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Abstract

In this paper, two exact solutions to the Einstein’s equations are
obteined for an anisotropic and homogeneous symmetry of Petrov Type
D, where the difference between the solutions is if the expansion is
presented, initially, in a greater way on an axis or if it is presented in a
greater way on a plane. In the solutions, it is considered a mixture with
minimal interaction of three fluids, quintessence (P = −µ/3), dust (P =
0) and radiation (P = µ/3); besides the general case of the three fluids,
the particular cases when the mixture contains two of them are analyzed,
the singularities and the role that each one of the fluids have on them
are studied; the Hubble parameters, the deceleration parameter and the
role that the fluids represent on them are determined and analyzed, and
the temperature of those fluids and the role that these fluids play on
that magnitude in different time periods is determined.

Keywords: cosmology, exact solution, einstein, temperature, Hubble, de-
celeration parameter, Kretschmann, singularity

1 Introduction

Research related to the microwave background radiation, obtained by the
COBE, WMAP, and PLANCK satellites, the acceleration of the Universe, and
the possible scenarios (states) for which the Universe could go through have
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generated an increase in the interest of Cosmology, which has been discussed
in [1].

Some cosmological models of mixtures of fluids have been studied in var-
ious papers; for the FLRW case, for example, see [2]; for isotropic inhomo-
geneous space-times (Lematre-Tolman-Bondi) see [3], for anisotropic homo-
geneous Bianchi-I cosmology, see [4] and for anisotropic cosmology of Petrov
Type D (in form of a mixture of dark energy PDE = −Λ = const and dust
Pdust = 0), see [5]. Those analyses have allowed the possibility of studying
different scenarios in a same cosmological model and as a base for the study
of the possible characteristics when including fluids that could, at least par-
tially, represent dark matter. Related to this line of research, two solutions of
a mixture of three fluids with minimal interaction among them are presented.

2 Symmetry, Einstein’s Equations, and the So-

lutions

The symmetry that will be used in this work is the anisotropic and homoge-
neous of Petrov Type D, that has the form [1]

ds2 = Fdt2 − t2/3K(dx2 + dy2)− t2/3

K2
dz2, (1)

where F y K are functions of t.
The components of the Einstein tensor (Gβ

α = Rβ
α− 1

2
δβαR) different from zero,

of (1), are

G0
0 =

4K2 − 9 t2K̇2

12t2K2F
, (2)

G1
1 = −

3KtK̇
(

2F − Ḟ t
)

+ 3Ft2
(

2KK̈ − 5K̇2
)

+ 4K2
(
Ḟ t+ F

)
12t2K2F 2

, (3)

G2
2 = G1

1 = −G
3
3

2
+

9Ft2K̇2 − 4K2Ḟ t− 4K2F

8t2K2F 2
, (4)

where the points over the functions represent derivatives by the time.
The model of the perfect fluid used in cosmology represents a fluid without

viscosities, isentropic (P = P (µ)) and without shear stress, which could be
written in the following way

Tαβ = (µT + PT )uαuβ − gαβPT , (5)
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where Tαβ is the energy momentum tensor of the mixture of fluids with minimal
interaction, uα the tetradimensional speed, gαβ the metric tensor, and µT y
PT the total energetic density and the total pressure of the mixture of fluids
respectively.

The form of the equation of state for the mixture of fluids analyzed that
will be used is

PT = Pdust + Pquin + Prad = 0 · µdust −
1

3
µquin +

1

3
µrad, (6)

where µdust, µquin and µrad represent the energetic densities of the fluids of
dust, quintessence and radiation, respectively, and Pdust = 0, Pquin and Prad
their respective pressures.
It will be considered a fluid with a tetradimensional speed uα = (u0, 0, 0, 0);
hence, the components of the energy momentum tensor (20) different from
zero are T 0

0 = µT = µdust + µquin + µrad, T
1
1 = T 2

2 = T 3
3 = −PT , implying that,

from Einstein’s equations Gβ
α = κT βα , must be met that G1

1 = G3
3, so that, of

(3) and (4) it is obtained

K̇K
(

2F − Ḟ t
)
− 2Ft

(
−KK̈ + K̇2

)
= 0 (7)

consequently

K = K0e
C1

∫
F1/2

t
dt, (8)

without loss of generalities, the constant K0 in (8) will be considered equal to
1 and C1 = ±2/3, for each possible value of C1 a different model is obtained.

From Einstein’s equations Gβ
α = κT βα , de (8), (6) and from the equality

T µν ;µ = 0 it is obtained, for any C1, that the solution of F is

F =
1

3Et4/3 + 3tB + 3Rt2/3 + 1
, (9)

where E > 0, B > 0 and R > 0 are constants whose sense will be determined
ahead.
From the solution (9), considering the Einsteins’s equations and (8), (2) and
(3), it is obtained that the pressure PT is

PT = − E

3t2/3
+

R

3t4/3
(10)

and the density µT is

µT =
E

t2/3
+
B

t
+

R

t4/3
. (11)
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In [1], it was determined that the solution of fluids with lineal equations of state
between P and µ of type P = λµ, for the anisotropic symmetry of Petrov D,
gives as a common result that

µλ =
Cλ
t1+λ

and Pλ =
λCλ
t1+λ

,

where Cλ is a constant of integration that represents the type of fluid depending
on the value of λ. Comparing the terms of PT of (10) with the ones of µT
of (11), it is obtained that the constants E, B and R are the constants of
integration of the fluids of quintessence (C−1/3 = E), dust (C0 = B) and
radiation (C1/3 = R) respectively; to null any of the previous ones represents
the annulment of the respective fluid; also, its numerical value (without units)
in a unit time is equivalent to the one of the energetic density of the respective
fluid.

The function K in (8) can be written

K = e±2Σ/3, (12)

where Σ is the integral Σ =
∫
F 1/2

t
dt.

Function K for the mixture of three fluids. In order to determine the
function K, it must be determined the function Σ of (12). In the case of
a mixture of the three fluids (quintessence, dust, and radiation), for which
E 6= 0, the function Σ = Σ3 has the form

Σ3 = −
2
√

3
(
F (ξH, h

H
)e1 − Π(ξH, e2

e1H2 ,
h
H

)(e1 − e2)− σ3

)
e2e1

√
E(e4 − e2)(e3 − e1)

, (13)

where σ3 = F (H, h
H

)e1 − Π(H, e2
e1H2 ,

h
H

)(e1 − e2), the functions F (ν,m) and
Π(ν, n,m) are the incomplete elliptic integral of the first kind and the incom-
plete elliptic integral of the third kind respectively, where ν is the sine of the
amplitude de la amplitude, n is the characteristic and m the parameter, the

parameter ξ =
√

t1/3−e1
t1/3−e2

, the constants H =
√

e4−e2
e4−e1 and h =

√
e3−e2
e3−e1 , where

the constants ek are the roots of the equation x4 + B
E
x3 + R

E
x2 + 1

3E
= 0 so

the roots (usually complex) are taken counterclockwise, increasing with the
index k = 1..4, when graphed them in a rectangular coordinates system x and
y, where a root ek has the form ek = xk + yki. For roots that are multiples
of others, (ek = Ael), first is taken the one with the lowest absolute value.
From (13) it is known that if t −→ ∞, Σ3 −→ 0, hence the metric (1) tends
to be isotropic in the same way that a fluid of quintessence, studied in [1]
independently of the other fluids.
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Function K for the mixture of two fluids. The solution of the function
Σ for a mixture of fluids of quintessence and dust cannot be written more
compactly than the obtained for the mixture of the three fluids, but it does
have a less complex form for the case when the mixture of fluids does not
contain dust, in the form

Σq,r =
3

4
ln

(
(−2
√

3 t4/3E + 3 t2/3R + 1 + 2 + 3 t2/3R)(R
√

3 + 2
√
E

(2 + 3 t2/3R + 2
√

3 t4/3E + 3 t2/3R + 1)(−2
√
E +R

√
3)

)
, (14)

which is the solution for the case of a fluid of radiation alone (E = 0) or for
the case of a fluid of quintessence alone (R = 0), already analyzed in [1].
When the mixture does not contain the fluid of quintessence (E = 0), the
solution of Σ can be written

Σd,r = N −N0 = −
6Π

(√
−iα+

√
3

6τ−τ+
, 2 iτ−

√
3

β
,
√

2i
√

3τ−τ+
ρ

)√
2α−G3 α+Fd,r

ρ

βτ+

−N0,(15)

where τ± = A1/3±2R, A = −36B2−8R3+12B
√

9B2 + 4R3, G3 = −6t1/3BA1/3+
τ 2
−+2RA1/3, ρ = 3(τ 2

+ + τ 2
−)/2+31/2iτ+τ−, β = 31/2iτ−+ τ+, α± = 31/2iτ+τ−±

G1, G1 = 12t1/3BA1/3 + τ 2
+ and the constant N0 is the limit, when t −→ 1 of

N . The solution of Σ when the fluid is of dust was only analyzed in [1]. From
(15) if t −→ ∞, Σd,r −→ Const, hence the metric (1) tends to be isotropic in
the same way that a fluid of dust, studied in [1]. The case of, only, a fluid of
radiation and its asymptotic isotropic behavior has been studied in [1].

3 Kretschmann Invariant and Singularities

In the study of the possible singularities of a given space-time, it is used the
Kretschmann invariant; the importance of this invariant has been discussed in
[1]. For the solutions found, the invariant has the form

Krets = RαβγτR
αβγτ = J +

32

27

1±
√

3Et4/3 + 3 tB + 3Rt2/3 + 1

t4
, (16)

where

J =
8R2

3t8/3
+

4E
(
2µT t

2/3 − E
)

3t4/3
+

4RB

t7/3
+

16µT
9t2

+
5B2

3t2

and the positive sign is taken when C1 = 2/3 and the negative one if C1 =
−2/3. From the Kretschmann invariant (16), it is known that a singularity
exists in t = 0 for any value of C1. When C1 = 2/3, the Krestchman invariant
presents a singularity of t = 0, for any combination of fluids that is presented,
and in general it is a singularity equivalent to the Kasner’s ED1 (with depth
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of the order of t−4) discussed in [1]. When C1 = −2/3, in the mixture of the
three fluids, the singularity is deeper ( t−8/3) due to the fluid of radiation, for
which R 6= 0; if the fluid consists of a mixture of fluids of dust and quintessence
(E 6= 0 and B 6= 0), the singularity is deeper ( t−2) due to the fluid of dust
and, in case that it only consists of the fluid of quintessence, the depth ( t−4/3)
of the singularuty would be given by that fluid. A solution without fluids, for
the value of C1 = −2/3, represents the flat world of the type ED0 [1].

4 Hubble Parameter and Deceleration

The Hubble parameter H and the deceleration parameter q have been studied
and defined in [6] for a space-time of Petrov Type D. Those parameters, for
the solutions obtained in this work, are equal to

H =

(
(g11g22g33)1/6

)·
√
g00(g11g22g33)1/6

=

√
3Et4/3 + 3 tB + 3Rt2/3 + 1

3t
(17)

where the components of the metric tensor have been considered gµν of (1) and

q = −(1 +
Ḣ

H2
√
g00

) = −1 +
3

2

(
2t5/3E + 3 t4/3B + 4 tR + 2t1/3

3t5/3E + 3t4/3B + 3tR + t1/3

)
. (18)

The Hubble parameter, in any type of combination of the three fluids (quintessence,
dust and radiation), tends to infinity (and it is independent of the value of C1)
when t→ 0 and when t→∞, H → 0.
The deceleration parameter q tends to q → 2 when t→ 0 in any type of com-
bination of the fluids and it is independent of the value of C1, which implies
a process of braking or collapsing, for the mixture of fluids at the beginning
and when t −→ ∞, q → 0, if the fluid of quintessence is present, which im-
plies a process of expansion without acceleration nor deceleration, it tends to
q −→ 1/2, if quintessence is not present and the fluid of dust is present and
tends to q −→ 1, if only the fluid of radiation is present; for this reason, if the
fluid of quintessence is not present, the mixture of the previous ones or the
fluid of each one of them individually present deceleration processes.

5 The Temperature

In relation to the thermodynamics in cosmological solutions in a symmetry of
Petrov D, some possibilities have been discussed and analyzed in [7], where it
has also been determined that, as in a symmetry of FLRW type,

dPT
µT + PT

=
dT

T
, (19)
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where T is the temperature of the mixture of fluids.
From (19), (11) and (10), it is obtained that

T =
T0

(
2Et2/3 + 3Bt1/3 + 4R

)
t1/3

, (20)

where T0 is a constant of integration. From (20) it is noticeable that when
the combination of the mixture contains the three fluids, for a time t −→ 0,
the temperature T −→ ∞ and the fluid of radiation play the main role in
the temperature, for times close to t = 0. If the fluid of radiation is not
present, but the fluid of dust is, the temperature, when t −→ 0, tends to
T −→ 3T0B, and when only the fluid of quintessence is present, and t −→ 0,
the temperature tends to zero, marking a cold beginning in the expansion. For
great times t −→∞, the temperature T −→∞, if the fluid of quintessence is
present in the mixture of the three fluids, goes through a minimum in a time

of t = (2R/E)3/2 with a value of Tmin = T0

(
4
√

2R + 3 B
√
R√
E

)√
E
R

. If the fluid

of quintessence is not present, the temperature tends to have a constant value
when t −→∞ equal to 3T0B and if t −→∞ and only if the fluid of radiation
is present, T −→ 0.

6 Conclusions

In this work, solutions of a mixture of three fluids, quintessence, dust, and radi-
ation with minimal interaction were obtained, and their possible combinations
were studied. It was found that in any combination there is an isotropiza-
tion process when t −→ ∞, for which the fluid of quintessence has greater
importance than the fluids of dust and radiation but, in case that the fluid of
quintessence is not present, the fluid of dust is the one that has the greatest
importance. It was determined that a there is a singularity in t = 0, for any
combination of the fluids that could be presented, with the only difference in
the depth of the singularity; for the model when C1 = 2/3, the depth of the
singularity is of the order of t−4 and if C1 = −2/3, it can be of the order of
t−8/3, t−2 o t−4/3 depending on the combination of the fluids. It was determined
that, for the Hubble parameter (H), when t −→ 0, for any case, H −→ ∞
and when t −→ ∞, H −→ 0. The deceleration parameter q tends to q −→ 2
when t −→ 0, representing a deceleration process (q > 0) and when t −→ ∞,
it tends to values that can be: a) q −→ 0 if the fluid of quintessence is present
(E 6= 0) implying a constant rhythm of expansion, b) q −→ 1/2 if E = 0,
but the fluid of dust is present (B 6= 0) and c) q −→ 1, if E = 0 and B = 0.
The temperature in the mixture of the fluids and its dependency with time
was studied, and it was determined that for the case of the mixture of the
three fluids, the temperature begins in time with very high values and when
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the time is great, it returns to high values, but it goes through a minimum

value in t = (2R/E)3/2 and with a value of Tmin = T0

(
4
√

2R + 3 B
√
R√
E

)√
E
R

.
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