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Abstract
In a previous paper, it was found that a two-dimensional wave equa-

tion for a cord (thin rope) describing waves on a cord under the non-
gravitational field reduces to a ordinary linear wave equation under the
micro-amplitude approximation. And, in the wave equation, a unimodal
solitary wave solution and a kink wave solution were derived. In this
paper, two cords with different linear densities connected to a cord are
taken up to make a wave propagate on them. There occur a reflec-
tive wave and a transmitted wave corresponding to an incident wave
against a boundary of two cords. It is denoted that amplitude ratios
among these waves, reflectivity, and transmissivity are represented with
respect to two linear densities only.

Keywords: wave equation, unimodal solitary wave, kink wave, reflective
wave, transmitted wave, reflectivity, transmissivity

1 Introduction

In 2019, we derived a two-dimensional wave equation for a cord (thin rope)
under the non-gravitational field and also its sufficiently small unimodal soli-
tary wave solution propagating on a cord.[2] There, we found that the wave
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equation for a cord reduces to an ordinary linear wave equation under the
micro-amplitude approximation. In general, the wave equation has the d‘Lambert‘s
solution.[1] Then, two unimodal or kink solitary waves propagating in the op-
posite directions are stable against a collision.[2],[3]

In 2020, we have pointed out that the cord wave equation system and
the string vibration system are similar in the sense that the identical wave
equations of them are derived under the micro-amplitude approximation and
have multiple mode of stationary sine waves.[4] In a previous paper, we have
proposed a plan of cosmic experiments in International Space Station (ISS) to
demonstrate a collision of two solitary waves under non-gravity. [5]

The aim of the present paper is to study the properties of an incident, reflec-
tive, and transmitted solitary waves propagating on a cord that is composed of
connected two codes with different linear densities. Their amplitudes, the re-
flectivity, and the transmissivity are investigated analytically. Brief outline of
this paper is denoted as follows. In Sect.2, we present the cord wave equation
for the wave solutions propagating on the cord under the non-gravitational
field. There, we point out that it reduces to a wave equation under the micro-
amplitude approximation. In Sect.3.1, we take up the unimodal solitary wave
solution of the wave equation as the incident wave expression. And, we derive
the formulas of the reflectivity and the transmissivity. In Sect.3.2, in the same
manner as the argument in Sect.3.1, we obtain identical results for the incident
kink wave. In Sect.3.3, we denote two numerical examples of the properties of
the unimodal solitary waves. The last section is devoted to discussion. There,
we investigate a problem that phase shift between the incident wave and the
reflective wave varies according to the large and small relation of the two linear
densities.

2 Wave Equation for Cord and Its Solitary

Wave Solutions

First, we assume that no external forces such as gravity are exerted on a
cord and that stretching and contraction of a cord are negligible. And, we let
a cord lie along the x-axis and a wave propagate on the xy-plane.

Next, we study the wave equation for a cord. The equation of motion for
a cord reads

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.1)

where z = x + iy, t is time, s an arclength along a cord, σ a linear density of
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the cord, and T a norm of the tension vector. Here, we should remark that

zs = eiθ, (2.2)

x2s + y2s = 1, (2.3)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter. Next, we shall introduce
the following theorem.[2]

Theorem 1 T is constant when there exists such a form of a solution as
z(s, t) = z(ξ) = z(s− ct), where c is an arbitrary constant.

Then, Eq.(2.1) reduces to

∂2z

∂t2
− c2∂

2z

∂s2
= 0, (2.4)

where c2 = T/σ. Under the micro-amplitude approximation, x = s holds.[2]
And, Eq. (2.4) becomes an ordinary linear wave equation,

∂2u

∂t2
− c2∂

2u

∂x2
= 0, (2.5)

where u is a displacement of a cord from the x-axis instead of y. This ordinary
linear wave equation means that under the micro-amplitude approximation
the present physical system is the linear wave one and it has the d‘Alembert‘s
solution, u = h(x− ct) + k(x+ ct).

Then, the sufficiently small unimodal solitary wave solution reads [2]

u = δsech(x− x0 − ct) (δ ≈ 0). (2.6)

And, the sufficiently small kink wave solution reads [3]

u = δ tan−1[exp(x− x0 − ct)] (δ ≈ 0). (2.7)

3 Properties of Reflective and Transmitted Waves

Now, we let two cords with different linear densities σ1, σ2 be connected at
one point (the origin) and lie along the x-axis. The incident wave propagates
rightward on the cord with the linear density σ1 and the transmitted wave
propagates rightward on the cord with the linear density σ2. In Fig.1, we show
a rough sketch of the connected two cords.
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Figure 1: Rough sketch of two cords.

3.1 Unimodal solitary wave

Here, from Eq.(2.6), we consider an incident unimodal solitary wave solution:

u = δsech(x− αt) (δ ≈ 0), (3.1)

and reflective and transmitted unimodal solitary wave solutions and their ve-
locities:

u = k1δsech(x+ αt), (3.2)

u = k2δsech(x− βt), (3.3)

α2 = T/σ1, β2 = T/σ2, (3.4)

respectively.
The energy flow vE is expressed in the form: [6]

vE = −T ∂u
∂x

∂u

∂t
, (3.5)

where E is an energy density. Then, the energy E transmitted by the wave u
becomes

E =

∫ ∞
−∞

vEdx = −T
∫ ∞
−∞

∂u

∂x

∂u

∂t
dx. (3.6)

Substituting Eq.(3.1) into Eq.(3.6), the energy E0 of the incident wave is ex-
pressed as

E0 = Tδ2α

∫ ∞
−∞

tanh2(x− αt)sech2(x− αt)dx =
2

3
Tδ2α. (3.7)
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Similarly, for the energies E1 and E2 of the reflective and transmitted waves,
respectively, we get

E1 =
2

3
Tk1

2δ2α, (3.8)

E2 =
2

3
Tk2

2δ2β. (3.9)

Due to the energy conservation law E0 = E1 + E2 with Eqs.(3.7)-(3.9), we
obtain

α = k1
2α + k2

2β. (3.10)

In the same manner, the expression of the momentum p0 transmitted by the
incident wave reads

p0 = σ1

∫ ∞
−∞

∂u

∂t
dx = 2ασ1δ. (3.11)

Similarly, p1 and p2 of the reflective and transmitted waves, respectively, be-
come

p1 = 2ασ1k1δ, (3.12)

p2 = 2βσ2k2δ. (3.13)

Due to the momentum conservation law p0 = p2 − p1 with Eqs.(3.11)-(3.13),
we obtain

ασ1 = βσ2k2 − ασ1k1. (3.14)

Eliminating k2 from Eqs.(3.10) and (3.14), we have

k1 =
−ασ12 ± βσ22

ασ12 + βσ22
. (3.15)

In the numerator of the above equation, the minus sign gives an inadequate
solution k1 = −1, so that we have

k1 =
βσ2

2 − ασ12

ασ12 + βσ22
=
σ2

3/2 − σ13/2

σ13/2 + σ23/2
. (3.16)

Eqs.(3.16) and (3.14) yield

k2 =
2ασ1σ2

ασ12 + βσ22
=

2σ1
1/2σ2

σ13/2 + σ23/2
. (3.17)

Next, we shall derive expressions of the reflectivity Rf and the transmissivity
Tr. The reflectivity Rf becomes

Rf = E1/E0 = k1
2 =

(βσ2
2 − ασ12)2

(ασ12 + βσ22)2
=

(σ2
3/2 − σ13/2)2

(σ13/2 + σ23/2)2
. (3.18)
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Similarly, the transmissivity Tr becomes

Tr = E2/E0 = k2
2β/α =

4αβσ1
2σ2

2

(ασ12 + βσ22)2
=

4σ1
3/2σ2

3/2

(σ13/2 + σ23/2)2
. (3.19)

From Eq.(3.16), we find that there occur negative k1 and an inverse phase of
the reflective wave when σ1 > σ2.

3.2 Kink solitary wave

Here, we shall make sure that the result obtained in the previous subsection be-
comes invariant also in case of the incident kink solitary wave. From Eq.(2.7),
incident, reflective, and transmitted kink solitary wave solutions read

u = δ tan−1[exp(x− αt)] (δ ≈ 0), (3.20)

u = k1δ tan−1[exp(x+ αt)], (3.21)

u = k2δ tan−1[exp(x− βt)]. (3.22)

Substituting Eq.(3.20) into Eq.(3.6), the energy Ē0 of the incident wave be-
comes

Ē0 = Tδ2α

∫ ∞
−∞

sech2(x− αt)dx = 2Tδ2α. (3.23)

Similarly, the energies Ē1 and Ē2 of the reflective and transmitted waves,
respectively, become

Ē1 = 2Tk1
2δ2α, (3.24)

Ē2 = 2Tk2
2δ2β. (3.25)

Due to the energy conservation law Ē0 = Ē1 + Ē2 with Eqs.(3.23)-(3.25), we
obtain the same result as Eq.(3.10). In the same manner, the momentum p̄0
transmitted by the incident wave reads

p̄0 = σ1

∫ ∞
−∞

∂u

∂t
dx =

π

2
ασ1δ. (3.26)

Similarly, p̄1 and p̄2 of the reflective and transmitted waves, respectively, are
expressed as

p̄1 =
π

2
ασ1k1δ, (3.27)

p̄2 =
π

2
βσ2k2δ. (3.28)

Due to the momentum conservation law p̄0 = p̄2 − p̄1 with Eqs.(3.26)-(3.28),
we obtain the same result as Eq.(3.14). As a result, we get the same equations
derived in the Sect.3.1 such as Eqs.(3.16)-(3.19).
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3.3 Numerical examples of waves

Here, we shall present two numerical examples for the incident unimodal soli-
tary waves. First, we consider a case for σ1 = 2, σ2 = 8, T = 8, δ =
0.1, α = 2, β = 1, k1 = 7/9, and k2 = 8/9. In this case, the reflectivity
Rf = 0.395 (39.5%) and the transmissivity Tr = 0.605 (60.5%). In Fig.2, we
plot the curves of the incident wave, the reflective wave, and the transmitted
wave when t = −8.0 and 4.0. The vertical line drawn in this figure means the
boundary of two cords with different linear densities σ1 and σ2. We should
remark that the phase shift is 0 (identical phase) when σ1 < σ2.
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Figure 2: Reflection and transmission when σ1 < σ2.

Second, we consider a case for σ1 = 10, σ2 = 2, T = 10, δ = 0.1, α =
1, β =

√
5, k1 = −0.836, and k2 = 0.367. In this case, the refrectivity Rf =

0.699 (69.9%) and the transmissivity Tr = 0.301 (30.1%). In Fig.3, we plot
the curves of the incident wave, the reflective wave, and the transmitted wave
when t = −12.0 and 5.0. We should remark that the phase shift is π (inverse
phase) when σ1 > σ2.

4 Discussion

In the present physical system, we have made sure that there occur the reflec-
tion and the transmission for the incident wave at the boundary of two cords
with linear densities σ1 and σ2. Owing to the result such as the occurrence of
the reflection and the transmission of waves under the non-gravitational field,
the analysis in this paper may be useful for students to learn the wave theory.
When σ1 < σ2, there occurs the identical phase and when σ1 > σ2, there oc-
curs the inverse phase. This fact seems strange compared with the reflection
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Figure 3: Reflection and transmission when σ1 > σ2.

of a light wave at a boundary of different density media.. This problem is our
future objective. At the end of this paper, we propose a cosmic experimental
plan that we demonstrate the reflection and the transmission phenomena in
ISS under non-gravity.
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