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Abstract

In previous papers, a wave equation for a cord that describes a wave
propagating on a cord was derived under a condition that a norm of a
cord tension vector is constant. It has various approximate wave solu-
tions under the micro-amplitude approximation. In the present paper,
it is denoted that there exist a tanh kink wave solution and a Sine-
Gordon kink wave one. A question which kink solution is more suitable
for the wave equation for the code is studied from the viewpoint of a
wave shape distortion. For comparison with the problem in the present
paper, the vibration problem for a stretched string between two fixed
points is refered to. These problems resemble to each other at the points
that the ordinary linear wave equations arise under the micro-amplitude
approximation and that they have the stationary sine wave solutions.

Keywords: wave equation for cord, tanh kink wave solution, Sine-Gordon
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1 Introduction

In 2019, we derived a wave eqjation for a cord (thin rope) under the condi-
tions that it is sufficiently flexible, and that no external forces such as the grav-
ity are exerted on it.[3] We reported various approximate wave solutions[3, 4]
under the micro-amplitude appproximation in previous papers. There, we
studied approximate waves such as a unimodal solitary wave, a sine wave, or
a Sine-Gordon kink wave. There also exists a stationary sine wave. Regard-
ing one-circular wave solution as an exact wave solution without the micro-
amplitude approximation, we applied it to the problem in meniscus at a flat
wall.[1, 2]

In this paper, we find that the wave equation for a cord has two kinds of
kink wave solutions, nemely, a tanh kink wave solution and a Sine-Gordon kink
wave one. There ought to occur a question which kink wave solution will be
more suitable for that wave equation. It is the purpose of the present paper
to solve this problem conserning a selection of the kink waves.

Regarding the present physical system, the ordinary linear wave equation
arises and it has the d’Lambert’s solution under the condition that an ampli-
tude of a wave solution is sufficiently small. This situation resembles to the
vibration problem of a stretched string between two fixed points. So that,
we refer to this problem at the end of this paper.[6, 7] Recently, we studied
exact solutions in the wave equation for a string (cord) and discovered “loop
group”[5], which we expect to be applied to broad fields in physics.

2 Approximate wave solutions in wave equa-

tion for cord

2.1 Wave equation for cord

First, we assume that no external forces such as gravity are exerted on a
cord(thin rope) and that stretching and contraction of a cord can be neglected.
And, we let the cord lie along the x-axis, and a wave propagate on the xy-
plane. Here, we consider an infinitesimal portion of the cord in the interval
[s, s+ ds], where s is an arclength along the cord. And let T be a norm of the
tension vector. Modifying a notation in the separate paper,[4] the equation of
motion for the cord under the non-gravitational field reads

σds
∂2z

∂t2
= T (s+ ds)eiθ(s+ds) − T (s)eiθ(s), (2.1)

where z = x + iy, t is time, σ a line density of the cord. Taking the limit
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ds→ 0, we have

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.2)

This is the original equation of motion for the cord. Here, we should remark
that

zs = eiθ, (2.3)

x2
s + y2

s = 1, (2.4)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter. By partially differentiating
Eq. (2.2) once and substituting Eq. (2.3) into the resultant equation, we obtain

∂2

∂t2
eiθ − ∂2

∂s2

(
T

σ
eiθ
)

= 0. (2.5)

Next, we shall prove that T is constant when there exists such a form
of a solution as z(s, t) = z(ξ) = z(s±ct), where c is a positive constant.
Substituting this form of solution into Eq. (2.2) and taking zξ = zs = eiθ into
account, we have

1

σ

∂T

∂s
eiθ + i

(
T

σ
− c2

)
dθ

dξ
eiθ = 0. (2.6)

Hence, we get

Ts = 0, (2.7)

c =
√
T/σ (T is constant). (2.8)

Combining Eq. (2.2) with Eq. (2.8) yields

∂2z

∂t2
− c2∂

2z

∂s2
= 0. (2.9)

This is the wave equation for the cord.

2.2 Two kinds of approximate kink solutions

We treat the case that T is constant. Here, we put

x = s+ (1/κ)f(u), (2.10)

y = (1/κ)g(u), (2.11)

x− s = (1/κ)f(u)→ 0 as s→ −∞, (2.12)

y = (1/κ)g(u)→ constant as |s| → ∞, (2.13)

u = κξ = κ(s− s0 ± ct). (2.14)
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Substituting Eqs. (2.10) and (2.11) into Eq. (2.4) yields

fu
2 + 2fu + gu

2 = 0. (2.15)

We assume fu ≈ 0 and neglect the second-order term fu
2 in this equation,

then f(u) is given by

f(u) = −(1/2)

∫ u

−∞

(
g2
u

)
du. (2.16)

In the following, we investigate a few examples of g(u) in this equation.

2.2.1 Tanh-kink wave solution

Here, we investigate two kinds of new kink solutions in the present physi-
cal system. They are expressed by a tanh-function and a Sine-Gordon kink
solution. Here, we consider the tanh-kink wave solution. Let g(u) be

g(u) = ε tanhu (ε ≈ 0). (2.17)

Substituting this equation into Eq. (2.16), we have

x = s− ε2

2κ

[
tanhu+ 1− 1

3
(tanh3 u+ 1)

]
, (2.18)

In this equation, due to | tanh u| < 1 and ε2 ≈ 0, we obtain

x = s. (2.19)

Substituting this equation into Eqs. (2.9), (2.14), and (2.17), we have

∂2y

∂t2
− c2 ∂

2y

∂x2
= 0, (2.20)

y =
ε

κ
tanh[κ(x− s0 ± ct)]. (2.21)

This is the kink wave solution and an anti-kink wave solution is given by
inserting a minus sign to the top of R. H. S. of this equation.

2.2.2 Sine-Gordon kink wave solution

Here, we consider the Sine-Gordon kink wave solution. Let g(u) be

g(u) = ε tan−1(e±u) (ε ≈ 0), (2.22)

where the minus sign of “±” means an anti-kink wave solution. Substituting
this equation into Eq. (2.16), we have

x = s− ε2

8κ
(1 + tanh u) . (2.23)
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In this equation, due to | tanh u| < 1 and ε2 ≈ 0, we obtain Eq. (2.19) and

y =
ε

κ
tan−1{exp[±κ(x− s0 ± ct)]}. (2.24)

Taking Subsecs. 2.2.1 and 2.2.2 into account, there can exist two kinds of
the kink ( anti-kink ) wave solutions in the present physical system. Since the
wave equation, Eq. (2.20) has the d’Lambert’s solution, its wave solutions can
have arbitrariness of wave shapes. It is the aim of this paper that we clarify
a question which kink wave solution is more suitable for the wave equation of
the cord.

2.3 To be a tanh kink wave solution or a Sine-Gordon
kink wave solution?

First, we normalize the two kink wave solutions. In Eqs. (2.21) and (2.24),
the amplitudes are unified to the one of the tanh kink wave solution.

y1 =
ε

κ
{tanh[κ(x− s0 ± ct)] + 1}. (0 < y1 < 2ε/κ) (2.25)

y2 =
4ε

πκ
tan−1{exp[±κ(x− s0 ± ct)]}. (0 < y2 < 2ε/κ) (2.26)

Then, partially differentiating the above equations with respect to x, we have

∂y1

∂x
= εsech2[κ(x− s0 ± ct)]. (2.27)

∂y2

∂x
=

2ε

π
sech[κ(x− s0 ± ct)]. (2.28)

Accordingly, we find that the derivatives of both kink wave solutions resemble
to each other. Next, we investigate the deviations from x = s in Eqs. (2.18)
and (2.23).

δ1 = s− x =
ε2

2κ

[
tanhu+ 1− tanh3 u+ 1

3

]
, (0 < δ1 < 2ε2/3κ) (2.29)

δ2 = s− x =
2ε2

π2κ
(1 + tanh u) .(0 < δ1 < 4ε2/π2κ) (2.30)

Comparing the deviation difference in the above equations, we get

0 < δ1 < 0.6666ε2/κ < 2ε2/3κ, (2.31)

0 < δ2 < 4ε2/π2κ < 0.4053ε2/κ. (2.32)

Hence, we obtain δ2 < δ1. In other words, the Sine-Gordon kink wave solution
has less distortion from the original wave shape than the tanh kink wave one.
Consequently, we conclude that the Sine-Gordon kink wave solution is more
suitable for the kink wave solution of the wave equation for the cord.
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Figure 1: Infinitesimal portion of string.

2.4 Periodic sine wave

The periodic sine wave solution and the stationary sine one [3] are given by

y =
ε

κ
sin[κ(x− s0 ± ct)]. (2.33)

y =
2ε

κ
sin[κ(x− s0)] cos(κct). (2.34)

3 Vibration equation of stretched string

We describe the derivation of the wave equation expressing the vibration of
a stretched string under the assumption that the amplitude of the vibration is
sufficiently small.[7] And in the following, we mention the resembling property
of wave solutions between this physical system and the wave system of the
cord that we have studied thus far.

1. The wave equations are the same.

2. They are derived under the micro-amplitude approximations.

3. They have the multiple mode of stationary sine wave solutions

As shown in Fig. 1, a stretched string lies along the x-axis and an in-
finitesimal portion of a string is introduced. Let ∆s be the arclength of this
string portion, m the mass, and ρ the linear density. We assume that the
amplitude of a progressive wave on a string is sufficently small. And then,
∆s =

√
∆x2 + ∆y2 ≈ ∆x. The horizontal component of tension in the string

is constant, so that it can be put T . Then, the tension acting on both ends of
the infinitesimal portion of the string is given by

T1x = T1 cos(α) ≈ T, (3.1)

T2x = T2 cos(β) ≈ T, (3.2)
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where Tx is x-component of T . Due to the micro-amplitude assumption, both
angles, α and β are small, then the tensions on the both ends are equal and
the net horizontal force is zero. The equation of motion in the present system
reads

T1y − T2y = −T2 sin(β) + T1 sin(α) = ∆ma ≈ ρ∆x
∂2y

∂t2
. (3.3)

Dividing this equation by T and substituting Eqs. (3.1) and (3.2) yield

ρ∆x

T

∂2y

∂t2
= −T2 sin(β)

T2 cos(β)
+
T1 sin(α)

T1 cos(α)
= − tan(β) + tan(α). (3.4)

Here, tanα and tan β are equal to the differential coefficients at the ends, with
an additional minus sign due to the definition of α and β. Accordingly, we
have

1

∆x

(
∂y

∂x

∣∣∣∣x+∆x

− ∂y

∂x

∣∣∣∣x
)

=
ρ

T

∂2y

∂t2
. (3.5)

Taking the limit ∆x→ 0, we obtain

∂2y

∂x2
=
ρ

T

∂2y

∂t2
. (3.6)

This is the wave equation for y(x, t), and the velocity v is given by

v =
√
T/ρ. (3.7)

Combining Eq. (3.6) with Eq. (3.7), we have

∂2y

∂t2
= v2 ∂

2y

∂x2
. (3.8)

We emphasize that this derivation is only valid for the vibration of a sufficiently
small amplitude. And without this assumption, the horizontal component of
the tension is not necessarily constant. The stationary sine wave is given by

y = 2ε sin(2πx/λ) cosωt. (3.9)

3.1 Comparison between string vibration and cord wave

Both equations of the string vibration and the cord wave are the same form
in Eqs. (3.8) and (2.20) with Eqs. (3.7) and (2.8), respectively. And they have
been derived under the same assumptions that the amplitudes of the string
vibration and the cord wave are sufficiently small. Moreover, they have the
multiple mode of statinary sine wave solutions, Eqs. (3.9) and (2.34), respec-
tively. Accordingly, the string vibration system and the cord wave system
resemble to each other at the many points. Hence, we insist that this cord
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wave system as well as the string vibration system might be useful for stu-
dents to study the wave theory. Because of the stable collision of two waves
propagating in the opposite directions [3, 4] and the exisistence of the multi-
ple mode of the stationary sine wave.[3] in the cord wave system, it will be
significant as a physical system.

4 Conclusion

Regarding the kink waves in the wave equation for the cord, we have taken up
two kinds of the kink wave solutions, namely, the tanh one and the Sine-Gordon
one in this paper. We have concluded that the latter one is more suitable for
that wave equation. In future, we hope to study a transient problem that
there occurs a kink wave after inducing it by swinging one cord end. For this
problem, a numerical method may be helpful.
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