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Abstract

A symmetry which applies to quantum systems is introduced and
some of its features are explored. Envariance concentrates on the origins
of ignorance which is in turn related to information at the quantum level.
It can lead to the definition of probabilities and even Born’s rule.
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1 Introduction

An important advance that has occured recently concerns the theory of mea-
surements in the quantum domain [1-4]. It is dependent on a new symmetry
called envariance, or environmental assisted invariance, assisted invariance for
maximally entangled states in quantum theory.

Envariance is a true quantum symmetry in the sense that a pure quantum
state represents complete knowledge of the quantum system. In an entangled
quantum state it is the case that complete knowledge of the whole system does
not signify complete knowledge of the parts. In the case of a classical system,
complete knowledge of the whole implies complete knowledge of each of the
parts, so complete knowledge of the system cannot be dissociated from that
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state while in quantum theory what is known about the state cannot be treated
separately [5-6]. It is possible the intrusion on one part of a quantum state
can alter the global state but its local effects are covered over by incomplete
knowledge of that part; the effect on the global state can be undoneby an
action on a different part. Transforming one part of a classical system cannot
be covered over by incomplete knowledge.

It ought to be clear that envariance takes a significant role with regard to
fundamental work related to discussing both decoherence and measurement
[5]. Decoherence maps amplitudes in coherent superposition states to proba-
bilities in mixtures. It is crucial to the emergence of the classical world from
the quantum world. The classical is a result of the emergence of preferred
states out of the quantum picture. The reduced density matrix can always be
extracted from the global matrix by a partial trace. This partial trace then
yields an approach to deriving the connection between the wavefunction and
the probabilities related to measurement. This is usually referred to as Born’s
rule. Envariance aids in the elimianation of the circularity found in approaches
which employ partial trace. and it is often called an assisted symmetry [7-
8]. This means that if US is a unitary operator which acts on the system
component S of a system, the state is said to be envariant if another unitary
transformation UE applied to the environment E restores the initial state,

US = |ψSE〉 = (uS ⊗ 1E)|ψSE〉 = |ηSE〉, UE|ηSE〉 = (1S ⊗ uE)|ηSE〉 = |ψSE〉.
(1.1)

The information about the state in an isolated quantum system and the
information about it are inextricably linked, and any measurement may and
usually will reset the state. When the information about the state of a quantum
system is spread throughout the environment, it can be treated in a manner
similar to classical physics independently of the state of the open quantum
state of interest. The environment retains its decohering role, but it also be-
comes a channel of communication through which the state of the system is
discovered by observation. There is the possibility of indirect acquisition of
information from the environment of the system, which permits quantum the-
ory to approach what takes place in classical physics. Information concerning
a classical system can be dissociated from its state.

The von Neumann model of quantum measurement has provided the stan-
dard picture for the study of the role of observers and information propagation
since 1932, when it was first introduced. Other realizations that have played a
role note that observers acquire information about measured systems from the
state of the apparatus pointer indirectly by a monitoring of the environment.
It correlates with the system as a result of decoherence. This is caused by the
environment. It correlates with the system as a result of decoherence. This is
caused by the environment E in effect monitoring the apparatus A and, or the
system S.
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It is monitoring by the environment that is responsible for negative se-
lection and for destabilizing the vast majority of the states in the appropriate
Hilbert spaces of the open systems leaving what are referred to as the preferred
pointer states of the apparatus. This is usually called environment induced su-
perselection that is condensed down and expressed simply to einselection. This
means the pointer states are not only best at surviving the environment set-
ting, but also best in proliferating by using environment information about
themselves. One might say that in quantum physics, it is possible to know
exactly the joint state of two subsystems, but be ignorant about the states of
the component subsystems. It is the objective here to expand on these ideas
and study how this approach relates and can lead to Born’s rule.

2 Quantum Mesurement Theory

In von Neumann’s approach to the theory of measurements a system-apparatus
pair (S,A) is treated as isolated from the rest of the universe. Much attention
has since been expended with regard to the consequences of immersing the
apparatus in its environment. This has led to the impossibility of perfect
isolation of A, the solution of the basis ambiguity problem can be found. A
preferred basis can be thought of as induced by interaction with E . This can
be regarded as a monitoring by the environment in which A is located, and the
resulting transfer of information is selective. An observer who monitors the
environment to learn about the states of A will obtain just partial information
such as the preferred pointer states of the system, not necessarily about their
superpositions. Different quantum states can vary in robustness with respect
to interaction with the exterior. It may be stated that states that exist are
those that persist or endure.

The so named pointer states are resilient to entangling interactions with
the environment and maintain their ability to represent the system. This is
usually called einselection or selection of the preferred set of robust pointer
states in the Hilbert space, so could say environment-induced superselection.
The environment becomes entangled with the apparatus,

|ΨSA〉 =
∑
k

ak|sk〉|Ak〉|e0〉 →
∑
k

ak|sk〉|Ak〉|ek〉 ≡ |ΦSAE〉. (2.1)

When the state of the environment contains an accurate record of the out-
comes, so that |〈ek|el〉|2 = δkl, the density matrix of the apparatus-system
pair acquires the desired form. This becomes apparent by tracing out the
environment,

ρSA = TrE |ΦSAE〉〈ΦSAE | =
∑
k

|ak|2|sk〉〈sk||Ak〉〈Ak|. (2.2)
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We can think the preferred pointer basis will appear on the diagonal of the
density matrix describing A after a certain decoherence time.

Decoherence and einselection can address the question of basis ambiguity
and collapse of the wave function to varying degrees. Quantum entanglement
present after the measurement can give rise to a classical correlation between
S and A with the same preferred pointer basis |Ak〉 typically on the diagonal
of ρSA, resolving the basis ambiguity.

The conclusion is that the trace operation is crucial here and the fact it
depends on it is justified by using Born’s rule. The rule may be accepted as
an axiom, but it will be shown it can result by following a certain develop-
ment. In the classical case, states can be simply found outb by any ignorant
observer. For quantum states it is different. Ideal measurements always yield
an eigenvalue of the observable which is measured and selects its eigenstate.
If a system is not in an eigenstate of the particular observable selected by the
observer, any measurement will perturb the system’s state by putting it into
an eigenstate of what is measured.

3 Envariance

To give an example of envariance , consider state ψSE given in terms of a
Schmidt decomposition

|ψSE〉 =
N∑
k=1

ak |sk〉|εk〉. (3.1)

A Schmidt decomposition refers to a particular way in which a vector in a
tensor product of two inner product or Hilbert spaces is expressed: for each
w ∈ H1⊗H2, there exist orthonormal bases of each such that w =

∑
i αi ui⊗vi.

By definition of Schmidt decomposition, the |sk〉 and |εk〉 are orthonormal and
αk are scalars. Any pure bipartite state can be written in this way. A whole
class of envariant transformations can be exibited for such pure quantum states.
There are some important theorems which can be developed which expand on
the properties of envariance. Three important results which do this will be
presented here with proof.

1. Any unitary transformation which has Schmidt eigenstates |sk〉 is en-
variant.

Proof: Consider the state uS =
∑N

k=1 e
iϕk |sk〉〈sk|. The system-environment

is described by

|ΨSE〉 =
N∑
k=1

ak|sk〉|εk〉. (3.2)
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Then applying uS to |ψSE〉, the following result is obtained

uS |ΨSE〉 =
N∑
j=1

eiϕj |sj〉〈sj| ·
N∑
k=1

ak|sk〉|εk〉 =
N∑
k=1

eiϕj |sj〉
N∑
k=1

δjkak|εk〉

=
N∑
j=1

eiϕj aj|sj〉|εj〉. (3.3)

The action of uS can be undone or reversed by means of a counter-transformation
on E

uE =
N∑
k=1

e−iϕk+2πβki|εk〉〈εk|. (3.4)

The βk in (3.4) are arbitrary integers. Since

uS

N∑
j=1

eiϕjaj|sj〉〈sj| =
N∑
k=1

e−iϕk+2πβki|εk〉〈εk| ·
N∑
j=1

eiϕjaj|εj〉〈εj|

=
N∑
k=1

N∑
j=1

e−iϕk+2πβkiaj|εk〉δkj|sj〉

=
N∑
j=1

e2πβkiak|εk〉〈εk|. (3.5)

�
2. All envariant unitary transformations have eigenstates that correspond

with the Schmidt expansion of |ψSE〉, so this means they have the form uS .
Proof: Suppose there is a unitary envariant ũS that cannot be made codi-

agonal with the Schmidt basis of |ψSE〉. It will then inevitably transform the
Schmidt states of S,

ũS ⊗ 1E |ψSE〉 =
N∑
k=1

ak
(
ũS |sk〉

)
|εk〉 =

N∑
k=1

ak|s̃k〉|εk〉 = |η̃SE〉. (3.6)

If ũS is envariant, there must be a ũE such that

1S ⊗ ũE |η̃SE〉 =
N∑
k=1

ak|sk〉|εk〉 = |ψSE〉. (3.7)

Unitary transformations acting exclusively on HE cannot change states in HS .
So the new set of Schmidt states |s̃k〉 of η̃SE cannot be rotated back to |sk〉 by
any ũE . It follows that when Schmidt states are uniquely defined, there is no
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envariant unitary transformation that acts on the environment and restores
the global state to |ψSE〉 after Schmidt states of S were altered by ũS . �

This has the consequence that properties of global states are envariant if
and only if they are a function of the phases of the Schmidt coefficients.

3. For an entangled global state of the system and the environment all
measurable properties of S which include probabilities of various outcomes
may not depend on the phases of the Schmidt coefficients. The state of S has
to be determined completely by the set of {|ak|, |sk〉}.

Proof: The transformation uS could modify the state of S. By defini-
tion of envariance, the effect of uS can be reversed or undone by a counter-
transformation of the form 1 ⊗ uS . But unitary transformations must act
on the system to alter its state. When the evolution operator has the form
· · · ⊗ 1S ⊗ · · · , the state of S remains the same. As SE is returned to the
initial state S, the states of S must also have been restored. It could not have
been effected by the reverse transformation by the property just mentioned,
so it must have been left unchanged by the envariant uS in the first place.
From this and the fact that the state of S as a subsystem is all that is needed
to determine the state of the system, the measurable properties of S remain
unaffected by envariant transformations. By 1 and 2, envariant transforma-
tions can modify phases of Schmidt coefficients. Therefore, any measureable
property of S implied by its state must be completely determined by the set
of pairs {|ak|, |sk〉}. �

4 Physical Implications of Envariance

Clearly then, for an observer with no access to E the system has to be charac-
terized by the set of pairs {|ak|, |sk〉}. Only the absolute value of coefficients
can matter since phases of the ak can be altered by acting on E by itself, and
E is causally disconnected from S. In the case in which all |ak| are equal, we
write

|ψSE〉 =
N∑
k=1

|ak|eiϕk |sk〉|εk〉, (4.1)

and any orthonormal basis is Schmidt. Envariance can be used to reassign the
coefficients to different states as ak → al. Such a permutation has to leave
the description of the system invariant. The coefficients can differ just by a
phase, so the phases of the Schmidt coefficients cannot influence probabilities
of the system. The probabilities of all k must be equal, so taking the obvious
normalization, we have

pk =
1

N
. (4.2)
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For a collection of a subset of n out of N mutually exclusive events orthogonal
states has the probability

Pk1∨k2∨···∨kn =
n

N
. (4.3)

The assumption with regard to the coefficients is very strong here.
The case in which the |ak| are not equal is to be considered next. This

case can be reduced to the one of equal coefficients by extending the Hilbert
space of the environment. In so doing, it is found that Born’s rule can be
developed: pk = |ak|2. Phases in the Schmidt decomposition have been shown
to be irrelevant, so it must be the probabilities have to depend on the absolute
values of the coefficients.

Consider as an example a two-dimensional Hilbert space of the system
spanned by the two states {|a〉, |c〉}, and a three-dimensional Hilbert space of
the environment

|ψSE〉 =
1√
3

(
√

2|a〉|−〉+ |c〉|c〉). (4.4)

The system state appears on the left, and the state |−〉 = (|a〉− |b〉)/
√

2. This
exists in the subspace of E which is at least two-dimensional and orthogonal
to the environment state |c〉 so that 〈a|b〉 = 〈a|c〉 = 〈b|c〉 = 〈|c〉 = 0.

The approach is to reduce this to the case (4.1) by extending the state
|ψSE〉 to one |ψSEE ′〉 with equal coefficients by acting only on the causally
disconnected E . Therefore the probabilities we infer for S could not have
changed. To carry this out, one admits a c-shift to act between E and E ′ so
that |k〉 |a′〉 → |k〉 |k′〉 and

|ψSE〉 |a′〉 =
1√
3

(√
2|a〉|−〉|a′〉+|b〉|b〉|a′〉

)
→ 1√

3

(√
2|a〉|a〉|a

′〉+ |b〉|b′〉√
2

+|c〉|c〉|c′〉
)

=
1√
3

(
|a〉|a〉|a′〉+ |a〉|b〉|b′〉+ |c〉|c〉|a′〉

)
. (4.5)

Now the phases are unimportant since they can be altered or absorbed by
manipulating E ′ on its own. Clearly, for the combination of S and E the
orthonormal product states have coefficients with the same absolute values,
hence they can be swapped so all of them have the same probability.

In the case in which all the probabilities of |a〉|a〉, |a〉|b〉 and |c〉|c〉 are all
equal to 1/3 and two involve |a〉 state, so the probability of state |a〉 is twice
that of |c〉 hence

pa =
2

3
, pc =

1

3
. (4.6)

To generalize this procedure, introduce the normalized state

|ψSE〉 =
N∑
k=1

√
mk

M
|sk〉|εk〉, M =

N∑
k=1

mk. (4.7)
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The coefficients are commensurate and as the Hilbert subspace of E corre-
sponding to different k are assumed to be at least mk-dimensional, consider a
c-shift which generates the following mapping

|εk〉|ε′〉 =
( 1
√
mk

mk∑
lk=1

|εlk〉
)
|ε′〉 → 1

√
mk

mk∑
lk=1

|εlk〉|ε′lk〉. (4.8)

Consequently, E can be coupled to an extended E ′ at least as large,

|ψSE〉|ε〉 →
1

M

N∑
k=1

|sk〉
( mk∑
lk=1

|εlk〉|ε′lk〉
)
. (4.9)

The natural cancelation of the root has been done in (4.9). It follows as a direct
consequence of the relation between the states |εk〉 and their Fourier-Hadamard
transforms |εk〉.

The state which results can be expressed in a more invariant form as,

|ΦSEE ′〉 =
1

M

M∑
j=1

|sk(j)〉|εj〉|ε′j〉. (4.10)

The environmental states are orthonormal and the system state is the same
within different blocks of size mk so the same |sk(j)〉 appears for mk different

values of j and the sum
∑N

k=1mk = N . Again, the phases are irrelevant
because of envariance, so terms with different values of j can be swapped and
so by (4.3), their probabilities are all equal to 1/M . Born’s rule then follows
directly,

pk = p(|sk〉) =
mk

M
= |ak|2. (4.11)

5 Conclusions

The proof of the independence of the probabilities from the phases of the
Schmidt coefficients could not be carried out for an equal amplitude pure state
of a single isolated system. The problem with |ψ〉 = N−1/2

∑N
k=1 e

iϕk |k〉 is
the accessability of the phases. For example, states (|0〉 + |1〉 − |2〉)/

√
3 and

(|2〉+ |1〉− |0〉)/
√

3 in the absence of entanglement, there is no envariance and
swapping of states corresponding to various k is detectable. Measurements of
observables with phase-dependent Hadamard eigenstates |1〉 + |2〉, |1〉 − |2〉
would have revealed the difference between states |ψ〉 and |ψ′〉. Given an
ensemble of identical pure states, a skilled observer ought to be able to verify
they are pure and find out what they are. Loss of phase coherence is required
to allow for the shuffling of the states and coefficients.
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Once a measurement has taken place, a correlation with the apparatus or
with the memory of the observer was established, it is hoped that records will
retain validity over time well beyond the decoherence time scale. A collapse
from a variety of possibilities to a single reality can be confirmed by subsequent
measurements in the einselected basis.
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