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Abstract

A parametric representation for a one-cusp soliton solution of Harry
Dym equation is found in this paper. And, it is investigated that the
soliton solution is stable against arbitrary small perturbation. Regard-
ing the derivation of the cusp soliton solution, the inverse scattering
transform (IST) is applied. By Kadanoff, the relation between Harry
Dym equation and the Saffman-Taylor problem was pointed out. In
addition to this relation, the resemblance between the one-cusp soli-
ton solution and the equation derived in the Saffman-Taylor problem is
reported here.
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1 Introduction

In a previous paper, we studied the inverse scattering transform for Harry
Dym equation (H-D equation for short) and found that it has a cusp soliton
solution [4]. In 1989, Hereman, et al denoted that the H-D equation is derived
in three different ways [1]. And, an implicit cusp solitary wave solution is
constructed via a simple direct method. In 1990, Kadanoff reported analysis
of the Saffman-Taylor problem and pointed out its relation with Harry Dym
equation [2]. They considered high viscous fluid and low viscous fluid that
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are placed between glass plates. And they obtained a solution in this prob-
lem by representing coordinates of fluid, interface, and velocity potential in
terms of an analytic function with respect to an auxiliary variable. In 1991,
Vasconcelos and Kadanoff reported a one-parameter family of solutions for the
problem of the motion of an interface between a viscous and a nonviscous two-
dimensional fluid [3]. It was presented that the solutions have the interface
moving uniformly while the viscous fluid has a nontrivial potential flow.

In the present paper, we denote that a one-cusp soliton solution can be
expressed by a parametric representation with respect to a variable s that is
given by a function of (x, t). And we derive this soliton solution through an
inverse scattering method with respect to s. Regarding the soliton solution,
its stability as a solution of Harry Dym equation is investigated. Moreover,
we report the resemblance between the cusp soliton solution and the equation
derived in the Saffman-Taylor problem.

2 Cusp soliton solution and its stability

Harry Dym equation reads

qt − 2
(

1/
√

1 + q
)
xxx

= 0, (2.1)

where the subscripts t and x mean patial differentiations with respect to t
and x, respectively. For H-D equation, we introduce the following boundary
condition:

q(x, t)→ 0 as |x| → ∞. (2.2)

Modified H-D equation is given by

rt + (1− r)3 rxxx = 0, (2.3)

Note that
1/
√

1 + q = 1− r, (2.4)

We define a function ε+,

ε+ ≡
∫ ∞
x

(1−
√

1 + q)dx. (2.5)

Through the IST (Inverse Scattering Transform), the one-soliton solutions (κ <
0)[4] are given by

1 + q(x, t) = tanh−4[κ(x− x0 − 4κ2t+ ε+)], (2.6)

ε+ =
1

κ
{1 + tanh[κ(x− x0 − 4κ2t+ ε+)]}, (2.7)
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Figure 1: Cusp soliton solution.

r(x, t) = sech2[κ(x− x0 − 4κ2t+ ε+)]. (2.8)

Here, we define

x+ ε+≡s, (2.9)

x≡x(s, t), (2.10)

r(s, t)≡y(s, t), (2.11)

Then, these definitions and Eqs. (2.7) and (2.8) yield

x(s, t) = s− 1
κ
{1 + tanh[κ(s− x0 − 4κ2t)]}, (2.12)

y(s, t) = sech2[κ(s− x0 − 4κ2t)]. (2.13)

This is the parametric representation of the curve (x, y) with respect to (s, t).
In Fig. 1, we show this one-cusp soliton solution.(κ = −1, x0 = 1.5, t = 0)

Next, we investigate the stability of the one-cusp soliton solution.

Theorem 2.1 Against arbitrary small perturbation δs, the solution (x(s, t), y(s, t))
is bounded. Namely, the solution is stable.

Proof. Against arbitrary small perturbation δs, we shall consider the follow-
ing quantity L1 with Eq. (2.12):

L1 = x(s+ δs, t)− x(s, t), (2.14)

= δs− 1
κ
[tanh(u+ κδs)− tanhu], (2.15)

where
κ(s− x0 − 4κ2t) ≡ u. (2.16)
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Taking into account the formula,

tanh(α + β) =
tanhα + tanh β

1 + tanhα tanh β
, (2.17)

and then, we have

L1 = δs− 1

κ

tanhκδssech2u

1 + tanhu tanhκδs
. (2.18)

From | tanhκδs| < 1 and

sech2u→ 0 and | tanhu| → 1 as t→∞, (2.19)

we obtain

L1 → δs ≈ 0 (bounded) as t→∞. (2.20)

In the same manner, against arbitrary small perturbation δs, we shall consider
the following quantity L2 with Eq. (2.13):

L2 = y(s+ δs, t)− y(s, t), (2.21)

= sech2(u+ κδs)− sech2u, (2.22)

Taking into account the formula,

sech(α + β) =
sechαsechβ

1 + tanhα tanh β
, (2.23)

we get

L2 =
2sechκδssech2u

(1 + tanhu tanhκδs)2
. (2.24)

In the same manner as the case of L1, we have

L2 → 0 (bounded) as t→∞. (2.25)

Due to the above results, (x, y) is stable as a solution of Harry Dym equation.

�

Since the trace of the parametric representation, (x(s, t), y(s, t)) is equivalent
to the curve, y = y(x, t), Theorem 2.1 is the sufficient condition for the solution
y = y(x, t) to be stable.
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3 IST with respect to s

In this section, we describe the IST using the parametric variable s. The
auxiliary linear problem with respect to x reads

ψxx + λ2(1 + q)ψ = 0. (3.1)

The time dependence equation reads

ψt = 2λ2
[

2√
1 + q

∂

∂x
−
(

1√
1 + q

)
x

]
ψ. (3.2)

Eqs. (2.9) and (2.5) yield
∂s

∂x
=
√

1 + q. (3.3)

Using this equation and expressing Eqs. (3.1) and (3.2) by s, and then we
obtain

ψss +
(
log
√

1 + q
)
s
ψs + λ2ψ = 0, (3.4)

ψt = λ2
{

4 ∂
∂s

+ [log (1 + q)]s
}
ψ. (3.5)

Owing to Eqs. (2.2) and (3.3), the boundary condition reads

q(s, t)→ 0 as |s| → ∞. (3.6)

Here, we shall introduce Jost functions and scatering coefficients as follows.

φ(λ, s)→ e−iλs as s→ −∞, (3.7)

ψ(λ, s)→ eiλs as s→∞, (3.8)

φ(λ, s) = a(λ)ψ(−λ, s) + b(λ)ψ(λ, s). (3.9)

Next, we investigate analytic properties of a(λ) and Jost functions. From the
above three equations, we get

log a =
∫∞
−∞ σds, (3.10)

σ = ∂
∂s

log(φeiλs). (3.11)

We define

f = φeiλs. (3.12)

Then, Eq. (3.4) reduces to

fss +
(

log
√

1 + q
)
s
fs − iλ

[
2fs +

(
log
√

1 + q
)
s
f
]

= 0. (3.13)
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Substituting Eq. (3.11) with Eq. (3.12) into this equation, we have

σs + σ2 +
(

log
√

1 + q
)
s
σ − iλ

[
2σ +

(
log
√

1 + q
)
s

]
= 0. (3.14)

We expand σ in the power series of λ:

σ =
∞∑
n=0

σn
(iλ)n

. (3.15)

Substituting this equation into Eq. (3.14) and equating the same order power
of λ, and then we have the following first two conserved densities,

σ0 = −1
4
∂
∂s

log(1 + q), (3.16)

σ1 = −1
8
∂2

∂s2
log(1 + q)− 1

32

[
∂
∂s

log(1 + q)
]2
. (3.17)

Due to the results thus far, for large |λ|, we obtain

a = 1 + O
(
1
λ

)
, (3.18)

φeiλs = (1 + q)−
1
4 + O

(
1
λ

)
, (3.19)

ψe−iλs = (1 + q)−
1
4 + O

(
1
λ

)
. (3.20)

4 Gelfand-Levitan equation and one-soliton so-

lution

Here, we shall introduce the kernel:

ψ(λ, s) = eiλs + iλ

∫ ∞
s

K(s, z)eiλzdz. (4.1)

We assume that the kernel should satify the condition,

lim
z→∞

K(s, z) = 0. (4.2)

Eqs. (3.20) and (4.1) yield

1 + q = [1−K(s, s)]−4 . (4.3)

In the same manner as Ref. [4], we derive the Gelfand-Levitan equation as
follows.

K(s, v)− F (s+ v)−
∫ ∞
s

K(s, z)F ′(z + v)dz = 0. (4.4)
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The spectrum functions F (w) and F ′(w) are defined as

F (w) = 1
2π

∫
C
b(λ)
a(λ)

eiλw

iλ
dλ, (4.5)

F ′(w) = 1
2π

∫
C
b(λ)
a(λ)

eiλwdλ. (4.6)

The integral path C is given as the contour on the complex λ-plane starting
from λ = −∞ + i0+, passing over all zero points of a(λ), and ending at λ =
+∞+ i0+. The time dependence of the scattering coefficients are determined
by Eq. (3.5):

a(λ, t) = a(λ, 0), (4.7)

b(λ, t) = b(λ, 0) exp (8iλ3t). (4.8)

The zero points of a(λ) on the upper-half λ−plane give the bound state, and
we name them as λk(k = 1, 2, · · · , N). If all the zero points of a(λ) are simple,
F (w) becomes

F (w) =
N∑
k=1

ck(0)
eiλ(w+8λ2kt)

iλk
+

1

2π

∫ ∞
−∞

ρ(λ, 0)
eiλ(w+8λ2t)

iλ
dλ (4.9)

Next, we assume that a(λ) has only one simple zero point and ρ(λ, 0) = 0 in
order to obtain one-soliton solution. Then, F (w) and F ′(w) become

F (w) = (c1(0)/iλ1)exp[iλ1(w + 8λ21t)], (4.10)

F ′(w) = c1(0)exp[iλ1(w + 8λ21t)]. (4.11)

Substituting these equations into Eq. (4.4) and solving, we have

K(s, v) = [c1(0)/iλ1]exp[iλ1(s+ v + 8λ21t)]/{1 + [c1(0)/2iλ1]exp[iλ1(2s+ 8λ21t)]}.
(4.12)

Here, we put

iλ1 = κ(< 0), (4.13)

c1(0)/2iλ1 = exp(−2κx0). (4.14)

Eqs. (4.12) and (4.3) yield

1 + q(x, t) = tanh−4[κ(s− x0 − 4κ2t)], (4.15)

Combining this equation and Eq. (3.3) with Eq. (2.5), we obtain Eq. (2.12)
as the expressin of x(s, t) in terms of the parametric representation. And,
substituting Eq. (4.15) into Eq. (2.4), we have Eq. (2.13) as the expression of
y(s, t) similarly.
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5 Saffman-Taylor problem

We cite Ref.[2] by Kadanoff. Saffman-Taylor problem has two fluids, one
of which is high vicosity and the other of which is low viscosity. They are
placed between two glass plates that has small distance b. The velocity of the
two-dimensional fluid is given by

v = −(b2/12µ)∇p = ∇φ, (5.1)

where p is pressure, φ is velocity potential, and µ is viscosity coefficients.
We assume that the pressure in the non-viscosity fluid is constant. And, the
pressure jump across the interface is kτ , where τ is surface tension, and k is the
curvature of the interface. The flow in the viscosity fluid is non-compressible,
hence, φ and p satisfy the Laplace equation.

Expressing the coodinates of fluids, interface, and velocity potential val-
ues by an analytic function with respect to an auxiliary variable w, we obtain
the solution in this problem. First, we present the result. The coordinate
x + iy on the interface is given as the image of the first quadrant of the unit
circle (|w| = 1) under the following mapping:

γ(w, t) = iVIt+H(w)L, (5.2)

H(w) = 2w − log [(w + 1)/(w − 1)i]. (5.3)

where VI is such a real number as the interface velocity for (0, VI). On the
other hand, L is a length parameter.

Next, we shall introduce the auxiliary variable s,

log [−(w + 1)/(w − 1)] = −s. (5.4)

Solving this equation fot w, we have

w = − tanh (s/2). (5.5)

Then, Eq. (5.2) reduces to

γ(w, t) = iVIt+ L [s− 2 tanh (s/2) + (π/2)i] . (5.6)

On the other hand, in Eq. (2.12), we put κ = −1/2, x0 = 0, t = 0, and then

x(s, t) = s− 2 tanh (s/2) + 2. (5.7)

And, comparing this equation with Eq. (5.6) makes clear the resemblance be-
tween both equations concerning s-dependence. Here, we restrict ourselves to
only denoting the relation between one-cusp soliton solution and the equation
derived in the Saffman-Taylor problem.
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6 Conclusion

In the present paper, we study the property of one-cusp soliton solution in
Harry Dym equation through the IST. And, we point out that one-cusp soliton
solution and the equation in the Saffman-Taylor problem are closely related.
In future, we wish to find another physical problem to which the Harry Dym
equation applies.
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