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Abstract

A non linear scalar field equation is proposed whose non linearity
arises from an interaction between the scalar field and the trace of the
torsion field. Correspondingly the scalar and gravitational field actions
with torsion are defined. By requiring the total Action invariance with
respect to arbitrary metric tensor variation, an Einstein-like field equa-
tion with torsion is obtained. Its formal consistency is directly checked.
A cosmological interpretation of the coupled Einstein-scalar field equa-
tion is then proposed in the Robertson Walker space-time. It is shown
that the three derived equations in two time functions are compatible.
The equations are exactly solved for mass less scalar field in the flat
space time and in the open space time case.

Keywords: Scalar field equation with torsion - Einstein scalar field equa-
tion - Robertson Walker space time - Solution

1 Introduction

It is well known that the theory of General Relativity can be extended to in-
clude torsion. This allows to consider new degrees of freedom useful to describe
further physical interactions of fields and gravity. The effect of torsion gener-
ally amounts to the presence of non linear interacting terms in the spin field
equations. In turns it allows to have a richer description of the cosmological
models. There is a wide production of papers on that subject.

1Address: Dipartimento di Fisica, Via Celoria, 16 Milano - Italy



134 Antonio Zecca

For general treatment of torsion in General Relativity see e, g., [6]; for appli-
cations such as effective action and quantum gravity see e, g. [2, 3]; for super
symmetric and string theory with torsion see e, g.[4, 5, 9]; for recent cosmolog-
ical models with torsion see e. g., [11, 7]. There is therefore an overall interest
for the mathematical formulation as well as for the physical applications of the
field equation with torsion

For non zero spin it seemed not useless to the author to have a general
uniform two spinor formulation of such equations. This was done by tentatively
extending the two spinor formulation of Ref. [8] to include torsion. The guiding
idea was of ”analogically generalizing” the situation of Dirac equation where
the effect of torsion results in the interaction between the field and its own
current [15]. That general treatment was proposed in [18]. Even if it does not
contains the most general form of interaction of spin and torsion field, it gives,
in case of spin 1 and spin 3/2, an explicit tensor formulation of Proca’s and
Rarita Swinger‘s equation with torsion.

The formulation of zero spin field equation with torsion is of interest under
many regards, specially for applications to cosmological model (e.g., [11, 7]
and References therein). A scalar field equation with torsion was proposed
also in [16, 17]. In [17] the interaction between field and torsion was expressed
in the form τα∂

αφ, (τα the trace of the torsion tensor, φ the scalar field).
Correspondingly there results the usual torsion free scalar field equation with
a re-normalized value of the mass of the particle. Instead according to the
assumptions of [16] the scalar field equation results to be more complex because
it contains a non linear term of the form φ∇α∇αφ2, ∇α being the torsion free
covariant derivative.

In the present paper, the starting assumptions are in the line of those of
Ref. [16], but are developed in the tensor formalism. Some preliminary results
concerning the decomposition of the torsion tensor into independent parts
are recalled. The scalar field equation is set up from a suitable Lagrangian
where the scalar field and the components of the torsion tensor are treated
as independent fields. As a consequence, the trace of torsion results to be
function of the scalar field so that the scalar field equation contains a torsion
induced self interacting term. Correspondingly the gravitational and scalar
field actions, Sg, Ss, are defined. By variation of the actions with respect to
the metric tensor a field equation is obtained whose consistency is explicitly
shown. Accordingly a cosmological interpretation is suggested. The coupled
Einstein and scalar field equations are studied in the Robertson Walker space
time. It is assumed the scalar field to depend on the time so that it cannot
depend on the other coordinates. One is then left with three coupled non
linear differential equations in the scalar field φ(t) and in the radius of the
universe a(t). It is shown that the situation is not contradictory since the
scalar field equation follows from the other two. The scheme can be reported
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to closed equations in φ(t) and a(t), that are very difficult to solve in general.
The equation are therefore studied only for mass less field particle in flat
space time by an explicit exact integration and in the open space time case
by an asymptotic integration. The results are not sufficient to explain the
cosmological expansion suggested by the present observational data.

2 Assumptions

It is useful to recall some definitions, mathematical conventions and prelimi-
nary results for which we refer to, e. g., [12, 3]. The space-time is assumed
to be a four dimensional Lorentz manifold whose affine connection ∇̃ having
affine coefficients Γλµν), are required to be metric compatible: ∂λgµν−Γκλµgκν−
Γκλνgµκ = 0. The affine coefficients can be expressed as

Γκµν = { κµν}+Kκ
.µν (Kλµν = −Kνµλ) (1)

where { κµν} are the usual Christoffel coefficients uniquely determined by the
metric tensor, and Kκ

.µν is the contorsion tensor Kκ
.µν ≡ 1

2
(T κ.µν + T k

µ.ν + T κ
ν.µ)

defined through the torsion tensor T κ.µν = Γκµν − Γκνµ. By setting τµ =
gαβKαβµ, 3Aσ = εσαβµKαβµ, the contorsion tensor can be decomposed into

6Kαµν = 2(gαµτν − gνµτα) + 3Aσεσαµν + 6Uαµν (2)

a relation that indeed defines also Uαµν . From the decomposition relations (1)
and (2) the Riemann tensor R̃k

.λµν , the Ricci tensor R̃µν = R̃k
.µkν and the scalar

curvature R̃ = gµνR̃µν can be decomposed in part containing and in part not
containing the torsion tensor. The gravitational action (the Einstein-Cartan
action) Sg =

∫
d4x Lg =

∫
d4x
√
g R̃ is then

2Lg =
√
−g (R− 1

3
τ 2 +

3

2
A2 + UαµνU

µαν) (3)

where g = det gµν and R is the usual scalar curvature entirely expressed in
terms of the Christoffel symbols and therefore not containing the contorsion
tensor. A divergence term in (3) has been neglected because no variations of
the boundary will be considered (e. g., see [1, 13, 15]). In the following one
has to consider variations of Sg with respect to variations of the metric tensor
δgµν . One gets

δSg =
∫
d4xδgµν

√
g
[
−Rµν +

1

2
Rgµν −

−1

3
(
1

2
gµντ 2 − τµτ ν) +

+
3

2
(
1

2
gµνA2 −AµAν) +

+
1

2
gµνUαβγU

bβγα − Uν
.αβU

αµβ − U ν
βα.U

αβµ − UµαβU ν
α.β

]
. (4)
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The result follows from the elementary standard variation of gµν , g, Rµν (e.
g., [12]) with respect to δgµν .

3 Definition of the scalar field equation

In this Section a possible scalar field equation that includes a torsion-scalar
field interaction is introduced. Consider then the expression

Ls = (1/2)
√
−g[∇αφ∇αφ+ ξ I(T, φ)−m2

oφ
2] (5)

mo the mass of field particle. Here and hereafter ∇ denotes the Levi Civita
connection (Kλµν = 0). The interaction term I(T, φ) is chosen between anyone
of

I = τα ∂
αφ, I = τα ∂

αφ2 (6)

The equation of the scalar field interacting with gravity through torsion will
be then obtained by applying the Lagrange equation to L = Ls + pLg:

∂L

∂X
= ∇α

( ∂L

∂∇αX

)
(7)

with X = φ, τ,α Aσ, Uαµν respectively. The case corresponding to the left
expression in (6) was already developed in [17]. The result was the conventional
scalar field equation with a re-normalized ξ dependent expression of the mass
of the particle and of the energy momentum tensor.
We confine to the choice of the second expression in (6). By applying the
Lagrange formalism one has then

∇α∇αφ+ ξ φ∇ατ
α +m2φ = 0 (8)

τα = (3/2)pξ ∂αφ2 (9)

Aσ = 0, Uαµν = 0 (10)

One is then left with the scalar field Lagrangian, the scalar field equation and
the gravitational Lagrangian given by

Ls =
1

2

√
−g
[
∇αφ∇αφ+

3

2
pξ2∇αφ

2∇αφ2 −m2
oφ

2
]

(11)

∇α∇αφ+
3

2
pξ2φ∇α∇αφ2 +m2φ = 0 (12)

Lg =
1

2

√
−g

(
R− 3

4
ξ2p2∇αφ

2∇αφ2
)

(13)

Notice that for the usual scalar field current Jα = i(φ∇αφ̄− φ̄∇αφ) one has

∇αJ
α =

3

2
iφφ̄ [ξ2p∇α∇αφ

2 − p̄ξ̄2∇α∇αφ̄
2] (14)

Therefore if ξ = ξ̄, p = p̄ the current is conserved if φ = φ̄.
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4 Gravitational equations

In the following a physical interpretation of the non linear scalar field equation
is proposed by the role it could have in a suitable “cosmological model”. In
order to have the Einstein gravitational equations it is useful to perform varia-
tions of the scheme corresponding to variations δgµν of the metric tensor. For
what concerns the gravitational action Sg =

∫
d4xLg on the base of the result

(4), (9), (13) by variations δgµν of the metric tensor , one has (R = R α
α ) :

δSg =
∫ d4x

2

√
−g δgµν

[
−Rµν +

1

2
Rgµν + Sµν

]
(15)

Sµν = −3

4
p2ξ2

[gµν
2
∇αφ

2∇αφ
2 −∇µφ2∇νφ2

]
(16)

while the variation of the scalar field action Ss =
∫
d4xLs gives

δSs =
∫ d4x

2

√
−g δgµν T µν (17)

T µν = −g
µν

2

(
∇βφ∇βφ+

3

2
ξ2 p∇αφ

2∇αφ2 −m2
oφ

2
)

+

+∇µφ∇νφ+
3

2
ξ2 p∇µφ2 ∇νφ2 (18)

It has been used the relations δg = −ggµνδgµν , δgµν = −gµkgνλδgkλ. By
requiring δ(Lg+pLs) = 0 ∀ δgµν one obtains a general “gravitational” equation
of the form

Rµν −
1

2
Rgµν = pTµν + Sµν ≡Mµν (19)

Mµν = (
3

2
ξ2p2 − 3

2
ξ2p2)

[gµν
2
∇αφ

2∇αφ2 −∇µφ2∇νφ2
]

+

+p
[gµν

2
(∇βφ∇βφ−m2

oφ
2)−∇µφ∇νφ

]
(20)

Equation (19) entails Mµν to be divergence free. One can check that

∇µM
µν = −

[
p
(
∇µ∇µφ+m2

oφ
)

+ 2
3

4
ξ2p2φ∇µ∇µφ2

]
∇νφ (21)

Therefore ∇µM
µν = 0 on account of the validity of the scalar field equation

(12). The eq. (19), when coupled to the scalar field equation (12), could
therefore be interpreted as a cosmological model governed by the interaction
among gravity, (special) torsion and scalar field.

The equation (19) can be simplified in the form Rµν = Mµν − 1
2
gµνM,M =

M µ
µ , or

Rµν =
1

2
gµνpm

2
oφ

2 − 3

4
ξ2p2∇µφ

2∇νφ
2 − p∇µφ∇νφ (22)

that is useful in view of applications.
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5 Robertson Walker space time

The scalar field equation of the previous Sections could be further studied on
account of the mathematical interest. It seems however better to provide a
possible physical cosmological interpretation of it. The scalar field equation
(12) coupled to the Einstein gravitational equation (22) is therefore studied
in the context of the Robertson Walker (RW) space time of metric tensor gµν
defined by

ds2 = dt2 − a2(t)
[ dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

]
(k = 0,±1) (23)

Since the corresponding Ricci tensor Rµν is diagonal in the metric (23), from
(22) one has (e. g., [10, 14])

Rtk = −∂kφ∂tφ [3φ2 + p] = 0, k = r, θ, ϕ (24)

Assume now φ̇ 6= 0, then ∂kφ = 0 or φ = φ(t). The the gravitational Einstein
and scalar field equations (22), (12) become

−3
ä

a
=

1

2
pm2

oφ
2 − (p+ 3ξ2p2φ2)φ̇2 (25)

−
[ ä
a

+ 2
ȧ2

a2
+ 2

k

a2

]
=

1

2
pm2

oφ
2 (26)(

φ̈+ 3
ȧ

a
φ̇
)(

1 + 3pξ2φ2
)

+ 3pξ2φφ̇2 +m2
oφ = 0, (k = 0,±1) (27)

Equation (27) is obtained by the relation ∇α∂
αφ = g−1/2∂α[

√
g(∂αφ)].

5.1 Consistency of the equations

The time functions a(t), φ(t) result subjected to three conditions (25)-(27). In
analogy to the torsion free case (e.g.,[17]) this is not contradictory. Indeed
from (25), (26) one has also the relation:

ȧ2

a2
+
k

a2
= −pm

2
o

6
φ2 −

(p
6

+
ξ2p2

2
φ2
)
φ̇2 (28)

By combining (26), (28) one obtains

d

dt

( ȧ
a

)
− k

a2
= φ̇2

(p
2

+
3

2
p2ξ2φ2

)
(29)

Then, by deriving the equation (28) and using in it the equation (29), one
obtains exactly the scalar field equation in the form (27). The equations (25),
(26) could be disentangled, but the decoupled equations that result to be highly
non linear, do seem far from being explicitly soluble. Some considerations
concerning special solutions can however be developed
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5.2 Particular situations

The decoupled equations both for φ and S are highly non linear and seem far
from being explicitly soluble. Some considerations concerning special solutions
can however be developed

A first integration step of the scalar field equation can be performed in
general. By setting φ̇ = y(φ) and then z = y2 the equation (27) can be
reported to

z′ +
[
6
a′

a
+

6ξ2px

1 + 3pξ2 x2

]
z +

2m2
ox

1 + 3pξ2 x2
= 0, x = φ (30)

(a′ = da/dx). The integration of the first order differential equation (30) gives

z ≡ φ̇2 =
−2m2

o

∫
φ φ̇ a6dt+ C

a6(1 + 3ξ2pφ2)
(31)

(C the integration constant). Some special cases can be studied explicitly.

Suppose mo = k = 0. Then (31), (26) give respectively∫
dφ
√

1 + 3pξ2φ2 = C
∫
dt

1

a3(t)
, (mo = 0) (32)

a(t) = (Dt+ E)1/3 (k = 0) (33)

(D,E integration constants). Then by integrating (32)

1

2
φ
√

1 + 3pξ2φ2 +
1

2
√

3pξ2
sinh−1

(
φ
√

3pξ2
)

= C1 log(Dt+ E), (34)

One has φ2 ∼ 2C
√

3pξ2 logDt, t→∞, and φ ∼ Dt+ E, Dt+ E → 1+.

Suppose now mo = 0, k = −1. By setting y(a) = ȧ the equation (26) can
be reported to a first order differential equation whose integration gives

ȧ = ± 1

a2
(d2 + a4)

1
2 (35)

In turns this leads to ∫ a2da√
d2 + a4

= t+ to (36)

By performing an integration by series in (35) in case of large and small a,
and retaining the dominant terms one obtains respectively the asymptotic
behaviors

a(t) ∼= t+ to, t→∞ (37)

a(t) ∼= [3d(t+ to)]
1
3 , t→ 0 (38)

As to the time dependence of φ, from (32), (37), (38) one finds then

φ ∼= C2(t+ to)
−2, t→∞ (39)

φ ∼= C3 t, (to = 0) t→ 0 (40)
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6 Comments

In the previous Sections a possible general relativistic model for the interaction
among gravity, scalar field and torsion has been proposed. It is based on
a special interaction term of the form τα∂

αφ2. By the above procedure an
Einstein field equation is set up whose consistency has been directly checked

A cosmological interpretation of the coupled Einstein-scalar field equation
with torsion was then suggested. To test such interpretation, the model has
been made explicit in the Robertson Walker space-time. There one is left with
three coupled non linear differential equations in the two functionsφ(t), a(t).
This is not impossible because the scalar field equation results to be in fact
consequence of the other two equations. The cosmological equations could be
decoupled into highly non linear closed differential equations for both for a(t)
and φ(t) and whose solution is difficult in general.

Instead, for mass less scalar field, the solution has been determined for flat
and open space time model. In the flat space time case the exact solution is
determined. In the open space time case the solution is given asymptotically.
In both cases the time evolution of the cosmological background is torsion
independent as it directly appears from (26). Moreover it does not presents
an initial inflationary phase and a late positive acceleration of the Universe
expansion as required by the present observational data.

There results that the very interesting case is the massive scalar field where,
as mentioned, the differential equations to solve come out to be highly non
linear. Contributions to establish a positive cosmological role of the scalar
field equation could derive from a numerical analysis of the equations. Also
their study in other space-time metrics could be of help.
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