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Abstract

Continuous limit of a pendulum model equation under the gravity is
well-known as sine-Gordon equation. In this paper, the continuously ap-
proximated pendulum model equation under the non-gravitational field
is studied. It is found that this equation has no non-differential term
sinφ in sine-Gordon equation. And, it is named “Nein-Gordon equa-
tion”. This is the non-garavitational version of sine-Gordon equation
and also an ordinary linear wave equaiton with respect to an swinging
angular variable φ. And, it has the d‘Lambert‘s solution and the su-
perposition principle also holds. Under these situations, properties of
a unimodal solitary wave solution, a sine-Gordon kink (anti-kink) wave
solution, and a periodic sine wave solution are investigated.

Keywords: pendulum model equation, linear wave equation, sine-Gordon
equation, non-gravitational field.

1 Introduction

It has been well-known several decades that sine-Gordon equation (S-G equa-
tion for short) applies to the model system of the pendulum connected by
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springs at equal intervals.[8] In 1939, Frenkel and Kontrova denoted S-G equa-
tion as a model of dislocation propagating in a crystal.[2] They restricted a
dislocation layer to one-dimensional one for simplicity and considered atoms
connected by linear springs and placed under a periodic crystal field. In 1973,
the N-soliton solution of S-G equation was derived through the inverse scatter-
ing scheme known as the AKNS system.[1] There, the N-kink soliton solution
was found to be stable against collisions. Also, they denoted that the breather
mode can be interpreted as the bound state between a kink soliton and an
anti-kink soliton. There exist many other physical systems applying to S-G
equation, however, we omit them because of the article length limit.

Regarding physical systems under the non-gravitational field, we have ever
studied the various wave solutions in the equation of motion for a cord. In
2018, we studied multiple mode of rotational stationary waves with micro-
amplitudes on a cord (thin rope) under the non-gravitational field.[3] There
exists a rotational stationary wave such as a wave with one loop and two nodes
as first-order mode, or a wave with two loops and three nodes as second-order
mode, etc.[3],[7] In previous papers,[4],[5] we derived a wave equation for a cord
under the non-gravitational field and found that it reduces to an ordinary linear
wave equation, which has the d‘Lambert‘s solution under the micro-amplitude
approximation. There exist two unimodal solitary waves, kink (anti-kink)
waves, and periodic sine waves, which propagate on the cord in the opposite
directions and are stable against collisions.

Brief outline of the present paper is given as follows. In Sect. 2, we de-
rive a linear wave equation named “Nein-Gordon equation” (N-G equation
for short) from an equation of motion concerning a pendulum model under
the non-gravitational field. We denote a general solution in N-G equation as
the d‘Lambert‘s solution. And, we make clear its property that there exist
two waves propagating in the opposite directions and maintaining their initial
shapes after collisions. In Sect. 3, various wave solutions in N-G equation are
presented and plotted for their shapes in figures. The last section is devoted
to conclusion. There, we propose a plan of cosmic experiments concerning the
various waves appearing as solutions of N-G equation.

2 Nein-Gordon equation

In soliton physics, sine-Gordon equation is famous for its broad applications
to the physical systems.[8] As an eample of such physical systems, we take
up the pendulum model shown in Fig. 1 under non-gravity. Regarding this
model, sticking marking pins into a rubber cord at equal intervals, and then
we have the system where the pendulum are connected by springs as seen in
Fig. 1.

Let a swing angle of a n-th pendulum be φn, its moment of inertia be I,
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Figure 1: Pendulum model.

and a twist constant be K. Then, the equation of motion with respect to the
n-th pendulum reads

Iφ̈n = K(φn+1 + φn−1 − 2φn). (2.1)

Now, we shall consider to impose the continuous approximation on this equa-
tion. We let the interval between pendulums be a and regard x = na as a
continuous variable. And, taking into account φn±1 = φ±aφx+(a2/2)φxx+· · ·
with Eq. (2.1), and then we have

∂2φ

∂t2
− c2∂

2φ

∂x2
= 0, (2.2)

where

c2 =
Ka2

I
. (2.3)

On the other hand, under gravity the wave equation ( sine-Gordon equation )
reads

∂2φ

∂t2
− c2∂

2φ

∂x2
= −T

I
sin φ, (2.4)

where T is a torque by gravity. Comparing Eq. (2.2) with Eq. (2.4), we find
that Eq. (2.2) has no non-differential term in Eq. (2.4). Hence, we call Eq. (2.2)
“Nein-Gordon equation”. This is the non-gravitational version of S-G eq. Now,
we summarize series of the equations in dimensionless forms as follows.

1. Klein-Gordon equation
∂2φ

∂x2
− ∂2φ

∂t2
= φ, (2.5)

2. sine-Gordon equation
∂2φ

∂x2
− ∂2φ

∂t2
= sin φ, (2.6)

3. Nein-Gordon equation
∂2φ

∂x2
− ∂2φ

∂t2
= 0, (2.7)
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N-G equation has the d‘Lambert‘s solution:

φ(x, t) = f(x+ ct) + g(x− ct). (2.8)

Accordingly, there exist two or more waves propagating in the opposite direc-
tions and maintaining their initial shapes after collisions. Also, N-G equation
has periodic waves and stationary waves. Here, we should remark that other
conditions than the non-gravity condition are not imposed on Eq. (2.2). In
contrast with Ref. [4], we emphasize that no micro-amplitude approximations
are applied to the N-G equation.

3 Various linear wave solutions

3.1 Unimodal solitary wave

We take up the following wave solution in N-G equation:

φ = αsech[β(x− x0 − ct)], (3.1)

where
α < π, (3.2)

and β and x0 are arbitrary constants. In Fig. 2, we illustrate a rough shape of
the unimodal solitary wave in the pendulum model.

Figure 2: Illustration of unimodal solitary wave.

3.2 Collision between unimodal and anti-unimodal soli-
tary waves

We consider the following wave solution in N-G equation due to Eq. (2.8):

φ = α1sech[β1(x− x1 − ct)]− α2sech[β2(x− x2 + ct)]. (3.3)
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Figure 3: Collision be-
tween two unimodal soli-
tary waves when t = 0.
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Figure 4: (when t = 5).
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Figure 5: (when t = 10).

In Fig. 3, 4, and 5, we show the appearance of the collision between unimodal
and anti-unimodal solitary waves in Eq. (3.3) in the x-φ coordinates for α1 =
1, β1 = 1.2, x1 = 5, α2 = 0.8, β2 = 1.4, and x2 = 15 when t = 0, 5, and 10.

4 Collision between kink and anti-kink soli-

tary waves

sine-Gordon one-kink ( anti-kink ) wave solution reads

φ = 4 tan−1{exp[±(x− x0 − ct)], (4.1)

where the minus sign means anti-kink wave solution. Now, we consider a wave
solution

φ = 4 tan−1{exp[+(x− x1 − ct)] + 4 tan−1{exp[−(x− x2 + ct)]− 2π. (4.2)

This equation means that kink and anti-kink solitary waves propagate in the
opposite directions. In Fig. 6, 7, 8, and 9, we plot their curve before and after
collision for x1 = 5, x2 = 20, and c = 1 when t = 0, 7, 8, and 15.

4.1 Stationary sine wave

In this subsection, we study a superposition of incident sine wave and its
reflective wave in an interval between two fixed points. There appear multiple
mode of stationary sine waves. Here, we take up a wave solution

φ = α sin[β(x− ct)] + α sin[β(x+ ct)], (4.3)

= 2α sin βx cos βct, (4.4)

where the phase shift is π. In Fig. 10, we show the stationary wave (4.4) for
α = 0.5, β = 1, and c = 1 when t = 0, π/2, π as the third-order mode.
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Figure 6: Collision between kink and
anti-kink solitary waves when t = 0.
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Figure 7: (when t = 7).
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Figure 8: (when t = 8).

-15

-10

-5

 0

 5

 10

 15

 0  5  10  15  20  25

ˇ�

x

Figure 9: (when t = 15).

5 Conclusion

The pendulum model equation (2.2) named Nein-Gordon equation under
the non-gravitational field is important in the sense that the micro-amplitude
approximation is not imposed on N-G equation. In contrast with the present
physical system, in Ref. [3] and [4] the micro-amplitude approximation is im-
posed on a wave equation for a cord in order to derive a ordinary linear wave
equation from it. This situation is just the same as the case of the vibration of
a stretched steel string between fixed points.[6] From this viewpoint, we point
out that the analysis in this paper may be useful for any students to study the
wave and vibration theory.

The various linear wave solutions are appplied to N-G equation, however,
the breather mode of soliton in S-G equation doesn‘t appear in the present
physical system. The reason is because it can exist only under the nonlinearity
of the physical system.

At the end of this paper, we propose a plan of cosmic experiments in
ISS (International Space Station) to demonstrate the collision between various
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Figure 10: Stationary sine wave.

waves propagating on the pendulum model system satisfying the Nein-Gordon
equation or the occurence of the multiple mode of stationary sine waves in the
interval between fixed points on it under the non-gravitational field. In Ref.[7],
we have also suggested a cosmic experiment of a rotational stationary wave
on the cord. These experiments will be helpful for students owing to their
visual understandings of the wave theory. And, they may be also valuable in
the sense that there occur various waves in the pendulum model system under
non-gravity without their any amplitude restrictions.
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