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Abstract

In this paper, two exact solutions to the Einstein’s equations are
obtained for an anisotropic and homogeneous symmetry of Petrov Type
D using an equation of state of a non-lineal fluid that can be represented
as the product of two equations of generalized polytropic fluids with
index 2 of the form (P + 3µ)2 = 4µ3/Λ or (P + 3µ − 2µ3/2/

√
Λ)(P +

3µ+2µ3/2/
√

Λ) = 0, where Λ is a constant equal to the energetic density
that the dark energy model has, and P and µ are the fluid’s pressure
and energetic density. The difference between the solutions, for short
times, lies in the type of expansion, if it is greater on a coordinate
perpendicular to a plane or if it is the opposite. For both solutions, it is
determined that, in proximity to t = 0, the model represents a mixture
(cocktail) of phantom energy fluids that can be singular in t = 0 if,
in that proximity of time, the space expands mostly on an axis (z)
perpendicular to a plane (x, y), or not singular, if it expands mostly on
the plane. There is another singularity, for both solutions in the time
t = a, where a is a positive constant; hence, one of the solutions is
doubly singular (equivalent to a double Big Bang). The changes in the
regimes of expansion of the models are determied, in proximity with
the singularities (t ∈]0, a[). It is determined that, in greater times (big
ones), the solutions asymptotically change to the isotropic regimen of
expansion of dark energy.
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1 Introduction

Because of the data of the microwave background radiation, obtained by the
COBE, WMAP and PLANCK satellites and the discovery of the acceleration
of the Universe, cosmology has become more dynamic. These and other aspects
have been discussed in [1].

In the study of new cosmological models, it is usual to compare their char-
acteristics with the characteristics of models whose equation of state of the
fluid is lineal (P = λµ, barotropic fluids), where λ is a constant and P and
µ are the fluid’s pressure and energetic density respectively; for cosmological
solutions of Petrov Type D, the barotropic fluids have been discussed in [1]
for all the values of λ ∈ <; this resource allows the use of elements of research
on barotropic fluids previously done in the analysis of less basic fluids. In the
last two decades, the interest for analyzing the possibilities that the models
with fluids whose equation of state is non-lineal can have has arosen; espe-
cially, for example, Chaplygin fluids [2], [3], generalized Chaplygin fluids [4],
quadratic fluids [5],[6], and fluids with log periodic solutions [7]; these results
have been of great theoretical interest and have allowed solutions with cosmo-
logical scenarios equivalent to combinations of scenarios of several barotropic
fluids, as well as the possibilities related with the singularity and their possible
types [6]. An interesting possibility is if the Universe could go through two
singularities and not one and, if that were possible, what characteristics could
have the space-time. In the present paper, two cosmological exact solutions
are obtained under an anisotropic and homogeneous symmetry of Petrov Type
D with an equation of non-lineal state of the form (P + 3µ)2 = 4µ3/Λ and
the possibilities of models with double singularity and their characteristics are
discussed.

2 Symmetry, Einstein’s Equations and the so-

lutions

The symmetry that will be used in this paper is the anisotropic and homoge-
neous of Petrov Type D, that has the form [1]

ds2 = Fdt2 − t2/3K(dx2 + dy2)− t2/3

K2
dz2, (1)

where F y K are functions of t.
The components of the Einstein tensor (Gβ

α = Rβ
α − 1/2δβαR) different from

zero, of (1), are

G0
0 =

4K2 − 9 t2K̇2

12t2K2F
, (2)
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G1
1 = −

3KtK̇
(

2F − Ḟ t
)

+ 3Ft2
(

2KK̈ − 5K̇2
)

+ 4K2
(
Ḟ t+ F

)
12t2K2F 2

, (3)

G2
2 = G1

1 = −G
3
3

2
+

9Ft2K̇2 − 4K2Ḟ t− 4K2F

8t2K2F 2
, (4)

where the points over the functions represent derivatives by the time.
The model of the perfect fluid used in cosmology represents a fluid without

viscosities, isentropic (P = P (µ)) and without shear stress, which could be
written in the following way:

Tαβ = (µ+ P )uαuβ − gαβP, (5)

where Tαβ is the energy momentum tensor of the perfect fluid, uα the tetradi-
mensional speed, gαβ the metric tensor, and µ and P the energetic density and
pressure of the fluid respectively.

The form of the equation of state for the analyzed fluid that will be used is

(P + 3µ)2 =
4µ3

Λ
, (6)

where Λ is a constant equal to the energetic density present in the dark energy
model.
A fluid with a tetradimensional speed will be considered uα = (u0, 0, 0, 0),
hence the components of the energy momentum tensor (5) different from zero
are T 0

0 = µ, T 1
1 = T 2

2 = T 3
3 = −P , which implies that, of Einstein’s equations

Gβ
α = κT βα , must be met that G1

1 = G3
3, so that, of (3) and (4) it is obtained

K̇K
(

2F − Ḟ t
)
− 2Ft

(
−KK̈ + K̇2

)
= 0 (7)

consequently

K = K0e
C1

∫
F1/2

t
dt, (8)

without loss of generalities, the constant K0 in (8) will be considered equal to
1 and C1 = ±2/3, for each possible value of C1 a different model is obtained.

From Einstein’s equations Gβ
α = κT βα , from (8) and (6), it is obtained, for

any C1, that the solution of F is

F =
1

3t4Λ
(t−a)2

+ 1
, (9)

where a > 0 is a constant of integration that has sense of time when a singu-
larity is presented, as it will be indicated ahead.
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From the solution (9), considering Einstein’s equations and (8), (2) and (3), it
is obtained that the pressure P is

P = −Λt2 (t− 3a)

(t− a)3 (10)

and the density µ is

µ =
Λt2

(t− a)2 . (11)

The function K in (8) could be written

K = e±2σ/3, (12)

where σ is the integral σ =
∫
F 1/2

t
dt and whose result is

σ = R(F (Bξ,C) e1 (a− e2) + Π(Bξ,
e2

B2e1

, C)a (e2 − e1) + S0)sgn (t− a) .(13)

In the equality (13), the functions F (ν,m) and Π(ν, n,m) are the incomplete
elliptic integral of the first kind and y the incomplete elliptic integral of the
third kind respectively, where ν is the sine of the amplitude, n is the char-
acteristc and m the parameter, the function sgn(x ) is the sign function, the

parameter ξ =
√

t−e1
t−e2 , e1 + e3 = −e2 − e4 = (−3Λ)−1/2 and

S0 = F (B,C) e1 (e2 − a) + aΠ

(
B,

e2

B2e1

, C

)
(e1 − e2) ,

R =
2 i

4
√

1 + 48Λa2e2e1

, C =

√
−1 +

√
1 + 48Λa2

2
√

1 + 48Λa2
, B =

√
e2 − e4

e1 − e4

,

e1 =
1−

√
1− 4

√
−3 Λa

2
√
−3 Λ

, e2 =
−1−

√
1 + 4

√
−3 Λa

2
√
−3 Λ

3 Analysis of the solution

3.1 Kretschmann Invariant and Singularities

For an appropriate study of the possible singularities in a given space-time,
for instance in proximity to t = 0, Kretschmann invariant is used, whose
importance has been discussed in [1]. For the solutions found, the invariant
has the form

Krets = RαβγτR
αβγτ = Q+

32

27

1±
√

3 t4A+t2−2 ta+a2

(−t+a)2

t4
, (14)
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where

Q =
4

27

9 t4 (5 a2 + 2 ta+ 2 t2) Λ2 + 12 (t− a)4 Λ

(t− a)6

and the positive sign is taken when C1 = 2/3 and the negative one if C1 =
−2/3. From the Kretschman invariant (14), it is known that a singularity
exists in t = a for any value of C1 and a singularity in t = 0, if C1 = 2/3;
therefore, the solution obtained when C1 = 2/3 is doubly singular, the solution
when C1 = −2/3 is the one of the flat world in t = 0, as it can be noticed when
considering that for values of t→ 0, the function K → tC1 , and if C1 = −2/3,
the components of the Riemann tensor Rµναβ → 0 in that proximity to t = 0.

3.2 Hubble Parameter and deceleration

The Hubble parameters H and deceleration q have been studied and defined
in [8] for a space-time of Petrov Type D, and models with lineal equations of
state (P = λµ). Those parameters, for the solutions obtained in this paper,
are equal to

H =
((g11g22g33)1/6)·
√
g00(g11g22g33)1/6

=
1

3t

√
3t4Λ + (t− a)2

(t− a)2
(15)

where the components of the metric tensor gµν of (1) have been considered as
well as

q = −(1 +
Ḣ

√
g00H2

) = −3 t5Λ− 12 t4Λ a− 2 t3 + 6 t2a− 6 ta2 + 2 a3

(3 t4Λ + t2 − 2 ta+ a2) (t− a)
. (16)

The Hubble parameter tends to infinity, regardless of the value of C1, for t→ 0
and for t → a, and tends asymptotically to a constant value equal to

√
Λ/3

for large values of time that corresponds to the value of the Hubble constant
for the model of dark energy [8].
The deceleration parameter q tends to q → 2, when t → 0, which implies
a process of braking or collapsing for the two models in proximity to t = a,
q → −∞ if t → a−, which results in a very high accelerated expansion of
space-time and tends to q → +∞ if t→ a+ generating a reverse process to the

previous one. Before the time t = a and of tmin = −1+
√

1+4
√

Λa

2
√

Λ
(this time will

be discussed later) the parameter q changes of sign for the first time, going
through a value equal to zero to later tend to −∞, as mentioned before, later
it takes positive values again (when time is a little bit greater than t = a) and,
finally, it changes its sign again tending to q = −1, for great values of time,
which is a characteristic of the dark energy model.
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3.3 Analysis of the density. the pressure and other
geometric aspects of the solutions

In proximity to t = 0, the density and the pressure could be considered like a
cocktail of phantom energy; this could be observed if (11) and (10) are written
in sum form around t = 0, so it is obtained that

µ =
Λ t2

a2
+
∞∑
i=0

Λ t2 (2 + i)
(
t
a

)i+1

a2
(17)

and

P = −3
Λt2

a2
−
∞∑
i=0

Λt2
(
t
a

)i+1
(i+ 4) (2 + i)

a2
. (18)

The models with lineal equations of state P = λµ, in the anisotropic homoge-
neous space-times symmetry of Petrov D, comply with [1]

µ =
βλ
tλ+1

and P =
λβλ
tλ+1

, (19)

therefore, if the terms of (17) and (18) are compared according to the exponent
of t, it is observed that if βλ = −Λ(λ+2)a1+λ, so that λ = −3,−4, ..,−(n+4)..
corresponds to the sum of a infinite mixture (cocktail) of flluids with phantom
energies for which λ takes negative integer values λ ≤ −3.

The solutions, especially when C1 = 2/3, have some characteristics of inter-
est between the singular points. In the time interval t ∈]0, a[, if C1 = 2/3, the
expansion is greater by the axis (z) at the beginning (it is considered the tetrad
e3

3 = t1/3K−1), the space seems a rope that goes through a regimen that starts
with a greater initial expansion but at the same time in a collapse process in
the axis z, while the plane x, y expands (it is considered e1

1 = e2
2 = t1/3K1/2);

the collapse regimen that is suffered in the axis z goes through a minimum in

tmin = −1+
√

1+4
√

Λa

2
√

Λ
without collapsing and, after, it starts again its expansion

even though the expansion of the plane is greater than the one of the axis at
that moment; before arriving to the singularity in t = a, the plane expands
faster than the axis, but after the singularity in t = a, a significant change
is produced in the expansion in times greater than a, but not great ones, for
which the axis z expands again in a greater way than the plane x, y. If the
expansion for the time interval t ∈]0, a[ is presented, in the beginning, in a
greater way on the plane x, y than on the axis z ( C1 = −2/3) the space will
expand with a greater rate from the axis z, until it surpasses the expansion
that the plane has, but after the singularity in t = a, the plane will expand
again in a greater way than the axis, in a similar way to what happens in the
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other model. In both cases, for great times, the expansion gets into a rhythm
equal in all the axes (K → 1) so that the anisotropy will go disappearing so
that the space-time becomes isotropic and the equation of state between the
density µ and the pressure P becomes equivalent to the one of the dark energy
(P = −µ = −Λ). Finally, the solution tends to be isotropic and homogeneous,
equivalent to the dark energy solution in FLRW for great times in relation to
t = a; the respective analysis is the same than in [1].

4 Conclusions

Two exact solutions to the Einstein’s equations are obtained for an anisotropic
and homogeneous symmetry of Petrov Type D, studying a equation of state
(6) and it was determined that both of them are singular in a time t = a. One
of the solutions is singular in t = 0 while the other is the plane space-time
(Rµναβ = 0 usual in models of phantom type), in that time, both of them have
null values of density and pressure in t = 0, so that the singularity in t = 0
of one of them is of the Kasner type ED1 [1] (vacuum solution). In the time
interval t ∈]0, a[, the space expands or contracts more by an axis or by a plane
initially, depending on the solution. An interesting case is when the space
is expanded initially more by an axis ”z”; in that case, instantly a process of
collapse starts on the axis z and expansion on the plane x, y, without collapsing
totally but going through a minimun in t = tmin (it is defined in the section 3.3)
and after this, an expansion process starts going into a singularity in t = a.
In that singularity (common for both solutions), the (temporal) component
g00 in the interval is null instantly, after this, the solution is inverted again
and the axis starts to expand in a greater way than the plane until ending
both their expansion in a equivalent way in great times. In t = a, that change
in the expansion of the axis and the plane is equivalent to a time lag, as if
a time warp (jump) was given to appear instantly in a process of expansion
planned for a later time. The pressure in both solutions starts from P = 0 and
has negative values (phantom, dark energy and quintessence) in the interval
of t ∈]0, a[, after t > a, it takes positive values (ekpyrotic, Zeldovich, hard
Universe, radiation, ordinary fluid), becomes null again (dust) in t = 3a, and
retakes negative values (quintessence) until it stabilizes in dark energy. The
values of the density of the energy µ are consequent with the ones of P for
cosmological scenerios with lineal dependences between them.
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