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Abstract

In this paper, properties of wave packets propagating on a non-
dispersive linear medium described by the “Nein-Gordon equation” or
the wave equation for a cord under the non-gravitational field are stud-
ied. Especially, It is investigated in detail that two wave packets prop-
agating to the opposite directions on a pendulum model medium are
stable against a collision. Regarding a cord medium, it may not be dif-
ficult to induce a wave packet, but possible to do it by swinging a cord
a little.

Keywords: wave packet, non-dispersive linear medium, wave equation for
cord, non-gravitational field, Nein-Gordon equation

1 Introduction

Regarding a physical problem under the non-gravitational field, we have
studied the various wave solutions in the wave equation for a cord (thin rope).
In a previous paper,[1] we have found that the wave equation for a cord under
the micro-amplitude approximation becomes an ordinary linear wave equation,
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which has the d‘Lambert‘s solution, as is well known. It has a unimodal solitary
wave solution, a kink wave one, and a sine wave one. In Ref.[2], we have also
derived the 3D wave equation for a cord under non-gravity.

In Ref.[3], we have derived an equation named “Nein-Gordon equation”
(N-G eq. for short) from an equation of motion concerning a pendulum model
under the non-gravitational field. We have denoted that N-G eq. is the non-
gravitational version of sine-Gordon equation and equivalent to the linear wave
equation with respect to a swinging angle φ. There exist two solitary waves
propagating in the opposite directions and maintaining their initial shapes
after a collision.

In Sect. 2, we present N-G equation and the 2D and 3D wave equation
for a cord. There appear the linear wave equations that have the d’Lambert’s
solutions. In Sect. 3, various wave packets in N-G equation are presented and
plotted for their appearances of collisions between them in figures. The last
section is devoted to discussion. There, we discuss the reflective problem of
the wave packets described in this paper. In appendix, we study a reflective
wave and a transmitted wave propagating on a cord connected to two cords.

2 Nein-Gordon equation, 2D and 3D wave equa-

tions for cord

As an eample of non-dispersive linear medium, we take up the pendulum
model shown in Fig. 1 under non-gravity.[6] Regarding this model, when we
stick marking pins into a rubber cord at equal intervals, we have the medium
where the pendulums are connected by springs as shown in Fig. 1.

φ

n

Figure 1: Pendulum model.

Let a swing angle be φ, an interval between pendulums a, its moment of
inertia I, and a twist constant K. Taking a continuous limit, and then we
have

∂2φ

∂t2
− c2∂

2φ

∂x2
= 0, (2.1)

where

c2 =
Ka2

I
. (2.2)
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On the other hand, under the gravity the wave equation ( sine-Gordon equation
) reads

∂2φ

∂t2
− c2∂

2φ

∂x2
= −T0

I
sin φ, (2.3)

where T0 is a torque by gravity. N-G eq. is the non-gravitational version of
S-G eq. N-G equation has the d‘Lambert‘s solution:

φ(x, t) = f(x+ ct) + g(x− ct), (2.4)

where f and g are arbitrary functions. Accordingly, there exist two or more
solitary waves propagating in the opposite directions and maintaining their
initial shapes after collisions.

Next, we study the wave equation for a cord. The equation of motion for
a cord reads

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.5)

where z = x + iy, t is time, σ a linear density of the cord, and T a norm of
the tension vector. Here, we should remark that

zs = eiθ, (2.6)

x2s + y2s = 1, (2.7)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter. Next, we shall introduce
the following theorem.[1]

Theorem 1 T is constant when there exists such a form of a solution as
z(s, t) = z(ξ) = z(s− ct), where c is an arbitrary constant.

Then, Eq.(2.5) reduces to

∂2z

∂t2
− c2∂

2z

∂s2
= 0, (2.8)

where c2 = T/σ. Under the micro-amplitude approximation, x = s holds.
And, Eq. (2.8) becomes an ordinary linear wave equation,

∂2y

∂t2
− c2 ∂

2y

∂x2
= 0. (2.9)

This wave equation means that under the micro-amplitude approximation the
present physical system is the linear wave one and it has the d‘Alembert‘s
solution, y = h(x− ct) + k(x+ ct).

In the same manner, we can derive the 3D wave equation for a cord.[2] It
reads

∂2w

∂t2
− κ2∂

2w

∂z2
= 0, (2.10)

where w = x+iy. Eq.(2.10) has the d‘Alembert‘s solution, w = p(z − ct) +
q(z + ct), where p and q are arbitrary complex functions.
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3 Various wave packets

3.1 Oscillating wave packets in N-G eq.

We take up the following oscillating wave packet in N-G equation:

φ = hsech[a(x− x0 − ct)] sin[b(x− x0 − ct)], (3.1)

where
h < π, (3.2)

and a, b, c and x0 are arbitrary constants. Here, we show an appearance of
a propagating wave pachet. In Fig.2, we plot the curve of Eq.(3.1) for h =
0.3, a = 3.0, b = 9.0, c = 1, and x1 = 3 when t = 0.0, 3.0, 6.0, and 9.0.
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Figure 2: Propagation of wave packet.

Next, we consider a collision between two oscillating wave packets. Here,
we introduce the following sum of two wave packets:

φ = hsech[a(x−x1−ct)] sin[b(x−x1−ct)]+hsech[a(x−x2+ct)] sin[b(x−x2+ct)],
(3.3)

This is a solution of N-G eq. clearly since it has a d’Lambert’s solution. In
Fig. 3-6, we show the appearance of the collision between two N-G wave packets
in Eq. (3.3) in the x-φ coordinates for h = 0.3, a = 3.0, b = 9.0, c = 1, x1 = 3,
and x2 = 10 when t = 0.0, 2.6, 3.2, 4.6.

3.2 Oscillating wave packets in 2D wave equation for
cord

We take up the following oscillating wave packet with a sufficiently small
amplitude in the 2D wave equation for a cord:[1]

x = s+ f [a(s− s0 − ct)], (3.4)
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Figure 3: Collision between N-G
wave packets when t = 0.0.
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Figure 4: (when t = 2.6).
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Figure 5: (when t = 3.2).
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Figure 6: (when t = 4.6).

y = δsech[a(s− s0 − ct)] sin[b(s− s0 − ct)], (3.5)

where a < b. Substituting above equations into Eq.(2.7), we have

a2fξ
2 + 2afξ + δ2[a2sech2(aξ) tanh2(aξ) sin2(bξ)

−absech2(aξ) tanh(aξ) sin(2bξ) + b2sech2(aξ) cos2(bξ)] = 0, (3.6)

where ξ = s− s0 − ct. Here, we assume that fξ ≈ 0 and fξ
2 = 0, and then we

obtain[1]

f(ξ) = − δ
2

2a

∫ ξ

−∞
[a2sech2(aξ) tanh2(aξ) sin2(bξ)

−absech2(aξ) tanh(aξ) sin(2bξ) + b2sech2(aξ) cos2(bξ)]dξ, (3.7)

Next, we consider order estimation of f(ξ) in the following.

f(ξ) ≤ δ2

2a

∫ ξ

−∞
[a2sech2(aξ) tanh2(aξ)

+absech2(aξ)| tanh(aξ)|+ b2sech2(aξ)]dξ, (3.8)

f(ξ) ≤ δ2

2a

{
a

3
[tanh3(aξ) + 1] +

b

2
[tanh2(aξ) + 1] +

b2

a
[tanh(aξ) + 1]

}
, (3.9)
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Figure 7: Collision be-
tween 3-turn wave pack-
ets when t = 0.
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Figure 8: (when t = 2.5).
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Figure 9: (when t = 4).

Because b/a > 1, we have

f(ξ) ≤ 11

6

b2

a2
δ2, (3.10)

Accordingly, when b2/a2 ≈O(102), δ2 needs to be O(10−3) at most so that
x = s may hold. Hence, it may not be difficult to induce the wave packet here,
but possible to do it by swinging a cord a little.

3.3 Collision between rotational wave packets in N-G
eq.

Sine-Gordon kink rotational wave packet solution with n turns reads

φ = 4n tan−1{exp[a(z − z0 − ct)]}. (3.11)

x = cosφ, (3.12)

y = sinφ. (3.13)

Now, we consider a sum of two rotational wave packets in N-G eq.:

φ = 4n tan−1{exp[a(z − z1 − ct)]}+ 4n tan−1{exp[a(z − z2 + ct)]}. (3.14)

This equation means that two n-turn wave packets propagate in the opposite
directions. In Fig. 7-9, we plot their curves before and after a collision for
n = 3, z1 = 0, z2 = 6, a = 2 and c = 1 when t = −1, 2.5, and 4.

3.4 Rotational wave packet in 3D cord wave eq.

In this subsection, we study a rotational wave packet with sufficiently small
amplitude in the 3D wave equation for a cord. Here, we take up a wave
solution[2]

w = x+ iy = δsech[a(s− s0 − ct)] exp[ib(s− s0 − ct)], (3.15)
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z = s+ f [a(s− s0 − ct)], (3.16)

In the same manner as Subsect.3.2, we consider order estimation for f .[2]

f(ξ) = − δ
2

2a

∫ ξ

−∞
[a2sech2(aξ) tanh2(aξ) + b2sech2(aξ)]dξ, (3.17)

f(ξ) ≤ δ2

2a

{
a

3
[tanh3(aξ) + 1] +

b2

a
[tanh(aξ) + 1]

}
, (3.18)

Because b/a > 1, we have

f(ξ) ≤ b2

a2
δ2, (3.19)

Accordingly, when b2/a2 ≈O(102), δ2 needs to be O(10−3) at most so that
z = s may hold. Hence, we consider that it may not be difficult to induce the
wave packet here and observe it, but possible to induce it by swinging a cord
a little.

4 Discussion

At the end of this paper, we discuss reflection of the wave packets in the
present physical system against a edge point. If the edge point is fixed, the
phase shift of the internal oscillation components may be π. If the edge point
is free, its phase shift may be 0. And, the envelope of the wave packet will be
inversse phase or identical phase, respectively.

A Waves on one cord connected to two cords

In appendix, we consider a wave separation problem. Let an equal linear
density of all cords be σ and a cord be connected to two cords via a joint with
negligible mass. We define a incident wave (0) and a reflective wave (1) as

y0 = δsech(x− ct), y1 = k1δsech(x+ ct), (A.1)

respectively, where c2 = T/σ. And two transmitted waves (2) reads

y2 = k2δsech(x− ct), y2 = k2δsech(x− ct). (A.2)

Energies transmitted by waves reads[4]

E0 = (2/3)Tδ2c, E1 = (2/3)Tk21δ
2c, E2 = (2/3)Tk22δ

2c. (A.3)

Energy conservation law E0 = E1 + E2 + E2 yields

k21 + 2k22 = 1. (A.4)
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Momentums transmitted by waves reads[4]

p0 = 2cσδ, p1 = 2cσk1δ, p2 = 2cσk2δ. (A.5)

Momentum conservation law p0 = p2 + p2 − p1 yields

2k2 − k1 = 1. (A.6)

Eliminating k1 from Eqs.(A.4) and (A.6), we have

k2 = 2/3, k1 = 1/3. (A.7)

And, the reflectivity Rf and the transmissivity Tr become[4]

Rf = E1/E0 = k21 = 1/9 ≈ 0.111(11.1%), (A.8)

Tr = 2E2/E0 = 2k22 = 8/9 ≈ 0.889(88.9%), (A.9)

respectively. Accordingly, the amplitude of the reflective wave is 1/3 amplitude
of the incident wave and the amplitude of the two transmitted waves is 2/3
amplitude of the incident wave. The phase shift here is 0.[4],[5]
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