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Abstract

The spin 1, 3/2, 2 massless field equations are considered by the
Newman Penrose formalism in Kerr space-time. The components of the
field are subjected to algebraic constraint involving the Weyl spinor Ψ
that drastically reduces the number of non zero components of the field
φ. The spin 1 expanded field equations coincide with those electromag-
netic field in general curved space-time and have been widely studied in
Kerr metric. The field equations are exactly solved for spin s = 3/2, 2.
For s = 3/2 the solution has the property of propagating as it happens
for another solution that was obtained under a different tetrad frame.
For s = 2 there results that φ2 is static and proportional to Ψ2, the other
non zero φ-components having different time dependence. The study is
extended to type D metric and higher spin value. In that context the
expanded massless field equations are recast, by induction, in a compact
recurrent form. The constraint algebraic relation implies that only two
components of fermion field and only three components in case of boson
field, are allowed to be non zero. The corresponding first order PDF’s
are determined. When specialized to Kerr metric the general type D
scheme implies, for solution of boson field of spin s, that the component
φs is again static while the other components are time dependent as
well as do all the components for fermion fields.
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1 Introduction

It is known that the massive field equation can be consistently formulated in
curved space-time for arbitrary value of the spin. To that end it is useful the
two components spinor formalism. The formulation takes into account the
algebraic consistency conditions that arise in presence of curved space-time
[3, 8, 7]. The working equations (the Buchdahl equations) can be recast in
a manner that is uniform with regard to the spin and mass value of the field
and that can be specified both for boson and fermion fields (see, e., g., [5]).
The Buchdahl equations have been widely studied in general as well in physical
space-time metric such the Robertson-Walker one, the Lemâitre-Tolman-Bondi
one, the Schwarzschild one and the Kerr one (e. g., [4, 7]), the

In the following the interest is towards the study of the mass less field
equations of different spin. Accordingly (e. g. [7]) a zero mass field φAA1A2....An

of spin s = (n+ 1)/2, n ≥ 1, is governed by the equations [7]:

∇AA′φ
A
A1A2..An

= 0, φAA1A2...An = φ(AA1A2...An) (1)

(n− 1)φAA1M(A2A3...An−1Ψ
AA1M

An)
= 0, n ≥ 1 (2)

Here ∇AA′ is the covariant spinorial derivative and ΨABCD the conformal Weyl
spinor. For n odd we speak of boson field, for n even of fermion field. [On
account of the symmetry of the spinor field, the notation φh ≡ φAA1A2...An , h =
0, 1, 2, ..., n + 1, h being the number of 1’s in the string AA1A2...An, will be
used in the following].

A general discussion of the equations (1), (2) with reference to the Petrov
type algebraic classification of the Weyl tensor can be found in [2] and Ref-
erences therein. Note that ΨABCD is itself a solution of eqs. (1), (2) [7]. As
to special situations, for n = 0, (s = 1/2), there is no condition (2) while the
constraint has no effect for s = 1. If ΨABCD is non zero and n > 1 there are, a
priori, n constraints on the n + 2 field components φh. The equations (2) are
automatically satisfied in the Robertson-Walker space-time because there one
has Ψh = 0, h = 0, 1, 2, 3, 4. In Lemâitre-Tolman-Bond space time they have
been considered for s = 3/2, 2. (e. g., [10]).

In the present paper the study of the equations (1), (2) is considered in
Kerr metric. It is first recalled that for s = 1 the equation (1) is in fact the
equation of the electromagnetic field in a general metric. Its integration in
Kerr metric has been widely studied (e. g., [4] and References therein).
The case n = 2 (s = 3/2) is solved by using the Newman-Penrose formalism
[6], based on the null tetrad frame defined in [4]. The solution has the property
of propagating as it is the case for another solution that was determined in [1]
and based on a different tetrad frame.
The case n = 3 (s = 2) is then studied and the equations exactly integrated.
There results in particular that φ2 ∝ Ψ2 so that φ2 comes out to be time inde-
pendent. Conversely the solution concerning the other non trivial components
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of φ result time dependent and overall coherent with the prediction of [2] for
type-D space-time.
General considerations are also developed for arbitrary n > 1. One obtains
that in case of boson field (n odd) only three components of φ may a priori be
non zero, while for fermion fields (n even) this is possible for only 2 of them.
The equations relative to the a priori non zero φ-components are finally easily
identified by the recursive structure in which the expanded equations of eq. (1)
can be put. Finally those properties are seen to hold also in type-D space-time
and the equations relative to the non zero field components for bosons and
fermion fields determined. When applied to the Kerr metric case, one finds ,
in case of boson fields of spin s, a time independent expression for φs while the
solution of the other φ components result time dependent expressions. In the
fermion field case of spin s all φ-components are time dependent for any s.

2 Kerr geometry

The study is now developed in the context of Kerr space-time. For the formal-
ism as well notations and special definition we follow the books [4, 7]. For the
reader convenience it is recalled that the Kerr metric tensor gµν is given by

ds2 = ρ̄ρ̄∗
4
Σ2

(dt)2 − Σ2

ρ̄ρ̄∗

(
dϕ− 2aMr

Σ2
dt
)2

sin θ − ρ̄ρ̄∗

4
(dr)2 − ρ̄ρ̄∗(dθ)2 (3)

ρ̄ = r + ia cos θ, 4 = r2 − 2Mr + a2 (ρ̄ρ̄∗ = r2 + a2 cos2 θ) (4)

The directional derivatives are denoted D, ∆, δ, δ∗. They are defined with
respect to null tetrad frame {l, n,m,m∗} according to the definitions:

D = li∂i, ∆ = ni∂i, δ = mi∂i, δ∗ = (δ)∗ (5)

li =
1

4
(r2 + a2, 4, 0, a), ni =

1

2ρ̄ρ̄∗
(r2 + a2, −4, 0, a) (6)

mi =
1

ρ̄
√

2
(a sin θ, 0, 1,

i

sin θ
), (m∗)i = (mi)∗ (7)

The spin coefficients corresponding to the chosen basis are

κ = σ = λ = ν = ε = 0 (8)

ρ = − 1

ρ̄∗
, β =

cot θ

2ρ̄
√

2
, π =

ia sin θ

(ρ̄∗)2
√

2
, τ = −ia sin θ

ρ̄ρ̄∗
(9)

µ = − 4
2ρ̄(ρ̄∗)2

, γ = µ+
r −M
2ρ̄ρ̄∗

, α = π − β∗ (10)

For what concerns the components of the Weyl spinor Ψj in Kerr metric one
has [4]:

Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0, Ψ2 = − M

(ρ̄∗)3
(11)
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In the following the object is to expand the equations (1), (2) by means of
the Newman-Penrose formalism [6] and then to solve the resulting equations
in the context of the Kerr space-time.

3 Spin 1 massless field equation

For n = 1 the scheme (1), (2) reduces to the study of (1). By making explicit
the spinorial derivative in terms of directional derivatives and spin coefficients
in equation (1), one obtains the known expansion in a general metric:

(D − 2ρ)φ1 − (δ∗ − 2α + π)φ0 + κφ2 = 0 (12)

(D − ρ+ 2ε)φ2 − (δ∗ + 2π)φ1 + λφ0 = 0 (13)

(δ − 2τ)φ1 − (∆ + µ− 2γ)φ0 + σφ2 = 0 (14)

(δ − τ + 2β)φ2 − (∆ + 2µ− 2)φ1 + νφ2 = 0 (15)

where φ0, φ1, φ2, are the components of the field. These components coincide
with the three complex scalars that replace the anti symmetric Maxwell tensor
in a general curved space-time [4]. The solution of the equation has been widely
discussed and solved in Kerr metric (e. g., [4] and References therein).

4 Spin 3/2 massless field equation

By expanding equation (1) in a general curved space-time by the Newman-
Penrose formalism one obtains, in case n = 2, the equations

(D − 3ρ− ε)φ1 − (δ? − 3α + π)φ0 + 2κφ2 = 0 (16)

(D + ε− 2ρ)φ2 − (δ? − α + 2π)φ1 + κφ3 + λφ0 = 0 (17)

(D − ρ+ 3ε)φ3 − (δ? + α + 3π)φ2 + 2λφ1 = 0 (18)

(∆ + µ− 3γ)φ0 − (δ − 3τ − β)φ1 − 2σφ2 = 0 (19)

(∆ + 2µ− γ)φ1 − (δ − 2τ + β)φ2 − σφ3 − νφ0 = 0 (20)

(∆ + 3µ+ γ)φ2 − (δ − τ + 3β)φ3 − 2νφ1 = 0 (21)

while the constraint equation (2) takes the expanded form

φ0Ψ3 − 3φ1Ψ2 + 3φ2Ψ1 − φ3Ψ0 = 0 (22)

φ0Ψ4 − 3φ1Ψ3 + 3φ2Ψ2 − φ3Ψ1 = 0 (23)

By taking into account the expression (8)-(14), from (16)-(21) one has:

φ1 = φ2 = 0 (24)

(δ? − 3α + π)φ0 = 0, (∆ + µ− 3γ)φ0 = 0 (25)

(δ − τ + 3β)φ3 = 0, (D − ρ)φ3 = 0 (26)
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On account of the coordinate dependence of the directional derivatives and spin
coefficients on t, ϕ and the fact that in each equation one only φ-component it
is useful to set

φk = φk(r, θ) e
(iσkt+imkϕ), σk ∈ R, mk = 0,±1,±2, .., k = 0, (27)

Qk = aσk sin θ +mk(sin θ)
−1, Kk = (r2 + a2)σk + amk k = 0, 3, (28)

The equations (25) for φo(r, θ) become then respectively(
∂θ +Q0 −

2ia sin θ

ρ̄∗
+

3

2
cot θ

)
φ0 = 0 (29)

(
∂r − i

K0

4
− 2

ρ̄∗
+

3(r −M)

4
)
φ0 = 0 (30)

An integration of equation (30) gives

φ0(r, θ) = eirσ0
4iMσ0

4 3
2

(r − r+
r − r−

)iam0+2M2σ0
r+−r− (ρ̄∗)2 φ00(θ), m0 = 0,±1,±2, ...

(31)
where r± = M ±

√
M2 − a2 and φ00(θ) is the arbitrary integration function. It

is determined by requiring φ0(r, θ) to satisfy the θ-equation (29). By exploiting
the calculations one finally gets

φ00(θ) = eaσ0 cos θ( tan(θ/2))−m0 (32)

As to φ3, the equations (26), with the assumptions of Section 3, give(
∂r + i

K3

4
+

1

ρ̄∗

)
φ3 = 0 (33)

(
∂θ +Q3 +

ia sin θ

ρ̄∗
+

3

2
cot θ

)
φ3 = 0 (34)

Integration of (33) gives:

φ3(r, θ) =
e−irσ3

ρ̄∗
4−iMσ3

(r − r+
r − r−

)−iam3+2M2σ3
r+−r− φ30(θ), m3 = 0,±1,±2, .. (35)

The integration function is determined by requiring φ3(r, θ) to satisfy the equa-
tion (34). One obtains

φ30(θ) =
eσ3 cos θ

( tan θ/2)m3( sin θ)3/2
(36)

The above solution of the massless s = 3
2

field equation in Kerr geometry has
been obtained by the null tetrad frame adopted in [4]. The components φ0, φ3

a priori propagate with different velocity. A different solution was obtained in
Ref. [1]. That result is based on a suitable different tetrad that simplifies the
form of the field equations.
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5 Spin 2 massless field equation

The detailed equations originated by the expansion of eq. (1) with n = 3
in terms of the directional derivative and spin coefficients result to be, in a
general curved space-time, given by:

(D − 2ε− 4ρ)φ1 − (δ? + π − 4α)φ0 + 3κφ2 = 0 (37)

(D − 3ρ)φ2 − (δ? + 2π − 2α)φ1 + 2κφ3 + λφ0 = 0 (38)

(D − 2ε− 2ρ)φ3 − (δ? + 3π)φ2 + κφ4 + 2λφ1 = 0 (39)

(D + 4ε− ρ)φ4 − (δ? + 4π + 2α)φ3 + 3λφ2 = 0 (40)

(∆ + µ− 4γ)φ0 − (δ − 4τ − 2β)φ1 − 3σφ2 = 0 (41)

(∆ + 2µ− 2γ)φ1 − (δ − 3τ)φ2 − 2σφ3 − νφ0 = 0 (42)

(∆ + 3µ)φ2 − (δ + 2β − 2τ)φ3 − σφ4 − 2νφ1 = 0 (43)

(∆ + 4µ+ 2γ)φ3 − (δ + 4β − τ)φ4 − 3νφ2 = 0 (44)

while the constraint (2) for s = 2 splits into the relations:

φ0Ψ3 − 3φ1Ψ2 + 3φ2Ψ1 − φ3Ψ0 = 0 (45)

φ1Ψ4 − 3φ2Ψ3 + 3φ3Ψ2 − φ4Ψ1 = 0 (46)

φ0Ψ4 − 2φ1Ψ3 + 2φ3Ψ1 − φ4Ψ0 = 0 (47)

By specializing to the Kerr metric the last relations, one is now left with:

φ1 = φ3 = 0 (48)

(δ∗ + π − 4α)φ0 = 0, (∆ + µ− 4γ)φo = 0 (49)

(D − 3ρ)φ2 = (∆ + 3µ)φ2 = (δ∗ + 3π)φ2 = (δ − 3τ)φ2 = 0 (50)

(D − ρ)φ4 = 0, (δ + 4β − τ)φ4 = 0 (51)

Also here the t and φ dependence factors out by setting

φj(t, r, θ, ϕ) = φj(r, θ) exp(imjϕ+ iσjt), mj = 0,±1.± 2, .., j = 0, 2, 4
(52)

It is better to first solve the equations for φ2. By the very definition of the
directional derivatives and spin coefficients of Section 2, the angular equations
relative to φ2 become (

∂θ +Q2 +
3ia sin θ

ρ̄∗

)
φ2 = 0 (53)

(
∂θ −Q2 +

3ia sin θ

ρ̄∗

)
φ2 = 0 (54)

Then one obtains

φ2(r, θ) =
φ20(r)

(ρ̄∗)3
, Q2 = 0 (55)
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φ20(r) an arbitrary integration function. The condition Q2 = aσ2 sin θ +
m2(sin θ)

−1 = 0 implies σ2 = m2 = 0 or a = m2 = 0.
i) suppose σ2 = m2 = 0. Then K2 = (r2 + a2)σ2 + am2 = 0 identically.

The remaining radial equations relative to φ2 become identical and have the
solution φ2(r, θ) = φ̃20(θ)/(ρ̄

∗)3. Hence φ̃20(θ) = φ20(r) = const. = C20.
Finally

φ2(r, θ) =
C20

(ρ̄∗)3
(56)

ii) suppose now a = m2 = 0. Then K2 = σ2r
2. By subtracting the

equations for φ2 containing the r-derivatives, one finds K2/4 = 0 that now
implies σ2 = 0. Hence one has the previous situation with a = 0. Note that in
Schwarzschild space time one has φ2 = C20/r

3. Note also that φ2 ∝ Ψ2 and it
is time independent.

For what concerns the equations (49) relative to φ0, they can be made
explicit to obtain respectively:(

∂θ +Q0 −
3ia sin θ

ρ̄∗
+ 2 cot θ

)
φ0 = 0 (57)

(
∂r −

3

ρ̄∗
− iK0

4
+

8(r −M)

4
)
φ0 = 0 (58)

Integration of (57) gives:

φ0(r, θ) = eaσ0 cos θ
(ρ̄∗)3

(sin θ)2
( tan(θ/2))−2m0φ00(r) (59)

φ00(r) an arbitrary integration function that can be determined by requiring
φ(r, θ) to satisfy the equation (58). One obtains

φ00(r) = eiσ0r
4iσ0M

44

(r − r+
r − r−

)i 2M2σ0+am0
r+−r− C00 (60)

C00 an arbitrary integration constant.
By the same way one can integrate the equations relative to φ4. From the

second equation (51) one has:

φ4(r, θ) = eaσ4 cos θ
1

ρ̄∗
1

( tan(θ/2))m4

1

(sin θ)2
φ40(r) (61)

φ40(r) the integration function. In turn it is obtained by substituting into the
first equation (51):

φ40(r) = e−iσ4r4−iσ4M
(r − r+
r − r−

)−i 2M2σ4+am4
r+−r− C40 (62)

C40 the integration constant. It is useful to notice that φ2(r, θ) is proportional
to Ψ2, and it is time independent, while the solutions for φ0, φ4 are time de-
pendent and propagate in an independent way. The result is coherent with
the result of [2] concerning Petrov type D space-time.
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6 Generalization

There are some remarks for the generalization of the results. The procedure
employed in the previous Sections to solve massless field equations in Kerr
geometry can be extended to Petrov type D space-time that is characterized
by a first condition on the spin coefficients, that is κ = σ = λ = ν = 0 and a
second one that is the vanishing of all the Weyl spinor components except Ψ2.

The first assumption allows to compactly formulate, by induction, the ex-
panded field equation (1) in the form:

[D − (n− 1− 2j)ε− (n+ 1− j)ρ]φj+1 −
−
[
δ? + (j + 1)π − (n+ 1− 2j)α

]
φj = 0 (63)

[∆ + (j + 1)µ− (n+ 1− 2j)γ]φj −
−[δ − (n+ 1− j)τ + (2j − n+ 1)β]φj+1 = 0 (64)

j = 0, 1, 2, ..., n. This follows from recurrence relation of the coefficients of
the directional derivatives in the previous cases for s = 1, 3/2, 2 and from the
stability of the spin coefficients involved by passing from n to n + 1 that can
be shown by an argument similar to one developed in [9].

The second assumption drastically reduces the number of φ-components
that are non identically zero. Indeed by making explicit the summation, the
equation (2) becomes:

3φ001(A2A3...An−1ΨAn)110 − 3φ011(A2A3...An−1ΨAn)100 = 0 (65)

where two terms have been neglected because they can never contain Ψ2 . Note
that if An = 0 or An = 1 then only one of the two terms ΨAn110, ΨAn100 does
not vanish so that the corresponding (φ-component) factor vanishes. There-
fore, in order to have non vanishing φ components, different from φ0, φn+1, the
string A2A3.....An must contain, once symmetry is performed, the same num-
ber of 0’s and 1’s. Therefore n− 1 = 2h, h integer and, a priori, φ1+h = φ 1+n

2

is not necessarily required to be zero. In conclusion:
i) n odd ⇒ φk = 0, k 6= 0, s, n+ 1 (bosons)
ii) n even ⇒ φk = 0, k 6= 0, n+ 1 (fermions)
Accordingly, independently of the value of the spin, the equations to solve
concern only two or three components of spinor field φ, as it appears also in
the previous Sections. As an application, in case both of fermions and bosons,
by the above considerations the equation for φ0 and φn+1 are given by:

[δ? + π − (n+ 1)α]φ0 = 0, [∆ + µ− (n+ 1)γ]φ0 = 0 (66)

[D + (n+ 1)ε− ρ]φn+1 = 0, [δ + (2− n)τ + (n+ 1)β]φn+1 = 0 (67)

Instead in boson case, n odd, n+ 1 = 2s there are also the equations for φs

[∆ + (s+ 1)µ]φs = 0, [D − (s+ 1)ρ]φs = 0 (68)

[δ − (1 + s)τ ]φs = 0, [δ∗ + (s+ 1)π]φs = 0 (69)
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The equations (68), (69) reduce to the equations (50) if s = 2. For arbitrary
spin value, those equations can be integrated in Kerr metric by a completely
similar procedure to that applied in the case s = 2. In such case, φs results
again to be time independent. (e. g., one easily obtains σs = ms = 0 and
φs ∝ (ρ̄∗)−s−1). Also the equations (66), (67) can be integrated in Kerr space-
time by the same procedure relaive to the case s = 3/2, 2.

7 Comments

In the present study, it has first recalled that the spin 1 massless field equation
represents the electromagnetic field equation in a general curved space-time
that has been widely studied in Kerr metric. Then the spin 3/2 and spin
2 massless field equations, with the algebraic constraints, have been exactly
solved in Kerr space time by the Newman Penrose formalism based on the
null tetrad frame adopted in [4]. The solution for spin 3/2 propagates and has
similarity aspects with the one given in [1] that however is based on a different
tetrad frame. The solution obtained for the massless spin 2 field equation in
Kerr metric is such that φ2 ∝ Ψ2 and it is therefore time independent, while
the solutions for the other non zero φ components propagate. The solution
procedure has the advantage of being suitable for general type D metric. In-
dependently of the spin value, there are only two non zero φ-components in
case of fermion fields and three non zero φ-components in case of boson fields.
Each non zero fermion component satisfies 2 first order (not coupled) PDE’s.
For each boson φ-component the situation is the same for two φ-components.
There are however other 4 first order PDE’s for the third φ-component alone.
The general reduction to first order not coupled PDE’s in a single function is
an advantage. The property is independent on the choice of the tetrad frame
for type D space-time. There are examples in the literature of that situation.
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