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Abstract

It is verified that all three kinds of analytic expressions for a meniscus
at a flat wall denoted by Landau and Lifshitz, Laurup, and the author
are equivalent to each other. And the author‘s expression obtained in
a previous paper in terms of a parametric representation with respect
to an arclength variable along a shape curve of a droplet is converted
into the Landau and Lifshitz type expression. In a figure, the droplet
shape known as “Bernoulli’s lintearia” is demonstrated apparently. In
relation to these problems, “loop group” theory is also refered to.
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1 Introduction

In 2018, we reported that an anlytic expression for a meniscus at a flat wall
and a shape of a droplet are derived from a one-circular soliton solution of a
nonlinear evolution equation. And, we noticed that there exist three kinds of
expressions for them. It is a purpose of this paper that we verify the equiva-
lence among three kinds of analytic expressions concerning the planar meniscus
at a flat wall. In the previous paper, we cited a classical analytic solution by
Laurup for the hydrostatic problem determining the meniscus at a flat wall un-
der the gravitational field.[2] And, it is given by an expression of a parametric
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representation with respect to an elevation angle θ at any point on the curve.
We call it “the Laurup form expression”. There, we verified that our expres-
sion by a parametric representation with respect to an arclength s along the
meniscus curve, which we call “the s-parametric form expression”, is equivalent
to the Laurup form expression. In this paper, we also refer to another classical
analytic solution for the same problem by Landau and Lifshitz,[1] and we call
it “the L&L form expression” for short. Note that thus far, there appear three
kinds of expressions for the present physical problem. We mention them in the
following apparent equations.

1. Laurup form expression[2]

x = Lc [2 cos(θ0/2) + log |tan(θ0/4)| − 2 cos(θ/2)− log |tan(θ/4)|] ,
(1.1)

y = −2Lc sin(θ/2), (1.2)

2. s-parametric form expression[3]

x = s− 2Lc {tanh [(s− s0)/Lc] + tanh (s0/Lc)} , (1.3)

y = 2Lc {sech [(s− s0)/Lc]} , (1.4)

3. L&L form expression[1]

x = (a/
√

2) cosh−1(
√

2a/y)− a
√

2− y2/a2 + x0, (1.5)

We describe these equations in detail later. In Sect. 2, we denote the derivation
of the L&L form expression for the meniscus at a flat wall and point out that
signs of the L&L form expression are incorrect in Ref. [1]. And, we derive
the L&L form expression from the s-parametric form expression. Moreover, in
Sect. 3 we transform a s-parametric form expression for a shape of a droplet[3]
into the L&L form expression. At the end of Sect. 3, we derive the L&L form
expression from the Laurup form expression for the present physical problem.

In Ref. [3], we treated one-circular wave solution in the nonlinear evolution
equation. It is just the same as the curve solution of the meniscus at the
flat wall and the shape solution of the droplet. In relation to this solution,
it appears in a problem of a transverse wave propagating on a string (cord).
Recently, we have studied five kinds of exact solutions in its corresponding
wave equation for a string and discovered “loop group”.[4] Three kinds of
them constitute the loop group and the remaining two of them connect among
these three elements. We expect that the “loop group” theory could be applied
to broad fields of physics.
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Figure 1: Geometry of simple plate meniscus for acute angle χ < π/2.

2 Meniscus at flat wall

First, we cite a classical analytic solution for the present physical problem in
Ref. [2]. In Fig. 1, we show the geometry of the meniscus at the flat wall, where
we take the x-axis horizontal and the y-axis vertical and the meniscus shape
may be assumed to be independent of z and described by a simple planar curve
y = y(x) in the xy-plane.

Let a contact angle be χ and an elevation angle θ be θ = θ0 for χ as shown
in Fig. 1. Then a parametric form with θ for the meniscus at the flat wall (
the Laurup form expression ) reads

x = Lc [2 cos(θ0/2) + log |tan(θ0/4)| − 2 cos(θ/2)− log |tan(θ/4)|] , (2.1)

y = −2Lc sin(θ/2), (2.2)

where the capillary length Lc is given by

Lc =
√
γ/ρg, (2.3)

and γ is the surface tension coefficient, ρ the density of water, and g the
gravitational constant. At the wall the meniscus height d becomes

d = y(θ0) = 2Lc sin[(π/2− χ)/2]. (2.4)

In the previous paper, we converted the Laurup form expression, Eqs. (2.1)
and (2.2) into the s-parametric form expression,

x = s− 2Lc {tanh [(s− s0)/Lc] + tanh (s0/Lc)} , (2.5)

y = 2Lc {sech [(s− s0)/Lc]} , (2.6)
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Figure 2: Meniscus shape at flat wall for χ = π/6.

where s0 is given by
s0/Lc = log [− tan(θ0/4)] . (2.7)

We show the meniscus shape for the contact angle χ = π/6 (θ0 = −π/3) and
Lc = 1 in Fig. 2.

Next, we consider the different boundary condition for x and s:

(s− x)→ 0 as s→ −∞. (2.8)

Then, Eq. (2.5) reduces to

x = s− 2Lc {tanh [(s− s0)/Lc] + 1} . (2.9)

Equations (2.9) and (2.6) give the parametric representation as a pair of
(x(s), y(s)) for one-circular curve.[5] In Ref. [5], Lc should be replaced by 1/κ.
In Ref. [3], we showed that the s-parametric form expression obtained from a
one-soliton solution of an integrable nonlinear evolution equation through the
inverse scattering method[5] is identical to Eqs. (2.9) and (2.6).

We also refer to a classical analytic solution for the present problem by
Landau and Lifshitz, namely, the L&L form expression.[1] First, we consider
the Laplace formula,

∆p = γ(1/R1 + 1/R2). (2.10)

where ∆p is the difference of pressures, γ the surface tension coefficient, and
R1 and R2 are the principal radii of curvature of the water surface. Here, we
note that

R1 =∞, R2 = −(1 + y′2)3/2/y′′, ∆p = ρgy. (2.11)

Eqs. (2.10) and (2.11) yields

2y/a2 − y′′/(1 + y′2)3/2 = 0, (2.12)

where a is given by
a =
√

2Lc =
√

2γ/ρg. (2.13)
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Multiplying Eq. (2.12) by y′ and integrating the reduced equation, we obtain

1/
√

1 + y′2 = 1− y2/a2. (2.14)

Taking into account the integral formula,∫
dx/
√
x2 − 1 = cosh−1 x+ C (C is an integral constant), (2.15)

we have
x = (a/

√
2) cosh−1(

√
2a/y)− a

√
2− y2/a2 + x0, (2.16)

where x0 is determined under the boundary condition. Here, we point out that
signs of the result in Ref. [1] are incorrect compared with Eq. (2.16).

Next, we derive the L&L form expression, Eq. (2.16) from the s-parametric
form expression, Eqs. (2.9) and (2.6). From Eqs. (2.9) and (2.6), we get

x = (a/
√

2) cosh−1(
√

2a/y) + s0. (2.17)

These equations, (2.9) and (2.6) yield Eq. (2.16) again where x0 = s0.

3 Shape of droplet

In the same manner as Sect. 2, we reduce the s-parametric form expression for
the shape of a droplet to its L&L form expression. With the constant a, the
former expression [3] reads

x = s−
√

2a tanh[(
√

2s/a) log(
√

2− 1)] + (a/
√

2) log(
√

2− 1), (3.1)

y = −
√

2asech[(
√

2s/a) log(
√

2− 1)]. (3.2)

Eliminating the arclength variable s from these equations, we obtain

x = ±{(a/
√

2) cosh−1(−
√

2a/y)−
√

2a tanh[cosh−1(−
√

2a/y)]}, (3.3)

where −
√

2a ≤ y ≤ (1−
√

2)a. This is the L&L form expression for the shape
of a planar droplet under the gravitational field. The shape of a droplet known
as the “Bernoulli’s lintearia” is shown in Fig. 3 for a =

√
2.

At the end of this section, we convert the Laurup form expression into the
L&L form expression. With the constant a, the former expression reads

x = (a/
√

2) [2 cos(θ0/2) + log |tan(θ0/4)| − 2 cos(θ/2)− log |tan(θ/4)|] , (3.4)

y = −
√

2a sin(θ/2), (3.5)

Eq. (3.5) is transformed into

cos(θ/2) =
√

1− y2/2a2. (3.6)
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Figure 3: Shape of droplet.

This equation reduces to

− log |tan(θ/4)| = log
(√

2a/y +
√

2a2/y2 − 1
)

= cosh−1(
√

2a/y), (3.7)

where the formula,

cosh−1 x = log
(
x+
√
x2 − 1

)
, (3.8)

is made use of. Eqs. (3.6) and (3.7) yield Eq. (2.16) again where

x0 = (a/
√

2) [2 cos(θ0/2) + log |tan(θ0/4)|] . (3.9)

Finally, it has been verified that all the three kinds of the analytic expressions
for the meniscus at the flat wall are equivalent to each other. Regarding the
droplet curve, it can be realized by the curve of a cylindrical thin film tube
filled with water when the tube is hung.[6] This curve is also known as the
“Bernoulli’s lintearia”.

4 Conclusion

There exist three kinds of expressions for the meniscus curve at the flat wall.
In the present paper, we have proved the equivalences among them. Regarding
the shape of the droplet in Fig. 3, it is necessary for the Bernoulli’s lintearia
to fill the cylindrical thin film tube with full of water. As a result, the droplet
curve can be obtained as shown in Fig. 3. Someone may feel it curious that the
one s-parametric form equation represents two physical problems concerning
the meniscus at the flat wall and the shape of the droplet. Actually, the curve
of the one s-parametric form expression includes a part of the meniscus and
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a part of the droplet shape. At the end, to find another expression for the
present physical system is our future objective. We will examine a different
parameter variable from the present parameter variables for the parametric
representation of the meniscus at the flat wall and the shape of the droplet.
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