφ(φφ̄)r

]
+m2

oφ = 0, k = 0,±1 (4)

that is a very complex equation. One can proceed by a variable separation
method by first setting

φ(t, r, θ, ϕ) = χ(θ, ϕ)ψ(r, t), χχ̄ = C (5)

The condition on χ is explicitly required to simplify some terms of the equation.
By assumption (5) the equation (4) can be reported to the equation

a2r2
ψtt
ψ

+ Cξa2r2(ψψ̄)tt − r2(1− kr2)
[ψrr
ψ

+ Cξ(ψψ̄)rr
]

+

+r(kr2 − 2)
[ψr
ψ

+ Cξ(ψψ̄)r
]

+m2
oa

2r2 −

−
[χθθ
χ

+
1

sin2 θ

χϕϕ
χ

+ cot θ
χθ
χ

]
+

+3aȧr2
[ψt
ψ

+ Cξ(ψψ̄)t
]

= 0 (6)
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Therefore the angular dependence separates with separation constant λ and
one is left with the equations

χθθ +
1

sin2 θ
χϕϕ + χθ cot θ = −λχ (7)

a2r2
ψtt
ψ

+ Cξa2r2(ψψ̄)tt − r2(1− kr2)
[ψrr
ψ

+ Cξ(ψψ̄)rr
]

+

r(kr2 − 2)
[ψr
ψ

+ Cξ(ψψ̄)r
]

+m2
oa

2r2 +

+3aȧr2
[ψt
ψ

+ Cξ(ψψ̄)t
]

= λ (8)

2.1 Angular integration and further separation

i) The separated angular equation (7) can be further reduced to ordinary
differential equation. By the choice χ(θ, ϕ) = eimϕS(θ), m = 0,±1,±2, ..., it
follows

S ′′ + cot θ S ′ − m2
o

sin2 θ
S = −λS (9)

The last equation is the angular equation of the 3-dimensional Schrödinger
equation in central potential (see, e.g., [2]). By assuming the usual regular-
ity conditions one has then S(θ) ≡ Pm

l (cos θ), λ = l(l + 1), l = |m|, |m| +
1, ..., P

|m|
l being the associated Legendre functions. Since however S must be,

by (5), of the form S ∼ exp(is(θ)), s real, this is not possible as it is easily
seen by considering the differential equation to which s has to satisfy. How-
ever by noting that, for real λ, both ReS and ImS satisfy the same equation
S satisfies, one can choose to set cos s(θ) ≡ P

|m|
l (cos θ)/M, M the maximum

of P
|m|
l for θ ∈ [0, π] and make the prescription

χ(θ, ϕ) ≡ exp i
[
mϕ+ cos−1

(
P
|m|
l (cos θ)/M

)]
(10)

An analog choice was performed for the non linear Dirac and non linear spin
1 field equation in RW space time [15, 16].

ii) The equation (8) can be similarly separated by the position ψ(t, r) =
ψ(r) exp(iωt) to get:

−a2ω2 + 3aȧiω + a2m2
o = τ (11)

(1− kr2)
[ψ′′
ψ

+ Cξ(ψψ̄)′′
]

+
kr2 − 2

r

[ψ′
ψ

+ Cξ(ψψ̄)′
]
− λ

r2
= τ (12)

τ the separation constant. The mathematical solution of (11) is

a2(t) =
[
τe

i
3
(m2

o−ω2)t +
τ

ω2 −m2
o

]
(13)
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that is not real. If one want a2 to be the square of the ‘’radius of the Universe”,
one could take as a physical acceptable solution the real part of the right hand
side of (13). For what concerns the separated radial dependence, one is then left
then with highly non linear equation (12) that could be integrated numerically.

2.2 Special solutions

Exact solutions of the equation (1) can be obtained in special cases. There are
two situations of interest for real scalar field.

i) Suppose indeed φ = φ(t) = φ̄. The eq. (4) reduces to

φ̈+ 3
ȧ

a
φ̇(1 + 2ξφ2) + 2ξφφ̇2 +m2

oφ = 0 (14)

By setting y = φ̇ and then z = y2 into (14) on has

z′ + 6
a′

a
z +

4xz′

1 + 2ξx2
+

m2
ox

1 + 2ξx2
= 0, φ = x (15)

with a′ = da/dφ. By a first integration

z = φ̇2 =
−2m2

o

∫
φ φ̇ a6dt+D

a6(1 + 2ξφ2)
(16)

A second integration can be performed if mo = 0:

1

2

[
φ
√

1 + 2ξφ2 +
sinh−1 (

√
2ξφ)√

2ξ

]
=
∫ dt

a3(t)
(mo = 0, D = 1) (17)

If, e. g., a = const. = 1 then it easily follows that φ ∼ t for t → 0 and
φ ∼ (2t)

1
2 for t→∞.

ii) Let assume φ = φ(r) = φ̄ and mo = 0. The eq. (4) now reduces to

φ′′

φ′
+

2ξφφ′

1 + 2ξφ2
=

kr

kr2 − 1
− 2

r
(18)

that hold for arbitrary universe time evolution a(t). By integrating one arrives
at ∫ √

1 + 2ξφ2dφ =
∫ √kr2 − 1

r2
dr k = 0,±1 (19)

By making explicit the last integrations with ξ > 0 one finally obtains

φ

2

√
1 + 2ξφ2 +

sinh−1 (φ
√

2ξ)√
2ξ

= sinh−1 r −
√

1 + r2

r2
+ c1, k = −1 (20)

= −1

r
+ c0, k = 0 (21)

where the asymptotic behavior for r → 0, ∞ can be easily extracted.
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3 Minkowski space-time

In this Section the equation (1) is studied within the Minkowski space-time.
This not only in the hope of reducing the analytical difficulty, but also with
the object of finding explicit effects of torsion. Indeed in such context the
interactions are reduced to that between scalar field and torsion, the gravity
being absent.

In Minkowski space-time, where gαβ = diag{1,−1,−1,−1}, the equation
(1) reads:

gαβ
[
∂α∂βφ+ ξφ∂α∂β(φφ̄)

]
+m2

oφ = 0 (22)

Since plane waves

φ(x) = eikx, kµkµ = k20 − k21 − k22 − k23 = m2
o (23)

are solutions of (22) one can look for solutions that are small perturbations of
plane wave solutions, namely of the form

φ(x) = eikx(1 + ε(x)), |ε| << 1 (24)

With such expression in (22), one has to the first order in ε

∂α∂
α
[
ε+ ξ(ε+ ε̄)

]
+ 2ikα∂αε = 0 (25)

The last equation can be separated by variable separation to obtain:

ε(xα) = X0(x
0) +X1(x

1) +X2(x
2) +X3(x

3) (26)

(1 + ξ)X ′′α + ξX ′′α + 2ikαX
′
α = Mα (27)

M0 −M1 −M2 −M3 = 0 (28)

In turn, by distinguishing between real and imaginary part, one is left with

Xα(xα) = uα(xα) + iwα(xα), α = 0, 1, 2, 3 (29)

(1 + 2ξ)u′′α − 2kαw
′
α = Cα, Cα = ReMα (30)

w′′α + 2kαu
′
α = Dα, Dα = ImMα (31)

By an integration of (31) and substituting into (30) one has

w′α = −2kαuα +Dαx
α + Eα, α = 0, 1, 2, 3 (32)

u′′α + ω2
αuα =

1

1 + 2ξ

[
2kα(Dαx

α + Eα) + Cα
]
, ω2

α =
4k2α

1 + 2ξ
(33)

Hence for every α:

uα(xα) = Aα sinωαx
α +Bα cosωαx

α +
2kα(Dαx

α + Eα)

ω2
α(1 + 2ξ)

, Cα = 0 (34)
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The condition |ε| << 1 will now be satisfied by requiring uα, wα → 0 for
xα → 0, ∀α. Then to the second order, one has

uα ∼= Aαωαx
α +

2kαDα

ω2
α(1 + 2ξ)

xα, Bα = Eα = 0 (35)

w′α
∼= −2kα

[
Aαωα +

Dα

2kα

]
xα +Dαx

α = −2kαωαAαx
α (36)

wα ∼= −kαωαAα(xα)2 + Fα (37)

Since uα, wα satisfy equations (32), (35), (37) one has Dα = 0 so that:

uα ∼= Aαωαx
α, wα ∼= −kαωαAα(xα)2, Dα = Fα = 0 (38)

(1 + ε) ∼= exp
{ 3∑

0

[
Aαωαx

α − ikαωαAα(xα)2
]}

(39)

φ = exp
[
i
(
kαx

α +
(kα)2(xα)2√

1 + 2ξ

)]
exp

[
− kαx

α

√
1 + 2ξ

]
, Aα = −1/2 (40)

There results that the solution is a small perturbation of the unperturbed plane
wave with a modulation propagating as the unperturbed plane wave. One can
consider the expression

|φ|2ξ
|φ|2ξ=0

=
(
e

√
1+2ξ−1√
1+2ξ

)2kαxα

(41)

∼=
(
e

2ξ
1+ξ

)kαxα ∼= e2ξkαx
α |ξ| << 1 (42)

It well describes the effect of torsion for, e. g., kαx
α = const., |xα| << 1 ∀α.

4 Comments

In the above Sections possible solutions of a scalar field equation with non
linear term induced by torsion, has been discussed in the Robertson Walker
and Minkowski space-time. This is intended to furnish aspects of solutions
that could be useful also for a similar equation proposed in [17].

Some mathematical aspects of the solutions are given in RW metric by ap-
plying an elementary variable separation method. The request on the angular
dependence is relaxed by taking in fact the real part of the exact solution of the
angular equation that is given explicitly (in analogy to the case of non linear
Dirac and spin 1 filed equations [15, 16]). The r, t dependence of the solution
can be further separated by a very special time dependence assumption. This
seems questionable because it is at the expense of the time evolution law of the
universe and implies a highly non linear ordinary differential radial equation
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whose numerical solution seems unavoidable. Even if less relevant, the integra-
tion of the scalar field equation is studied for real scalar field depending only
on r or only on t. There the field equation is reported to a quadrature that is
performed in the massless scalar field case for flat and open RW space-time.

In the Minkowki space time, attention has been given to solutions of the
scalar field equation that are small perturbations of plane waves solutions. This
in order to see the effect of torsion interacting with a scalar field in absence
of gravity. Even if the result holds in very localized regions, the law of prop-
agation of the perturbed solution is a small modification of the propagation
of the unperturbed one. More sensible is the fact that the amplitude of the
solution propagates with the same velocity of the original plane wave solution,
but has an exponential decay, that resembles propagation in absorbing media.
Since both effects explicitly depend on the interacting parameter, there is, in
principle, the possibility of discriminating the effect of torsion.
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