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Abstract

In previous and separate papers, it was denoted that a wave equation
for a string (cord) describing progressive waves on a string under the
non-gravitational field has micro-amplitude approximate wave solutions
and exact wave solutions. In the present paper, five kinds of exact
solutions are found and they are a circular solitary wave solution, a
circle wave one, a U-shaped wave one, a circle-circular connecting wave
one, and a circle-U-shape connecting wave one. Three kinds of the exact
wave solutions, for example, N circular waves, N circle waves and N U-
shaped waves have N singular points (“loops”), respectively, when their
amplitudes approach to 0. Moreover, they can change into each other
through a circle-circular connecting wave solution and a circle-U-shape
connecting wave solution. And, it will be a fascinating conjecture that
the waves with N “loops” may constitute “loop group”.

Keywords: wave equation for string, five exact solutions, loop group

1 Introduction

In 1954, J. W. Craggs treated the plane motion of a flexible, thin string
with a uniform line density in the unstretched state.[1] And, the stretched
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state of the string is permitted in this system. From this standpoint, the
problem proposed by Craggs is different from ours. We note that the method
of characteristics for a general theory of waves by Craggs has no useful relation
with our analysis. In 1961, N. Cristescu introduced the stress-strain relation to
study the longitudinal and transverse waves on the string.[2] He also considered
the stretchable string and denoted a numerical method to solve the equation
of motion. Instead of his method, here, we present the analytical approach to
make clear the properties of the transverse waves propagating on the string.

In a previous paper [6, 7], we studied an equation of motion concerning an
infinitesimal portion of a string (cord). There, it was denoted that a derived
wave equation for a string (cord) has various linear approximate wave solutions
under the micro-amplitude approximation. These wave solutions such as a
unimodal solitary wave solution, a periodic sine wave one, and a kink wave
one were derived from the d‘Lambert‘s solution in the ordinary linear wave
equation. Each of them is stable against collision when two waves propagate
in the opposite directions. There also exists a stationary sine wave.

In another separate paper [4], we derive various exact solutions without
the micro-amplitude approximation. There, we find that they are composed of
a one-circular solitary wave solution,[8, 5, 3] a one-circle wave one, a U-shaped
wave one. In this case, the wave equation for the string has wave solutions
propagating in one direction only. In addition to these three kinds of the exact
wave solutions, we find other two kinds of exact wave solutions, namely, a
circle-circular connecting wave one, and a circle-U-shape connecting wave one
here. And, we investigate topological properties of these three kinds of the eact
wave solutions. They have singular points when their amplitudes approach to
0. We call three kinds of the waves “loops” (“marumime” in Japanese). We
present an attractive conjecture that they may constitute “loop group” and
can change into each other through a circle-circular connecting wave solution
and a circle-U-shape connecting wave solution.

In Sect. 2 and 3, we sum up the results of various exact wave solutions in
the wave equation for the string. In Sect. 4, as a conjecture, loop theory and
loop group are introduced for the three kinds of the N-loop wave solutions.
The last section is devoted to conclusion. There, we describe the problem to
propose a smart mathematical definition of “loop group”.

2 Three kinds of basic exact solutions

First, we assume that no external forces such as gravity are exerted on
a string (cord) and that stretching and contraction of a string are negligible.
And, we let a string lie along the x-axis and a wave propagate on the xy-plane.
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The original equation of motion for the string reads[6]

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.1)

where σ is a line density, s an arclength along the string, and T a norm of a
tension vector. Here, we should remark that

z = x+ iy, (2.2)

zs = eiθ = cos θ + i sin θ, (2.3)

x2s + y2s = 1, (2.4)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter. In the previous paper,[6]
we have proved that T is constant when there exists such a form of a solution
as z(s, t) = z(ξ) = z(s±ct), where c is a positive constant. The proof is shown
in Appendix A. And, T is given by Eq. (A.3). When T is constant, Eq. (2.1)
reduces to

∂2z

∂t2
− c2∂

2z

∂s2
= 0. (2.5)

In the same manner as the separate paper, we present the derivation of
exact solutions in the wave equation for the string under the non-gravitational
field. The property of the exact solutions [4] is shown in Appendix B. First,
we shall introduce the following form of the solution (x, y) in Eq. (2.5):

x = s+ (1/κ)f(u), (2.6)

y = (1/κ)g(u), (2.7)

where
u = κξ = κ(s− s0 ± ct). (2.8)

The boundary conditions are given by

x− s = (1/κ)f(u)→ 0 as s→ −∞, (2.9)

y = (1/κ)g(u)→ 0 as |s| → ∞, (2.10)

Substituting Eqs. (2.6) and (2.7) into Eq. (2.4) yields

fu
2 + 2fu + gu

2 = 0. (2.11)

Solving this quadratic equation for fu and taking Eq. (2.9) into account, we
have

f(u) =

∫ u

−∞

(
−1±

√
1− g2u

)
du. (2.12)

In the following, we apply several examples of fundamental functions to
g(u) in this equation.[4]



416 T. Shimizu and K. Nakayama

ex. 1) ( circular solitary wave solution )

Here, we take a hyperbolic function as g(u) in Eq. (2.12).

g(u) = 2sechu. (2.13)

Substituting this equation into Eq. (2.12), we obtain

f(u) = −2(tanh u+ 1). (2.14)

As a result, Eq. (2.6) and Eq. (2.7) yield

x = s− (2/κ){tanh[κ(s− s0 ± ct)] + 1}, (2.15)

y = (2/κ)sech[κ(s− s0 ± ct)]. (2.16)

These are just the parametric representation of the one-circular solitary wave
solution. In Fig. 1, we plot its curve for s0 = 5, t = 0 in the unit of 1/κ.
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Figure 1: One-circular solitary wave.

ex. 2) ( circle wave solution )

Here, we take a sinusoidal function as g(u) in Eq. (2.12).

g(u) = cos u. (2.17)

Regarding the boundary condition, instead of Eq. (2.9), we impose on f(u)

f(0) = 0. (2.18)

Accordingly, Eq. (2.12) should be modified to

f(u) =

∫ u

0

(
−1±

√
1− g2u

)
du. (2.19)
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Substituting Eq. (2.17) into this equation yields

f(u) = −u±sinu. (2.20)

So that, we get

x− x0 ± ct = ±(1/κ) sin[κ(s− s0 ± ct)], (2.21)

y = (1/κ) cos[κ(s− s0 ± ct)], (2.22)

where x0 = −s0. Eliminating u = κ(s − s0 ± ct) from these equations, we
obtain

(x− x0 ± ct)2 + y2 = .(1/κ)2. (2.23)
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Figure 2: One-circle wave.

This equation means that a rotating circle around its center moves leftward
or rightward along the x-axis. In Fig. 2, we show one-circle wave for c = κ = 1,
and x0 = s0 = 0, when t = 2, 5, and 8.

ex. 3) ( U-shaped wave solution )

Here, we take an expression of sine-Gordon-kink wave as g(u) in Eq. (2.12).

g(u) = 2 arctan[exp(±u)]. (2.24)

We impose Eq. (2.18) on f(u) and substitute Eq. (2.24) into Eq. (2.19), and
then we have

f(u) = ± log(cosh u)− u. (2.25)

Accordingly, (x, y) are given by

x− x0 ± ct = ±(1/κ) log{cosh[κ(s− s0 ± ct)]}, (2.26)

y = (2/κ) arctan{exp[±κ(s− s0 ± ct)]}. (2.27)

In Fig. 3, we show a curve of these equations for κ = 1, x0 = s0 = 0, and c =
1 when t = 0, 2.0, and 4.0. Figure 3 maybe mean that the curve moves left-
ward or rightward by continuing to pull the both ends of the string along the
x-axis with a constant velocity c. This is a U-shaped wave.
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Figure 3: Exact solution through sine-Gordon-kink.

3 Two kinds of connecting exact solutions

In ex.4) and ex.5), we denote derivations of elliptic function solutions as
exact solutions in another way. A calcultion equation is given by

z = x+ iy = −2

∫
1 + ih(ξ)

1 + h(ξ)2
dξ + s+ k2(t), (3.1)

where k2(t) is an arbitrary linear equation with respect to t and ξ is defined
by Eq. (2.8). We show a derivation of this equation in Appendix C.

ex. 4) ( circle-circular connecting wave solution )

We put
h(ξ) = sc(κξ), (3.2)

where sc is the Jacobian elliptic function. Substituting this equation into
Eq. (3.1) yields

z = −2

∫
(cn2κξ + isnκξcnκξ)dξ + s+ k2(t), (3.3)

= −2

[
1

k2κ
ε(κξ)− k′2

k2
ξ − i

k2κ
dnκξ

]
+ s+ k2(t), (3.4)

where ε is the Jacobian epsilon function, k is a modulus, and k′ is a comple-
mentary modulus. When considering the case, k = 0, we have

sn(u, 0) = sinu, cn(u, 0) = cosu, (3.5)

Substituting these equations into Eq. (3.3), we obtain

z = x+ iy = − 1

2κ
sin 2κξ +

i

2κ
cos 2κξ + ct+ k2(t). (3.6)
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Eliminating ξ from x, y, we get

(x− x0±ct)2 + y2 = (1/2κ)2. (3.7)

This is just a circle wave solution. Next, considering the case, k = 1, we have

sn(u, 1) = tanhu, cn(u, 1) = sechu, (3.8)

Substituting these equations into Eq. (3.3) yields

x = s− 2

κ
(tanhκξ + 1), (3.9)

y =
2

κ
sechκξ. (3.10)

This is just a circular solitary wave solution. As a result, we call the exact
solution, Eq. (3.4) a circle-circular connecting wave solution.

ex. 5) ( circle-U-shape connecting wave solution )

As h(ξ), we put

h(ξ) =
cnκξ

snκξ − 1
. (3.11)

Substituting this equation into Eq. (3.1), we obtain

z = x+ iy =

∫
(snκξ − 1 + icnκξ)dξ + s+ k2(t). (3.12)

Here, define

Sn(u, k) =

∫
sn(u, k)du = ±1

k
log(dnu∓kcnu) + C1, (3.13)

Cn(u, k) =

∫
cn(u, k)du = ±1

k
sin−1(±ksnu) + C2. (3.14)

combining these equations with Eq. (3.12) yields

z = x+ iy =
1

κ
Snκξ +

i

κ
Cnκξ + s0∓ct+ k2(t). (3.15)

Considering the case, k = 0 and substituting Eq. (3.5) into Eq. (3.12), and
then we have

z = x+ iy = −1

κ
cosκξ +

i

κ
sinκξ + s0∓ct+ k2(t). (3.16)

Eliminating ξ from x, y yields

(x− x0±ct)2 + y2 = (1/κ)2. (3.17)
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This is just a circle wave solution. Next, considering the case, k = 1 and
substituting Eq. (3.8) into Eq. (3.12), we obtain

x− x0 ± ct = (1/κ) log{cosh[κ(s− s0 ± ct)]}, (3.18)

y = (2/κ) arctan{exp[κ(s− s0 ± ct)]}. (3.19)

This is just a U-shaped wave solution. As a result, we call the exact solution,
Eq. (3.15) a circle-U-shape connecting wave solution. Possibly, there may exist
a better expression instead of Eq. (3.11).

Summing up the result, there exist five kinds of the exact wave solutions,
namely, a circular solitary wave solution, a circle wave one, a U-shaped wave
one, a circle-circular connecting wave one, and a circle-U-shape connecting
wave one.

4 “Loop group”

In this section, we suggest a problem of a “loop theory” in the two dimen-
sional topology. First, we try to classify the exact wave solutions in the string
wave equation through their mathematical structure. Especially, we take up
the three kinds of the exact solutions. Namely, as definite figures there exist
one-circular solitary wave, one-circle wave, and U-shaped wave. Under a limit
that their amplitudes → 0, each of them has a topological particle (singu-
lar point). We name it “loop”(marumime in Japanese). In the case of the
U-shaped wave, there remains a cusp (singular point).

On the other hand, each of the linear wave solutions under the micro-
amplitude approximation [6] has no topological particles, namely, “loop”= 0,
and disappear under the limit that their amplitudes → 0. Also it is natural
that the exact wave solutions cannot be converted into the linear approximate
wave solutions under the limit that their amplitudes → 0, since they have the
different topological property.

Next, we investigate the three-dimensional topology, which has the knot
theory and the braid theory. For example, a sphere is the topological mani-
fold, and knots and braids have the freedom to change continuously into each
other in a cubic deformation. On the other hand, a curved surface is the topo-
logical manifold in the two-dimensional topology. And taking the limit of the
modulus, 0 ← k → 1 in the circle-circular connecting wave or the circle-U-
shape connecting wave, the three kinds of the exact wave solutions on a plane,
namely, a circular wave, a circle wave, and a U-shaped wave can change into
each other. In the two-dimensional topology, they will become three kinds of
basic composition elements, which change into each other in continuous defor-
mations by two kinds of the connecting intermediate state waves, namely, the
circle-circular connecting wave and the circle-U-shape connecting wave. Here
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and hereafter, we consider the present loop system not from the viewpoint
of the wave equation for the string but from tne viewpoint of the topology.
Moreover, we regard a wave as a loop.

Regarding circular waves, one-circular wave, two one-circular wave, or three
one-circular wave are the loop number= 1, 2, 3, respectively. Regarding cir-
cle waves, so are ©, © ©, or © © ©. Regarding U-shaped waves, so
are U-shaped wave, U U-shaped one, or U U U-shaped one. Here, we denote a
fascinating conjecture that these three kinds of the exact wave solutions with
loops may constitute a loop group. So, we shall try to consider a definition of
loop group. We will be able to define a operation as making n loops. Then,
a unit element is defined as a line (no operation). And, an inverse element
is defined to be an operation decreasing n loops. Here, we define loop waves
propagating rightward with the same velocity to be elements with positive
loop numbers and vice vasa (inverse elements). After an operation between
different two kinds of three basic elements, we consider a resultant element to
be one of the three kinds of N-loop waves. For example, in the case that a
one-circle wave operates to one-cirsular wave (propagating in one right direc-
tion), there appear two one-circular waves or two one-circle waves through the
circle-circular connecting wave. In the same manner, in the case that a right-
opened one-U-shaped wave (propagating rightward) operates to one-circular
wave (propagating rightward), there appear two one-circular waves or U U-
shaped waves through two kinds of the connecting intermediate state wave
solutions. When a left-opened U-shaped wave propagating leftward (inverse
element) operates to a right-opened U-shaped wave (propagating rightward)
with their one side of ends connected, they become a line (unit element). Con-
sequently, there can remain only three kinds of the N-loop waves propagating
only in one direction as shown in Appendix B. Regarding also a circle wave or
a circular wave, each inverse element can be given by a wave propagating in
the opposite direction as well as a U-shaped wave.

5 Conclusion

We think that the definition of loop group may have a little mathematical
ambiguity. As one of the conjectures of the loop theory, it may be also con-
sidered that there exists a more sophisticated definition concerning elements,
inverse elements, operations, or deformations. In addition, since the three
kinds of loops can change into each other, they may be regarded as equiva-
lent. Accordingly, they will have a loop invariant (loop number) and a loop
polynomial. We should remark that N-loop wave expressions may be derived
as independent N one-loop waves. Actually, there also exist three kinds of N
one-loop waves experimentally and topologically. So that, we conjecture that
to consider the loop theory and the loop group will not be wrong. And, the
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wave phenomena that two or more of three kinds of the exact wave solutions
propagating in the opposite directions collapse and disappear after collisions
will be related to the operation of the inverse elements propagating in the
opposite direction to the normal elements for the loop group.

Appendix A

Here, we shall prove that T is constant when there exists such a form
of a solution as z(s, t) = z(ξ) = z(s±ct), where c is a positive constant.
Substituting this form of solution into Eq. (2.1) and taking zξ = zs = eiθ into
account, we have

1

σ

∂T

∂s
eiθ + i

(
T

σ
− c2

)
dθ

dξ
eiθ = 0. (A.1)

Hence, we get

Ts = 0, (A.2)

c =
√
T/σ (T is constant). (A.3)

Appendix B

Let ξ+ and ξ− be

ξ+ = s+ ct, (B.4)

ξ− = s− ct, (B.5)

and then Eq. (2.5) reduces to

∂2

∂ξ+∂ξ−
z = 0. (B.6)

Partial differentiating Eq. (B.6) by s and substituting Eq. (2.3) into the resul-
tant equation, we have

∂2

∂ξ+∂ξ−
eiθ = 0. (B.7)

This equation yields
∂2

∂ξ+∂ξ−
θ = 0, (B.8)

and
∂

∂ξ+
θ
∂

∂ξ−
θ = 0. (B.9)
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From Eq. (B.8), θ has a d’Lambert’s solution

θ = p(ξ+) + q(ξ−), (B.10)

where p and q are arbitrary functions. Eq. (B.9) yields

p(ξ+) = constant, or q(ξ−) = .constant. (B.11)

From Eqs. (B.10) and (B.11), θ has a general solution

θ = p(ξ+), or q(ξ−). (B.12)

In general, we can put z(s, t) to

z(s, t) = z(ξ) + k(t), (B.13)

and substitute it into Eq. (2.5), and then we have

k(t) = Gt+H, (B.14)

where G and H are c-number constants. From Eqs. (B.13) and (B.14), we let

x = f(ξ) +G1t+H1, (B.15)

y = g(ξ) +G2t+H2, (B.16)

where G1, H1, G2, H2 are real constants. Eliminating ξ from these equations,
we obtain

y = (g◦f−1)(x−G1t−H1) +G2t+H2. (B.17)

Here, we omit G2t+H2 because these terms mean mere motion of a rigid body,
and this equation reduces to

y = h(x− x0±at), (B.18)

where (g◦f−1)(x) = h(x), G1 = ±a, andH1 = x0. This equation means that
the wave equation for the string, Eq. (2.5) has only a propagating wave solution
in one direction as an exact solution when the form of a solution is expressed
as Eq. (B.13).

Appendix C

Taking into account Eq. (2.3) and the assumption that the solution is a
function of ξ, the relation zξ = eiθ yields

z =

∫
eiθ(ξ)dξ. (C.19)
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In this equation, we put eiα as phase shift and h = tan(θ/2), and then we have

z = 2eiα
∫

1 + ih(ξ)

1 + h(ξ)2
dξ − eiαξ + k1(t), (C.20)

where k1(t) is an integral constant and a linear equation with respect to t.
Choosing phase shift as α = π yields

z = −2

∫
1 + ih(ξ)

1 + h(ξ)2
dξ + s+ k2(t), (C.21)

where k2(t) is an integral constant and a linear equation with respect to t.
This equation is just the same as Eq. (3.1).
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