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Abstract

In the present paper, a three-dimensional wave equation for a cord
describing transverse waves on a cord under the non-gravitational field
is derived. This cord wave equation reduces to an ordinary linear wave
equation under the micro-amplitude approximation. As a result, its
one-spiral solitary wave solution and periodic helical wave solution are
found. It is denoted that the two one-spiral solitary waves propagating
in the opposite directions are stable against their collision. In addition,
there occur multiple mode of rotational stationary waves.

Keywords: 3D wave equation for cord, spiral solitary wave, periodic he-
lical wave, rotational stationary wave

1 Introduction

In 1994, we derived a three-dimensional wave equation for a cord (thin rope)
that descibes its large deformations under the non-gravitational field [3]. In
this previous paper, we assumed a constant norm of a cord tension vector in



108 T. Shimizu and K. Nakayama

the beginning. And, we studied its N-spiral solitary wave solution propagating
on a cord with the same velocity by an extension of the one-spiral bending
curve of an elastic thin rod.[11] Recently, we studied multiple mode of rota-
tional stationary waves on a cord (thin rope) on a one-plane rotating with a
constant angular velocity.[4] There, we found sinusoidal expressions for these
rotational stationary waves under the condition that their amplitudes are suf-
ficiently small. On the other hand, many researchers studied a one-circular
(one-loop) solitary wave or N-loop solitons mainly.[5, 6, 1] But, a unimodal
solitary wave expression had not yet been obtained. Recently, we derived a
unimodal solitary wave solution, a periodic sine wave one, and a Sine-Gordon
kink wave one in the two-dimensional wave equation for the cord under the
micro-amplitude approximation.[7, 8] Moreover, we found that the present
system is described by the ordinary linear wave equation, and that it has the
d‘Lambert‘s solution. Accordingly, two unimodal solitary waves propagating
in the opposite directions maintain their initial shapes after a collision. And,
a superposition between an incident sine wave and its reflective wave against
a fixed point yields a stationary sine wave.[2] Recently, we also studied exact
wave solutions in the wave equation for a string (cord) and discovered “loop
group”.[9] At the end of this paper, we propose a plan of experiments in ISS
(International Space Station) under the non-gravitational field.

In the present paper as well as Ref. [3], we shall study the dynamics of a cord
(thin rope) in a 3D space where no external force such as gravity is exerted.
Let the cord lie along the z-axis and take the Cartesian xyz-coordinates as
the present coordinate system. And, we neglect stretching and contraction
of the cord. We only treat transverse waves propagating along the z-axis on
the cord. We denote the curve of the cord by a parametric representation
(x(s, t), y(s, t), z(s, t)) where s is the arclength along the cord and t time.

2 3D Wave Equation for Cord

In Fig. 1, we show geometry of a cord (thin rope) on which various kinds
of transverse waves propagate along the z-axis. First, we assume that no
external force such as gravity is exerted on the cord and that we consider its
infinitesimal portion in the interval [s, s+ ds] as shown in Fig. 1, where s is an
arclength along the cord. Then, the equation of motion for the cord under the
non-gravitational field reads

σds
∂2w

∂t2
= T (s+ ds) sin θ(s+ ds)eiφ(s+ds) − T (s) sin θ(s)eiφ(s), (2.1)

σds
∂2z

∂t2
= T (s+ ds) cos θ(s+ ds)− T (s) cos θ(s), (2.2)

where w = x+ iy, T = |T|, t is time, σ a line density of the cord. Taking the
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Figure 1: Geometry of infinitesimal portion of cord in [s, s+ ds].

limit ds→ 0, we have

σ
∂2w

∂t2
=

∂

∂s

(
T
∂w

∂s

)
, (2.3)

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.4)

These are original equations of motion for the cord. Here, we should remark
that

ws = sin θ exp(iφ), (2.5)

zs = cos θ, (2.6)

x2s + y2s + z2s = 1, (2.7)

where (sin θ cosφ, sin θ sinφ, cos θ) is a unit tangential vector, and subscript s
denotes partial differentiation with respect to s here and hereafter.

Next, we shall prove the following theorem.

Theorem 1 T is constant when there exists such a progressive wave form of
a solution as z(s, t) = z(ξ) = z(s− κt), where κ is an arbitrary constant.

Proof

Substituting Eq. (2.5) into Eq. (2.3), we have

(1/σ)Ts sin θ + (T/σ − κ2)[(dθ/dξ) cos θ + i(dφ/dξ)φ sin θ] = 0. (2.8)

Hence, we obtain

Ts = 0, (2.9)

κ2 = T/σ. (2.10)

Then, we have proved T constant.
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�

Combining Eqs. (2.3) and (2.4) with Eq. (2.10) yields

∂2w

∂t2
− κ2∂

2w

∂s2
= 0. (2.11)

∂2z

∂t2
− κ2∂

2z

∂s2
= 0. (2.12)

These are wave equations for the cord. We should remark that the wave equ-
ations, Eqs. (2.11) and (2.12) can be derived without assuming in the begin-
ning that the norm T of the cord tension vector is constant in contrast with
the previous paper.[3]

Next, by analogy with the one-spiral solitary wave solution,[11] we shall
introduce a parametric form of the wave solution (x(s, t), y(s, t), z(s, t)) for
Eqs. (2.11) and (2.12), namely,

w(s, t) = 2cg(aξ) exp(ibξ), (2.13)

z(s, t) = s+ 2cf(aξ), (2.14)

where,

ξ = s− s0 − κt, (2.15)

c = a/(a2 + b2), (2.16)

and f(aξ) and g(aξ) are arbitrary functions with respect to ξ, and a, b, and κ
are arbitrary constants. We have determined this parametric form by following
the exact one-spiral solitary wave solution in Ref. [3]. Here, we investigate
the relation between the functions, f(aξ) and g(aξ) in Eqs. (2.13) and (2.14).
Substituting Eqs. (2.13) and (2.14) into Eq. (2.7), we get

fs + [a2/(a2 + b2)]f 2
s + [1/(a2 + b2)][a2(g2s) + b2g2] = 0. (2.17)

In this equation, we assume fs ≈ 0 and neglect its second power term, and
then we have

f = − 1

a2 + b2

∫ s

−∞
[a2(g2s) + b2g2]ds = 0, (2.18)

where we impose on Eqs. (2.13) and (2.14) the boundary condition that

(x, y)→ (0, 0) as |s| → ∞, (2.19)

(z − s)→ 0 as s→ −∞. (2.20)

We can find that the assumption, fs ≈ 0 is derived from g ≈ 0 (micro ampli-
tude) by solving the quadratic equation (2.17) with respect to fs.
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3 Various Kinds of Waves on Cord

3.1 Properties of one-spiral solitary waves

As seen in Ref. [3], the exact one-spiral solitary wave solution for the wave
equation (2.11) and (2.12) reads

w(s, t) = 2c sech (aξ) exp(ibξ), (3.1)

z(s, t) = s+ 2c[tanh (aξ) + 1], (3.2)

where, ξ and c are given by Eqs. (2.15) and (2.16), respectively. Note that
these equations are the exact wave solution propagating only in one direction.
We can readily verify that Eqs. (3.1) and (3.2) satify Eq. (2.7). In analogy with
this exact one-spiral solitary wave solution, we take in Eq. (2.13)

g(s, t) = δ sech (aξ), (3.3)

where the micro-amplitude factor becomes

δ ≈ 0. (3.4)

Substituting Eq. (3.3) into Eq. (2.18), and then we obtain

f = −cδ2{(a2/3)[tanh3 (aξ) + 1] + (b2/a2)[tanh (aξ) + 1]}. (3.5)

Since | tanh (aξ)| < 1, and we assume that a < 1 and b2/a2 < 1, we estimate
f in this equation as f ≈ δ2 = 0. Then, we find in Eq. (2.14)

z = s, (3.6)

which reduces the wave equation (2.11) to the ordinary linear wave equation:

∂2w

∂t2
− κ2∂

2w

∂z2
= 0. (3.7)

Consequently, the approximate one-spiral solitary wave solution with the suf-
ficiently small amplitude becomes

w(z, t) = x+ iy = 2cδ sech (aη) exp(ibη), (3.8)

η = z − s0 − κt, (3.9)

Moreover, we investigate a collision between two one-spiral solitary waves with
sufficiently small amplitudes. Since Eq. (3.7) has the d‘Lambert‘s solution, we
can take

w(z, t) = x+ iy = 2c[δ1 sech (aη1) exp(ibη1) + δ2 sech (aη2) exp(ibη2)], (3.10)

η1 = z − s1 − κt, (3.11)

η2 = z − s2 + κt, (3.12)



112 T. Shimizu and K. Nakayama

-10 -5  0  5  10 -0.6
-0.4

-0.2
 0

 0.2
 0.4

 0.6-0.6
-0.4
-0.2

 0
 0.2
 0.4
 0.6

z

x

y

Figure 2: Collision when
t = 0.
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Figure 3: (when t = 5).
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Figure 4: (when t = 10).

where δ1 ≈ 0, δ2 ≈ 0, and s1 and s2 are arbitrary constants. In Figs. 2, 3, 4, we
show an appearance in a collision between two small one-spiral solitary waves
for a = b = κ = 1, δ1 = 0.2, δ2 = 0.15, s1 = −5, and s2 = 5 when t = 0, 5, and
10 in Eq. (3.7).

We can make sure that the two one-spiral solitary waves propagating in
the opposite directions are stable against their collision as seen in Figs. 2, 3, 4.
This situation is valid only under the micro-amplitude approximation.

3.2 Small periodic helical wave and multiple mode of
small rotational stationary waves

First, we consider a periodic wave solution in Eqs. (2.11) and (2.12), then
we impose on Eqs. (2.13) and (2.14) the boundary condition,

z − s = 0 when s = 0. (3.13)

Hence, Eq. (2.18) reduces to

f = − 1

a2 + b2

∫ s

0

[a2(g2s) + b2g2]ds = 0. (3.14)

Here, we shall introduce a periodic helical wave expression in Eq. (2.13):

g = δ, (δ ≈ 0) (3.15)

where
a = b. (2c = 1/b) (3.16)

Substituting Eq. (3.15) into Eq. (3.14), we obtain

f = −(δ2/2)s. (3.17)

Substituting this equation into Eq. (2.14), we have

f = [1− (δ2/2b2)]s. (3.18)

We neglect the second power term of δ in this equation, and then it reduces
to Eq. (3.6) again and the ordinary linear wave equation (3.7) is also obtained.
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Figure 5: Small-radial periodic helical wave

The result thus far yields the following periodic helical wave solution under
the micro-amplitude approximation:

w(z, t) = x+ iy = (δ/b) exp(ibη), (3.19)

where it should be remarked that

x2 + y2 = δ2/b2. (3.20)

In Fig. 5, we show the small-radial periodic helical wave for b = 1, δ = 0.1,
and s0 = t = 0 in Eq. (3.19).

Next, we study a superposition of a periodic helical wave and its reflective
wave against a fixed point. Here, we let z = l(> 0) be a fixed point on the
z-axis and z = 0 (the origin) be a point to induce oscillation. We consider the
following sum of periodic helical waves:

x(z, t) = (δ/b){− cos[b(z + κt)] + cos[b(z − κt)]}, (3.21)

y(z, t) = (δ/b){sin[b(z + κt)] + sin[b(z − κt)]}, (3.22)

where the phase shift π and the opposite rotational direction for the reflec-
tive wave are taken into account, namely, ei(π−α)t = − cosαt + i sinαt. Eq.
(3.21) and Eq. (3.22) become

x(z, t) = (2δ/b) sin bz sin bκt, (3.23)

y(z, t) = (2δ/b) sin bz cos bκt, (3.24)

In these equations, we define ω for the angular velocity bκ:

ω = bκ. (3.25)

This equation and Eq. (2.10) yield

b2 = (σ/T )ω2. (3.26)

Eq. (3.23), Eq. (3.24), and Eq. (3.26) agree with the results obtained in Ref.
[4]. Note that bl = π, 2π, and 3π correspond to the 1st-order mode, the 2nd-
order mode, and the 3rd-order mode of the rotational stationary wave, res-
pectively. In Fig. 6,7, we show the rotating appearance of the 3rd-order mode
of the rotational stationary wave on the cord for b = κ = 1, δ = 0.1, when
t = 0, π/2, π, and 3π/2 in Eqs.(3.23) and (3.24).
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Figure 6: Rotational stationary wave
when t = 0(vert.) and π/2(horiz.).
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Figure 7: when t = π(vert.) and
3π/2(horiz.).

4 Conclusion

In conclusion, there are two cases in the 3D wave equation system; one case
that it has the exact wave solution propagating only in one direction, and the
other case that it reduces to the linear wave equation with the approximate
wave solution propagating in both directions under the micro-amplitude ap-
proximation. Hence, in the former case, there exist no two solitary wave so-
lutions propagating in the opposite directions and maintaining their initial
shapes after collision and the latter case is just the opposite. Also, there exist
multiple mode of rotational stationary waves in this case.

Here, we investigate this situation by progressive wave solutions in terms
of (θ, φ). For the purpose, we cite Ref. [3] on the general solution of the 3D
wave equation for the cord. The solution propagating only in one direction
reads

(θ, φ) = (p(s− κt), h(s− κt)) or (q(s+ κt), k(s+ κt)), (4.1)

where p, q, h, and k are arbitrary functions. Eq. (4.1) can be rewritten to

[(θ − p)2 + (φ− h)2][(θ − q)2 + (φ− k)2] = 0. (4.2)

Here, we assume that p ≈ 0, q ≈ 0, h ≈ 0, and k ≈ 0 and neglect second pow-
er terms of p, q, h, and k in the following equation. Expanding and factoriz-
ing Eq. (4.2), we have

(θ2 + φ2){[θ − (p+ q)]2 + [φ− (h+ k)]2} = 0. (4.3)

This equation reduces to

(θ, φ) = (p(s− κt) + q(s+ κt), h(s− κt) + k(s+ κt)). (4.4)

Hence, under micro-amplitude approximation there exists the d‘Lambert‘s so-
lution propagating in both directions.

At the end of this paper, we propose a plan of experiments in Inter-
national Space Station to demonstrate the collision of two one-spiral solitary
waves propagating in the opposite directions or the occurrence of the multi-
ple mode of rotational stationary waves under the non-gravitational field. We
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hope to make the case of Refs. [7, 10] included to this experimental plan. In
Ref.[10], we also point out that the present cord wave system resembles to the
string vibration system at many points. Accordingly, the above-mentioned
experiments may be helpful for students learning the wave theory.
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