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Abstract
A two-dimensional wave equation for a cord (thin rope) that de-

scribes waves propagating on a cord under the non-gravitational field
is derived without assuming constant norm of a cord tension vector.
This cord wave equation represented with respect to arclength s and
time t has a parametric-formed general solution. To solve this equation
for a particular solution, micro-amplitude approximation is assumed.
As a result, a unimodal solitary wave solution and a periodic sine-like
wave solution for this equation are found. It is denoted that the cord
wave equation reduces to an ordinary linear wave equation under the
micro-amplitude approximation. And, the linear wave equation has the
d‘Alembert‘s solution that causes stable collisions of two solitary waves
propagating in the opposite directions.

Keywords: wave equation for cord, unimodal solitary wave, periodic sine-
like wave, stationary sine wave

1 Introduction

In 1954, J. W. Craggs considered the plane motion of a thin, perfectly flexible
cord (string) of uniform mass m per unit length (in the unstretched state).[1]
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And he declined r as the ratio of the stretched to the unstretched length of
an element of the cord. Namely, the stretched state of the cord is permitted
in this system. At the point that the cord is extensible there, the problem
proposed by Craggs is different from ours. In the present paper, we assume
that stretching and contraction of the cord can be neglected. Therefore, we
note that the method of characteristics to derive a general theory of waves in
cords in the paper by Craggs has no useful relation with our analysis.

In 1961, N. Cristescu introduced the stress-strain relation to investigate the
longitudinal and transverse waves on the cord (string).[2] He also considered
the stretchable cord and presented a numerical method to solve the equation
of motion. On the contrary, in the present paper, we denote the analytical
approach to clarify the properties of the transverse waves propagating on the
cord. From this view point, our position on the study differs from the one of
Cristescu.

In 1994, we studied a three-dimensional wave equation for a cord (thin
rope) under the non-gravitational field and also its N-spiral solitary wave so-
lution propagating on a cord.[6] In this previous paper, we emphasize that the
above equation was derived under assumption in the beginning that a norm
of a cord tension vector is constant. There, we cited a paper by Tsuru that
there exist spiral curves as bending curves of an elastic rod.[9] Recently, we
also studied a multiple mode of a rotational stationary wave on a cord under
the non-gravitational field.[7] There, we obtained an analytic expression for
this rotational stationary wave when its amplitude is sufficiently small. On
the other hand, many researchers thus far have mainly treated a one-circular
(one-loop) solitary wave or N-loop solitons.[8, 3] However, an analytic expres-
sion for a unimodal solitary wave has not yet been obtained. The aims of the
present paper are to derive a two-dimensional wave equation for a cord under
the non-gravitational field without assuming a constant cord tension in the
beginning and to solve it for a unimodal solitary wave solution and a periodic
sine-like wave solution propagating on the cord under micro-amplitude approx-
imation. To denote that the cord wave equation reduces to an ordinary linear
wave equation under this approximation is also our objective. As a result,
the present physical problem becomes a linear wave system and the ordinary
linear wave equation has the d‘Lambert‘s solution. And then, a sum of two
wave solutions propagating in the opposite directions satisfies the above linear
wave equation. In a separate paper, we derive various exact solutions in the
wave equation for the cord without approximation such as the micro-amplitude
one.[5]

In Sect. 2, we derive the cord wave equation for the wave solutions prop-
agating on the cord under the non-gravitational field. In Sect.3.1, we find the
unimodal solitary wave solution of the wave equation for the cord under the
micro-amplitude approximation through assuming the parametric form of the
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particular solution given by the hyperbolic function. In Sect.3.2, in the same
manner as the argument in Sect.3.1, we obtain a periodic sine-like wave solu-
tion of the cord wave equation. In Sect.3.3, we study a stationary sine wave
solution by considering a sum of an incident sine wave solution and its reflective
wave solution against a fixed point on the cord. The last section is devoted to
discussion. There, we investigate difference between the linear wave solutions
derived in the present paper and the nonlinear large deformation exact wave
solution such as the one-circular (one-loop) solitary wave solution.

2 Wave Equation for Cord

First, we assume that no external forces such as gravity are exerted on a
cord and that stretching and contraction of a cord are negligible. And, we let
a cord lie along the x-axis and a wave propagate on the xy-plane. Here, we
consider an infinitesimal portion of the cord in the interva [s, s+ ds], where s
is an arclength along the cord as shown in Fig. 1. And let T be a norm of the
tension vector.

O X

Y

T(s)

(s)θ

T(s+ds)

θ
(s+ds)

Figure 1: Infinitesimal portion of cord in [s, s+ ds].

Then, the equation of motion for the cord under the non-gravitational field
reads

σds
∂2z

∂t2
= T (s+ ds)eiθ(s+ds) − T (s)eiθ(s), (2.1)

where z = x + iy, t is time, σ a line density of the cord. Taking the limit
ds→ 0, we have

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.2)
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This is an original equation of motion for the cord. Here, we should remark
that

zs = eiθ, (2.3)

x2s + y2s = 1, (2.4)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter.

Next, we shall prove the following theorem.

Theorem 1 T is constant when there exists such a form of a solution as
z(s, t) = z(ξ) = z(s− ct), where c is an arbitrary constant.

Proof Substituting Eq. (2.3) into Eq. (2.2), we have

1

σ

∂T

∂s
eiθ + i

(
T

σ
− c2

)
dθ

dξ
eiθ = 0. (2.5)

Hence, we obtain

Ts = 0, (2.6)

c2 = T/σ (T is constant). (2.7)

Then, we have proved T constant.

�

Combining Eq. (2.2) with Eq. (2.7) yields

∂2z

∂t2
− c2∂

2z

∂s2
= 0. (2.8)

This is a wave equation for the cord. We should remark that the wave equation,
Eq. (2.8) can be derived without assuming in the beginning that the norm T of
the cord tension vector is constant in contrast with the previous paper.[6] From
Eq. (2.8), we find that this wave equation has the arbitrariness as follows:

z(s, t) = z + At+B. (2.9)

where A and B are arbitrary c-number constants. Taking into account the
initial form of the solution in Eq. (2.8), we have

z = ξ + f(ξ) + ig(ξ) + At+B = s+ f(ξ) + ig(ξ) + (A− c)t+B, (2.10)

where the terms (A−c)t+B can be omitted since this terms mean only motion
of a rigid body. Then, we obtain

z = x+ iy = s+ f(ξ) + ig(ξ). (2.11)
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This result that loses no generality as a general solution of the wave equation
(2.8) is made use of later.

Partial differentiating Eq. (2.8) with respect to s once and taking Eq. (2.3)
into account, we obtain

∂2

∂t2
eiθ − c2 ∂

2

∂s2
eiθ = 0. (2.12)

This equation reduces to(
∂θ

∂t

)2

− c2
(
∂θ

∂s

)2

=

(
∂θ

∂t
+ c

∂θ

∂s

)(
∂θ

∂t
− c∂θ

∂s

)
= 0, (2.13)

∂2θ

∂t2
− c2∂

2θ

∂s2
= 0. (2.14)

The former equation has a following general solution:

θ(s, t) = h(s+ ct) or k(s− ct), (2.15)

where h and k are arbitrary functions. The latter equation has the d‘Lambert‘s
solution

θ(s, t) = h(s+ ct) + k(s− ct). (2.16)

Since the general solution of Eqs. (2.13) and (2.14) is given by Eq. (2.15),
there exist waves propagating in only one direction under the non-gravitational
field. Under this situation, we derive various exact wave solutions from the
wave equation for the cord in the separate paper.[5]

Next, Eq. (2.15) can be rewritten as

(θ − h)(θ − k) = θ2 − (h+ k)θ + hk = 0. (2.17)

Here, we assume that h and k are sufficiently small, namely,

h(s+ ct) ≈ δ and k(s− ct) ≈ δ (δ ≈ 0). (2.18)

And we neglect the second-order term hk ≈ δ2 n Eq. (2.17), then we have

θ[θ − (h+ k)] = 0. (2.19)

This equation yields Eq. (2.16) again. From Eqs. (2.18) and (2.16), θ ≈ δ
holds. This condition can be realized by the approximation that the amplitude
of a propagating wave is sufficiently small. In this case, because the relation
x = s will be verified later, Eq. (2.8) becomes an ordinary linear wave equa-
tion. And, we find that there exist waves propagating in both directions, or
stationary waves. Here, θ satisfies Eq. (2.4) automatically, so that we need not
take it into account. Moreover, we point out that the argument thus far has
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clarified the difference between the case of the exact solutions and the case of
the micro-amplitude approximate solutions in the wave equation of the cord.
Summing up the result, there are two cases in the wave solutions in Eq. (2.8).
It is one case of the exact wave solutions that Eq. (2.8) has progressive waves
propagating in one direction and there exist no two or more solitary waves
propagating in the opposite directions and maintaining their initial shapes af-
ter collisions.[5] It is the other case of the approximate wave solutions that Eq.
(2.8) has the d‘Lambert‘s solution and there exist two or more solitary waves
propagating in the opposite directions and maintaining their initial shapes after
collisions and also stationary waves under the micro-amplitude approximation.

Next, by analogy with the one-circular (one-loop) solitary wave solution,[8]
we shall introduce a parametric form of the wave solution (x(s, t), y(s, t)) for
Eq. (2.8), namely,

x(s, t) = s+ (1/κ)f(u), (2.20)

y(s, t) = (1/κ)g(u), (2.21)

where,

u = κ(s− s0 ± ct), (2.22)

κ is an arbitrary constant, and f(u) and g(u) are arbitrary functions with
respect to u. We can readily make sure that Eqs. (2.20) and (2.21) except κ
are just the same form as the general solution Eq. (2.11). Hence, Eqs. (2.20)
and (2.21) lose no generality as the general solution of the wave equation (2.8).

In addition, we prove the following theorem.

Theorem 2 the form of Eqs. (2.20) and (2.21) with Eq. (2.4) is a necessary
and sufficient condition for a wave solution of Eq. (2.8) propagating along the
x-axis.

Proof First, due to Eqs. (2.20) and (2.21), we can make sure that

y = (1/κ)g◦f−11 [κ(x− s0 ± ct)] = y[κ(x− s0 ± ct)], (2.23)

where

κ(x− s0 ± ct) = κ(s− s0 ± ct) + f(u) = u+ f(u) ≡ f1(u). (2.24)

Equation (2.23) means that the wave in the parametric form, Eqs. (2.20) and
(2.21) propagates maintaining its shape in one direction with the constant
velocity c. Inversely, we assume that y is given by an arbitrary function q(v):

y = y[κ(x− s0 ± ct)]≡q(v), (2.25)
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where,

v = κ(x− s0 ± ct), (2.26)

y → 0 as s→ ±∞, (2.27)

and then, we have

s− x =

∫ x

−∞

[√
1 + y2x − 1

]
dx =

∫ v

−∞

[√
1 + κ2y2v − 1

] dv
κ
≡ 1

κ
p(v). (2.28)

This equation reduces to

κ(x− s0 ± ct) + p(v) = κ(s− s0 ± ct). (2.29)

and namely, we obtain
u = v + p(v)≡p1(v). (2.30)

Substituting this result into Eq. (2.28), we have

s− x = (1/κ)p◦p−11 (u)≡− (1/κ)f(u). (2.31)

Accordingly, we obtain Eq. (2.20). From Eqs. (2.25) and (2.31), we get Eq.
(2.21) again:

y = q◦p−11 (u)≡(1/κ)g(u). (2.32)

�

Here, the reason 1/κ is included in this equation is explained as follows.
From Eqs. (2.20) and (2.21), we have

xs = 1 + fu = cos θ, (2.33)

ys = gu = sin θ. (2.34)

Both expressions of cos θ and sin θ, Eqs. (2.33) and (2.34) can include no κ
because of the factor 1/κ in the above-mentioned equation. Finally, we have
proved that Eqs. (2.20) and (2.21) with Eq. (2.4) are the necessary and
sufficient condition for wave solutions propagating along the cord.

Next, we investigate the relation between f(u) and g(u) in Eqs. (2.20) and
(2.21). Substituting Eqs. (2.33) and (2.34) into Eq. (2.4), we obtain

f 2
u + 2fu + g2u = 0. (2.35)

Here, we prove the following theorem.

Theorem 3 having the d‘Lambert‘s solution in the cord wave equation (2.8)
is equivalent with fu ≈ 0.
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Proof First, Eqs. (2.18) and (2.16) yield

θ ≈ δ. (2.36)

Substituting this equation into Eqs. (2.33) and (2.34), we get

fu ≈ δ2, (2.37)

gu ≈ δ. (2.38)

Inversely, we assume Eq. (2.38), then we have Eq. (2.37) from Eq. (2.35).
And, these equations, Eqs. (2.33), and (2.34) yield Eqs. (2.36), (2.18), and
hk ≈ δ2.

�

Accordingly, the proposition has been proved. And, the condition, fu ≈ 0 is
derived inevitably when the wave equation (2.8) has the d‘Lambert‘s solution.
Hence, approximate solutions that are derived from fu ≈ 0 maybe restrain no
novelty and originality as the physical problem.

Here, we take Eq. (2.37) into account and neglect the second-order term,
f 2
u ≈ δ4 in Eq. (2.35), and then we have

f(u) = −1

2

∫ u

−∞
g2udu, (2.39)

(x− s) = (1/κ)f(u)→ 0 as s→ −∞. (2.40)

We can realize the assumption fu ≈ 0 under the condition that the amplitude
of the wave in the present physical system is sufficiently small as shown in the
following analysis.

3 Various Wave Solutions

In this section, we take up sechu and sinu as g(u) in Eq. (2.21) that are
able to be integrated into fundamental functions in Eq. (2.39). At the end of
this section, we denote the reason applying these functions.

3.1 Unimodal solitary wave solution

Now we are at the position to derive the unimodal solitary wave solution for
Eqs. (2.20) and (2.21) with a sufficiently small amplitude. In Eqs. (2.20) and
(2.21), we assume that

x = s+ (1/κ)f(u), (3.1)

y = (δ/κ)sechu, (δ ≈ 0) (3.2)

u = κ(s− s0 ± ct). (3.3)
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Substituting Eqs. (3.1) and (3.2) into Eq. (2.39) yields

x = s− (δ2/6κ)
{

tanh3[κ(s− s0 ± ct)] + 1
}
, (3.4)

y = (δ/κ)sech[κ(s− s0 ± ct)]. (3.5)

The unimodal solitary wave solution for δ = 0.3, κ = 3, c = 9 when t =
0, 0.35, and 0.7 is shown in Fig. 2.
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Figure 2: Unimodal solitary waves on cord.

In Eq. (3.4), because of tanh u≈1 we neglect the second-order term of δ2,
and then we have

x = s, (3.6)

y = (δ/κ)sech[κ(x− s0 ± ct)], (3.7)

and Eq. (2.8) reduces to an ordinary linear wave equation,

∂2y

∂t2
− c2 ∂

2y

∂x2
= 0. (3.8)

This ordinary linear wave equation means that under the micro-amplitude
approximation the present physical system is the linear wave one and it has
the d‘Alembert‘s solution, h(x− ct)+k(x+ ct). Hence, a sum of two unimodal
solitary wave solutions with the sufficiently small amplitudes maintains their
initial shapes after a collision when they propagate on the cord in the opposite
directions under the non-gravitational field. On the contrary, a sum of two one-
circular (one-loop) solitary wave solutions collapses their initial shapes after a
collision.[6] The contrast between them is interesting. Here, we consider the
general form of two unimodal solitary wave solutions:

y = (δ1/κ)sech[κ(x− s1 − ct)] + (δ2/κ)sech[κ(x− s2 + ct)]. (3.9)
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Figs. 3, 4, and 5 simulate this equation. In these figures, the appearance of
the collision is shown for κ = 1, c = 1, δ1 = 0.2, δ2 = 0.15, s1 = 4, and s2 =
11, when t = 0, 3.5, and 7.0.
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Figure 3: Collision be-
tween two unimodal soli-
tary waves when t = 0.
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Figure 4: (when t = 3.5).
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Figure 5: (when t = 7.0).

3.2 Periodic sine-like wave solution

Regarding a periodic wave solution, in the same manner as the unimodal
solitary wave solution, we let f(u) and g(u) in Eqs. (2.20) and (2.21) be Eq.
(3.1) and

y = (δ/κ) sin u (δ ≈ 0). (3.10)

Equation (2.39) is modified as

f(u) = −1

2

∫ u

0

g2udu, (3.11)

f(0) = 0. (3.12)

Substituting Eqs. (3.1) and (3.10) into Eq. (3.11), we have

x = s− (δ2/8κ) {2κ(s− s0 ± ct) + sin[2κ(s− s0 ± ct)]} , (3.13)

y = (δ/κ) sin[κ(s− s0 ± ct)]. (3.14)

The periodic sine-like wave solution for δ = 0.2, κ = 1, c = 1, and t = 0 is
shown in Fig. 6.

As seen in Fig. 6, we can make sure that the periodic wave solution on
the cord resembles the sine wave solution with the period of approximately
2π. Explicitly, we show an approximate analytic form of the sine-like wave
solution. Eq. (3.13) reduces to

κ(x− s0 ± ct) = (1− δ2/4)u− (δ2/8) sin 2u. (3.15)

Neglecting the terms of δ2 in this equation yields Eqs. (3.6) and (3.8). So
that, also the ordinary linear wave equation holds and has the d‘Lambert‘s
solutions. Eqs. (3.6) and (3.14) become

y = (δ/κ) sin[κ(x− s0 ± ct)]. (3.16)

This is just a sine wave expression.
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3.3 Stationary sine wave solution

Next, we study a stationary wave solution.[4] Let the origin be a fixed
point and x = l on the x-axis be a point to induce oscillation. Taking the
d‘Alembert‘s solution, h(x− ct) + k(x+ ct) of Eq. (3.8) into account, the gen-
eral form of the sine wave solution, Eq. (3.16) with its reflective wave solution
against the fixed point on the origin reads

y = (δ/κ) sin[κ(x+ ct)] + (δ/κ) sin[κ(x− ct)]. (3.17)

The phase shift between the reflective wave solution and the incident wave
solution is π. This Equation (3.17) reduces to

y = (2δ/κ) sin κx cos κct, (3.18)

where the first-order mode, second-order mode, and third-order mode of sta-
tionary sine wave solutions are given by

κl = π, 2π, 3π, (3.19)

respectively. Equation (3.18) is just a stationary wave expression. In Fig. 7,
we show a shape of the stationary wave solution, Eq. (3.18) in the third-order
mode for κl = 3π, δ = 0.1, κ = 1, and c = 1, when t = 0, and t = π/κc.
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Figure 6: Periodic sine-like wave.
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Figure 7: Shape of stationary wave.

Here, the reason we apply sechu and sin u to Eq. (2.21) as g(u) is because
Eqs. (2.39) and (3.11) can be integrated for the both functions into the funda-
mental functions and because this integrability seems to have a physical mean-
ing in the actual waves propagating on the cord under the non-gravitational
field.

4 Discussion

In the previous paper,[6] we noted that N-loop solitary wave solutions of the
three-dimensional cord wave equation propagate on the cord under the non-
gravitational field at the same velocity in one direction only and that there
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exist no such two or more loop solitary wave solutions propagating in the
opposite directions and maintaining their shapes after collisions. However, by
assuming the sufficiently small amplitudes of the wave solutions, the present
physical problem becomes the linear wave system. The former case is valid
to the nonlinear large deformation wave system such as the one-circular (one-
loop) solitary wave solution on the cord.[8]

The present physical system can be described by the ordinary linear wave
equation under the micro-amplitude approximation and the non-gravitational
field. In this case, this wave equation has the d‘Alembert‘s solution. There
exists two unimodal solitary wave solutions along the cord propagating in the
opposite directions and maintaining their shapes after a collision as seen in
Figs. 3, 4, and 5. Owing to the result such as the collision between the two
unimodal solitary wave solutions or the occurrence of multiple modes of the
stationary sine wave solutions under the non-gravitational field, the analysis
in this paper may be useful for students to learn the wave theory. By simple
experiments on the earth, we can make sure approximately that there exist
such various waves on a cord as denoted here. At the end of this paper, we
refer to that an analysis for a unimodal solitary wave or a periodic sine-like
wave with large amplitude is our future objective.
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