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Abstract

In a previous paper, a three-dimensional wave equation for a cord un-
der the non-gravitational field was derived and denoted to have various
wave solutions with sufficiently small amplitudes when a cord tension
is constant. In this paper, it is found that this wave equation has a
rotational stationary wave solution when a cord tension is not constant.
Actually, this rotational stationary wave corresponds to a rope curve of
rope skipping.

Keywords: 3D wave equation for cord, Jacobian elliptic function sn, ro-
tational stationary wave, periodic helical wave.

1 Introduction

In 2018, we found that a curve of a cord rotating around one axis is ex-
pressed by the sine function under micro-amplitude approximation.[1] There,
we assumed that no external force such as the gravity is exerted on a cord.
When we derived an equation of motion of the present problem, we refered to
the catenary problem.



144 Toru Shimizu and Kazuaki Nakayama

In 2019, we derived a (1+1) dimensional wave equation for a cord which
describes a transverse wave solution propagating on a cord along one axis under
the condition that external forces such as the gravity are negligible and that its
amplitude is sufficiently small.[2, 3] For example, we found a unimodal solitay
wave or multiple mode of stationary sine waves. There exist two unimodal
solitary waves propagating in the opposite directions and stable against their
collision. Moreover, we pointed out that the cord wave system resembles to
the string vibration system at many points.[4]

In 2020, we have denoted a derivation of a 3D wave equation for a cord
under the non-gravitational field and the constant cord tension condition.[5]
Moreover, this wave equation has been shown to have various progressive wave
solutions such as a spiral solitary wave solution or a periodic helical wave
solution under the micro-amplitude approximation. There exist two or more
spiral solitary waves propagating in the opposite directions and maintaining
their initial shapes after collisions. Especially, an incident helical progressive
wave and its reflective wave against a fixed point on a cord cause a rotational
stationary wave.

In the present paper, we derive a rotational stationary wave solution in
a 3D wave equation for a cord under the condition that the cord tension is
not constant. The wave solution is expressed by the Jacobian elliptic function
sn.[6] When its modulus → 0, it becomes a sine function and we point out
that this sine function agrees with the result in Ref. [1]. And, under the
micro-amplitude approximation, the rotational stationary wave obtained in
Ref. [5] also corresponds to the sine function solution.

2 3D wave equation for cord

First, we assume that no external force such as the gravity is exerted on
a cord and that stretching and contraction of a cord is negligible. Also, we
assume that a cord is sufficiently flexible. Here, we shall consider an infinites-
imal portion of the cord in the interval [s, s + ds], where s is the arclength
along the cord. The geometry of the cord is shown in Fig. 1, where transverse
waves propagate along z-axis and multiple mode of rotational stationary waves
rotate around z-axis.

The equation of motion for the cord under the non-gravitational field reads

σds
∂2w

∂t2
=T (s+ ds) sin θ(s+ ds)eiφ(s+ds),

− T (s) sin θ(s)eiφ(s), (2.1)

σds
∂2z

∂t2
= T (s+ ds) cos θ(s+ ds)− T (s) cos θ(s), (2.2)
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Figure 1: Geometry of cord

where w = x + iy, T = |
−→
T |, t is time, σ a linear density of the cord. Taking

the limit ds→ 0, we have

σ
∂2w

∂t2
=

∂

∂s

(
T
∂w

∂s

)
, (2.3)

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
. (2.4)

These are original equations of motion for the cord. Here, we should remark
that

ws = sin θ eiφ, (2.5)

zs = cos θ, (2.6)

x2s + y2s + z2s = 1, (2.7)

where (sin θ cosφ, sin θ sinφ, cos θ) is a unit tangential vector, and subscript s
denotes partial differentiation with respect to s here and hereafter.

3 Rotational stationary wave

Partially differentiating Eqs. (2.3) and (2.4) with respect to s and substitut-
ing Eqs. (2.5) and (2.6) into Eqs. (2.3) and (2.4), respectively, we obtain

σ
∂2

∂t2
(
sin θ eiφ

)
=

∂2

∂s2
(
T sin θ eiφ

)
, (3.1)
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σ
∂2

∂t2
(cos θ) =

∂2

∂s2
(T cos θ). (3.2)

In these two equations, putting θ = θ(s) and φ = ωt, they reduce to

∂2

∂s2
(T sin θ) = −σω2 sin θ, (3.3)

∂2

∂s2
(T cos θ) = 0. (3.4)

Integrating Eq. (3.4), we get

T cos θ = As+B. (3.5)

Assuming that both ends of the cord are on the z-axis and that the curve of
the cord is symmetric with respect to the vertical line, we have A = 0. And,
we let

T cos θ = T0. (3.6)

Next, regarding Eq. (3.3), we put dρ/ds = sin θ (this corresponds to taking
the cylindrical coordinates (ρ, φ, z)) and integrate it once with respect to s,
then we obtain

d

ds

(
T
dρ

ds

)
= −σω2ρ, (3.7)

where an integral constant is set to be 0. This assumption causes no incon-
sistency afterwards. For the purpose of deriving a Jacobian elliptic function
solution, we cite Ref. [6] by M. Toda.

First, combining Eq. (3.6) with Eq. (2.6) yields

T cos θ = T
dz

ds
= T0. (3.8)

Substituting this equation into Eq. (3.7), we have

d

ds

(
dρ

dz

)
+ κ2ρ = 0, (3.9)

where κ2 is given by
σω2

T0
= κ2. (3.10)

On the one hand, we put

p =
dρ

dz
, (3.11)

and then, Eq. (3.9) reduces to

dp

ds
+ κ2ρ = 0. (3.12)
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Taking into account dp/ds = dp/dρ · pdz/ds = dp/dρ · p/
√

1 + p2, the above
equation becomes ∫

p√
1 + p2

dp = −
∫
κ2ρdρ. (3.13)

Integrating this equation, we get√
1 + p2 = 1 + (κ2/2)(b2 − ρ2), (3.14)

where an integral constant b is given as the maximum value of ρ when p =
dρ/dz = 0. Squaring the above equation and solving with respect to p2 =
(dρ/dz)2, we have

(
dρ

dz

)2

= p2 = κ2(b2 − ρ2) + (κ4/4)(b2 − ρ2)2. (3.15)

Here, we define

κ2b2/4

1 + κ2b2/4
= k2, (3.16)

and then, 0 < k < 1 holds. We let η be

ρ/b = η, (3.17)

and then, Eq. (3.15) reduces to

dη√
(1− η2)(1− k2η2)

=
dz

c
, (3.18)

where c is given by (k′ =
√

1− k2)

1/c =
√
κ2(1 + κ2b2/4) = 2k/(k′2b). (3.19)

Integrating Eq. (3.18), we obtain

ρ = b sn(z/c), (3.20)

where sn function is the Jacobian elliptic function, k the modulus, k′ the com-
plementary modulus. The above equation means that the rope curve of rope
skipping is expressed by the sn elliptic function under the non-gravitational
field and the condition of even a large amplitude.
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4 Small rotational stationary sine wave

Here, we shall try to compare the above result with Ref. [1]. When k → 0, the
elliptic function sn becomes

sn(z/c, 0) = sin(z/c). (4.1)

In this case, Eq. (3.16) yields that b ≈ 0. And then, Eq. (3.19) reduces to

1/c = κ
√

(1 + κ2b2/4) ≈ κ. (4.2)

Combining Eqs. (3.20) and (4.1) with this equation, we have

ρ = b sin(κz). (4.3)

Since the amplitude b is sufficiently small in this equation, θ ≈ 0, T ≈ T0(const.)
in Eq. (3.6), and the above-mentioned result agrees with the one in Ref. [1].
The defining equation of κ, Eq. (3.10) is also the same as the one in Ref. [1]. In
Figs. 2 and 3, we plot the curve of the small rotational stationary wave around
the z-axis for κ = ω = b = 1 when t = 0 and π/2, π and 3π/2, respectively.

Next, we compare the present result with Ref. [5] concerning a rotational
stationary wave. In Ref. [5], we have derived a spiral solitary wave solution and
a periodic helical wave solution in the 3D wave equation for the cord when the
cord tension is constant and its amplitude is sufficiently small. There, we have
considered a superposition of an incident helical wave and its reflective wave
against a fixed point on the cord. And as a result, there appears a multi-mode
rotational stationary wave. This wave is the same as the present result. We
cite these arguments in Ref. [5] as follows. Here, we let z = l(> 0) be a fixed
point on the z-axis and z = 0 (the origin) be a point to induce oscillation. In
the case under the micro-amplitude approximation, the 3D wave equation for
the cord reduces to the ordinary linear wave equation:

∂2w

∂t2
− v20

∂2w

∂z2
= 0, (4.4)

where define v20 by

v20 =
T

σ
. (4.5)

Then, the sufficiently small periodic helical wave ( δ ≈ 0 ) is given by

w = x(z, t) + iy(z, t) = (δ/a)exp[ia(z − v0t)], (4.6)

where we should remark that

x(z, t)2 + y(z, t)2 = δ2/a2. (4.7)
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Figure 2: Rotational stationary wave when t=0(vert.) and π/2(horiz.).
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Figure 3: When t=π(vert.) and 3π/2(horiz.).

We consider the sum of helical waves

x(z, t) = (δ/a){− cos[a(z + v0t)] + cos[a(z − v0t)]}, (4.8)

y(z, t) = (δ/a){sin[a(z + v0t)] + sin[a(z − v0t)]}, (4.9)

where the phase shift π and the opposite rotational direction for the reflective
wave are taken into account, namely, ei(π−α)t = − cosαt + i sinαt. Eq. (4.8)
and Eq. (4.9) become

x(z, t) = (2δ/a) sin az sinωt, (4.10)

y(z, t) = (2δ/a) sin az cosωt, (4.11)

where
ω = av0. (4.12)
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Also in this case, the relation, Eq. (3.10) holds. And, the 1st-order mode,
2nd-order mode, and 3rd-order mode of the rotational stationary waves are
given by al = π, 2π, and 3π, respectively. In Figs. 2, 3, we have shown the
2nd-order mode of this wave.

5 Discussion

In the present paper, we study the rotational stationary wave solutions in
3D wave equation for the cord. There exist two cases that the norm of the
cord tension vector is not constant and the amplitude of the stationary waves
is not necessarily small, and that these are the opposite.

At the end of this paper, we may be able to consider cosmic experiments
for the occurrence of multiple mode of the rotational stationary waves under
the non-gravitational field. In these experiments, we can also make sure that
curves of multiple mode of the rotational stationary waves are expressed by
the sn or sine functions. These cosmic experiments would be useful from the
viewpoint of the educational purpose.
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