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Abstract

A wave equation for a cord (thin rope) that describes waves prop-
agating on a cord under the non-gravitational field was derived in a
previous paper when a tension T of a cord is constant. And, it was
found that this wave equation has a unimodal solitary wave solution or
a periodic sine wave solution when its amplitude is sufficiently small.
The present paper is a sequel to the previous paper and here n-th power
of the former wave solution or (2n−1)-th power of the latter wave solu-
tion is found to be also an approximate solution of the wave equation for
the cord. This time it is made clear that the wave equation has a kink
or anti-kink wave solution. Moreover, stabilities of these approximate
wave solutions are investigated. As a last argument, collisions between
kink·kink or kink·anti-kink waves are studied and their appearances are
plotted.
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1 Introduction

In 1954, J. W. Craggs reported the plane motion of a thin, perfectly flexible
string. And he considered the ratio of the stretched to the unstretched length



402 T. Shimizu and K. Nakayama

of an element of the string.[1] In 1961, N. Cristescu introduced the stress-strain
relation to investigate the longitudinal and transverse waves on the string. He
also considered the stretchable string and presented a numerical method to
solve the equation of motion.[2]

Recently in a previous paper,[5] we derived (1+1)-dimensional wave equa-
tion for a cord (thin rope) that describes waves propagating on a cord under
the non-gravitational field. And there, we found that this wave equation has a
unimodal solitary wave solution or a periodic sine wave solution under micro-
amplitude approximation. The present paper is a sequel to the previous paper.
Here, we clarify newly that the wave equation for the cord has also n-th power
of the former wave solution or (2n − 1)-th power of the latter wave solution.
For the first time, we report kink or anti-kink wave solution in this wave equa-
tion. In a separate paper,[4] we investigate various exact solutions in the wave
equation for the cord when tension T of the cord is not constant or when T
is constant. There, one-circular (one-loop) solitary wave solution [3, 4, 6, 7] is
derived in a natural way.

The aims of the present paper are to denote the stability of various wave
solutions in the wave equation for the cord under the micro-amplitude approx-
imation and to investigate the collisions between two kink (anti-kink) waves
by showing their appearances in figures. In Sect. 2, we denote the argument
that a equation with respect to an elevation angle θ at the point (x, y) on the
curve has progressive wave solutions in one direction in general. However, the
equation has the d’Lambert’s solution when amplitudes of progressive wave
solutions are sufficiently small. In Sect. 3, we investigate the stability of var-
ious wave solutions in the wave equation for the cord. In Sect. 4, we study
the collisions between two kink (anti-kink) waves and show the curves of these
waves before and after the collisions in figures. The last section is devoted to
discussion. There, we discuss a reflection between an incident kink wave and
a reflective anti-kink wave.

2 d’Lambert’s solution

First, we assume that no external forces such as gravity are exerted on a cord
(thin rope) and that stretching and contraction of a cord can be neglected.
And, we let the cord lie along the x-axis, and a wave propagate on the xy-
plane. Here, we consider an infinitesimal portion of the cord in the interval
[s, s+ds], where s is an arclength along the cord. And, let T be a norm of the
tension vector. Modifying a notation in the separate paper,[4] the equation
of motion for the infinitesimal portion of the cord under the non-gravitational
field reads

σds
∂2z

∂t2
= T (s+ ds)eiθ(s+ds) − T (s)eiθ(s), (2.1)
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where z = x + iy, t is time, σ a line density of the cord. Taking the limit
ds→ 0, we have

σ
∂2z

∂t2
=

∂

∂s

(
T
∂z

∂s

)
, (2.2)

This is the original equation of motion for the cord. Here, we should remark
that

zs = eiθ, (2.3)

x2s + y2s = 1, (2.4)

where (cos θ, sin θ) is a unit tangential vector, and subscript s denotes partial
differentiation with respect to s here and hereafter. By partial differentiating
Eq. (2.2) once with respect to s and substituting Eq. (2.3) into the resultant
equation, we obtain

∂2

∂t2
eiθ − ∂2

∂s2

(
T

σ
eiθ
)

= 0. (2.5)

Next, we shall prove that T is constant when there exists such a form
of a solution as z(s, t) = z(ξ) = z(s±ct), where c is a positive constant.
Substituting this form of solution into Eq. (2.2) and taking zξ = zs = eiθ into
account, we have

1

σ

∂T

∂s
eiθ + i

(
T

σ
− c2

)
dθ

dξ
eiθ = 0. (2.6)

Hence, we get
Ts = 0, (2.7)

c =
√
T/σ (T is constant). (2.8)

Combining Eq. (2.2) with Eq. (2.8) yields

∂2z

∂t2
− c2∂

2z

∂s2
= 0. (2.9)

This is the wave equation for the cord.
Partial differentiating Eq. (2.9) once with respect to s and substituting

Eq. (2.3) into Eq. (2.9), we obtain

∂2

∂t2
eiθ − c2 ∂

2

∂s2
eiθ = 0. (2.10)

Equation. Eq. (2.10) reduces to(
∂θ

∂t

)2

− c2
(
∂θ

∂s

)2

=

(
∂θ

∂t
+ c

∂θ

∂s

)(
∂θ

∂t
− c∂θ

∂s

)
= 0, (2.11)

∂2θ

∂t2
− c2∂

2θ

∂s2
= 0. (2.12)
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The former equation has a following general solution

θ(s, t) = p(s+ ct), or q(s− ct), (2.13)

where p and q are arbitrary functions. The latter equation has the d’Lambert’s
solution

θ(s, t) = p(s+ ct) + q(s− ct). (2.14)

Since the general solution of Eqs. (2.11) and (2.12) is given by Eq. (2.13),
there exists a wave solution propagating in only one direction under the non-
gravitational field.

Next, Eq. (2.13) can be rewritten as

(θ − p)(θ − q) = θ2 − (p+ q)θ + pq = 0. (2.15)

Here, we assume that p and q are sufficiently small, namely,

p(s+ ct) ≈ 0 and q(s− ct) ≈ 0. (2.16)

And we neglect the second-order term pq in Eq. (2.15), then we have

θ[θ − (p+ q)] = 0. (2.17)

This equation yields Eq. (2.14) again. From Eqs. (2.16) and (2.14), θ(or dy/dx)
≈ 0 holds. This condition can be realized by the approximation that an
amplitude of a propagating wave is sufficiently small. In this case, because
the relation x ≈ s was verified in the previous paper, we find that there exist
waves propagating in both directions or stationary waves.[5] Here, θ satisfies
Eq. (2.4) automatically, so that we need not take it into account. Moreover,
we point out that the argument thus far has clarified the difference between
the exact solutions and the micro-amplitude approximate solutions in the wave
equation of the cord.

3 Properties of various approximate solutions

We treat the case that T is constant. Here, we put

x = s+ (1/κ)f(u), (3.1)

y = (1/κ)g(u), (3.2)

x− s = (1/κ)f(u)→ 0 as s→ −∞, (3.3)

y = (1/κ)g(u)→ 0 as |s| → ∞, (3.4)

u = κξ = κ(s− s0 ± ct). (3.5)



Various approximate solutions in wave equation for cord 405

Substituting Eqs. (3.1) and (3.2) into Eq. (2.4) yields

fu
2 + 2fu + gu

2 = 0. (3.6)

We assume that fu ≈ 0 and neglect the second-order term fu
2 in this equation,

then f(u) is given by

f(u) = −(1/2)

∫ u

−∞

(
g2u
)

du. (3.7)

In the following, we investigate a few examples of g(u) in this equation.

3.1 Unimodal wave solution

Here, we consider the unimodal solitary wave solution. Let g(u) be

g(u) = εsechnu (ε ≈ 0, n is a natural number). (3.8)

Substituting this equation into Eq. (3.7), we have

x = s+
ε2n2

2κ

{
n−1∑
r=0

n−1Cr
2r + 3

[
(−1)r tanh2r+3 u− (−1)3r+1

]}
. (3.9)

yn =
ε

κ
sechnu. (3.10)

In this equation, from n−1Cr/(2r+ 3) < 1 and | tanh u| < 1 and if n2 is not so
large, we obtain

x = s. (3.11)

Substituting this equation into Eqs. (2.9), (3.5), and (3.10), we have

∂2y

∂t2
− c2 ∂

2y

∂x2
= 0, (3.12)

yn =
ε

κ
sechn[κ(x− s0 ± ct]. (3.13)

Next, we investigate the stability of the unimodal wave solution, Eq. (3.13).
Here, we let v be

v = κ(x− s0 ± ct). (3.14)

Theorem 1

“For any small perturbation δx,

Ln ≡ |yn(v + κδx)− yn(v)| → 0 as t→∞ (n = 1.2.3. · · · ), (3.15)

holds.”
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Proof

We prove by the mathematical induction.
When n = 1.

L1 = (ε/κ)|sech(v + κδx)− sech(v)|, (3.16)

=
ε

κ
B

∣∣∣∣ sechκδx

1 + A tanhκδx
− 1

∣∣∣∣ . (3.17)

where A = tanh v and B = sech v. Here, taking δx ≈ 0 and |A| < 1 into
account, we have ∣∣∣∣ sechκδx

1 + A tanhκδx
− 1

∣∣∣∣ ≈ |A|κδx. (3.18)

Because of

|A| → 1, B → 0, as t→∞, (3.19)

we obtain

L1 → 0, as t→∞ for ∀δx. (3.20)

When n = k, we assume that Eq. (3.15) holds and consider the case that
n = k + 1:

Lk+1 =
ε

κ
B

∣∣∣∣sechk(v + κδx)
sechκδx

1 + A tanhκδx
− sechk(v)

∣∣∣∣ . (3.21)

In the same manner as the case of n=1, we obtain from Lk → 0 and sechκδx/(1+
A tanhκδx) ≈ 1 as t→∞

Lk+1 → 0, as t→∞ for ∀δx. (3.22)

Accordingly, when n = k + 1, Eq. (3.15) also holds. By the mathematical
induction, for all natural numbers n Eq. (3.15) holds.

�

By Theorem 1, we find that the wave solution Eq. (3.13) is asymptotically sta-
ble. However, this wave solution has a restriction. According to the argument
when we have derived Eq. (3.11) from Eq. (3.9), n cannot be so large. Hence,
in Eq. (3.13) the power order n of sech v should be sufficiently small so that
Eq. (3.11) may hold.

3.2 Periodic sine wave solution

Here, we consider the periodic sine wave solution. Let g(u) be

g(u) = ε sin2n−1 u (ε ≈ 0, n is a natural number). (3.23)
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Substituting this equation into Eq. (3.7), we have

x = s− ε2(2n− 1)2

2κ

∫ u

0

[
2n−2∑
r=0

2n−2Cr(−1)r cos2r+2 u

]
du, (3.24)

yn =
ε

κ
sin2n−1 u. (3.25)

Using a formula

cos (2r + 2)u =
r+1∑
k=0

(−1)kn

2(2r + 2− k)
2r+2−kCk(2 cos u)2(r−k+1), (3.26)

and iteration, we express cos4n−2 u, · · · , cos4 u, cos2 u as cos (4n− 2)u, · · · ,
cos 4u, cos 2u. And, as a linear equation of cos 2u, cos 4u, · · · , Eq. (3.24) can
be integrated. In the same manner as ex. 1), we have Eqs. (3.11) and (3.12)
and

yn =
ε

κ
sin2n−1[κ(x− s0 ± ct]. (3.27)

Next, we investigate the stability of the periodic sine wave solution.

Theorem 2

“For any small perturbation δx,

Ln ≡ yn(v + κδx)− yn(v)→ bounded as t→∞ (n = 1.2.3. · · · ), (3.28)

holds.”

Proof

We prove by the mathematical induction.
When n = 1.

L1 = (ε/κ)[sin (v + κδx)− sin (v)], (3.29)

=
ε

κ
[A(cos κδx− 1) +B sin κδx]. (3.30)

where A = sin v and B = cos v. Here, taking δx ≈ 0, |A| ≤ 1, and |B| ≤ 1
into account, we have

L1 → bounded, as t→∞ for ∀δx. (3.31)

When n = k, we assume that Eq. (3.28) holds and consider the case that
n = k + 1:

Lk+1 =
ε

κ
{A2[sin2k−1(v + κδx)− sin2k−1(v)] (3.32)

+ sin2k−1(v + κδx) sin(2v + κδx) sin(κδx)}. (3.33)

In the same manner as the case of n=1, we obtain from Lk → bounded as t→
∞

Lk+1 → bounded, as t→∞ for ∀δx. (3.34)

Accordingly, when n = k + 1, Eq. (3.28) also holds. By the mathematical
induction, for all natural numbers n Eq. (3.28) holds.
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�

By Theorem 2, we find that the wave solution Eq. (3.27) is stable. However,
this wave solution has a restriction. According to the argument when we have
derived Eq. (3.11) from Eq. (3.24), n cannot be so large. Hence, in Eq. (3.27),
the power order 2n− 1 of sin v should be sufficiently small so that Eq. (3.11)
may hold.

At the end, we investigate a new kink solution in the present physical
system. It is expressed by a Sine-Gordon kink solution.

3.3 Sine-Gordon kink wave solution

Here, we consider the Sine-Gordon kink wave solution. Let g(u) be

g(u) = ε tan−1(e±u) (ε ≈ 0), (3.35)

where the minus sign, “−” means an anti-kink wave solution. Substituting
this equation into Eq. (3.7), we have

x = s− ε2

8κ
(1 + tanh u) . (3.36)

In this equation, from | tanh u| < 1 and ε2 ≈ 0, we obtain Eq. (3.11) and

y =
ε

κ
tan−1{exp[±κ(x− s0 ± ct)]}. (3.37)

Next, we investigate the stability of the kink and anti-kink wave solution.

Theorem 3

“For any small perturbation δx,

L ≡ ε

κ
tan−1

[
e±v
(
eκδx − 1

)]
→ bounded (3.38)

as t→∞ (n = 1, 2, 3, · · · ), (3.39)

holds.”

Proof

There exists no loss of generality physically in defining y = tan−1 x by the
principal value [−π/2, π/2]. And then, we have for any δx

L→ 0, or ± ε

κ

π

2
(bounded) as t→∞, (3.40)

due to the fact that
(eκδx − 1) ≈ κδx, (3.41)

e±v → 0, or∞ as t→∞. (3.42)
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Figure 1: Kink·kink colli-
sion when t=0.

-0.5

 0

 0.5

 1

 0  5  10  15  20

y

x

Figure 2: When t=5.
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Figure 3: When t=10.

�

By Theorem 3, we find that the wave solution, Eq. (3.37) is stable. Taking
above subsections into account, there can exist a few kinds of wave solutions
in the present physical system. Since the wave equation, Eq. (3.12) has the
d’Lambert’s solution, its wave solutions can have arbitrariness of wave shapes.

4 Collision between two kink (anti-kink) waves

In this section, we take up the Sine-Gordon kink (anti-kink) wave solution,
Eq. (3.37) to investigate an appearance of kink·kink or kink·anti-kink collision.

4.1 Kink·kink collision

Let v1 and v2 be

v1 = κ(x− x1 + ct), (4.1)

v2 = κ(x− x2 − ct). (4.2)

We consider the kink waves propagating on the cord in the opposite directions
under the non-gravitational field. They are expressed by

y =
4ε

κ
[tan−1(ev1) + tan−1(ev2)]. (4.3)

In Figs. 1, 2, and 3, we plot the curves of this equation for ε = 0.03, x1 =
15, x2 = 5, and κ = c = 1 when t = 0, 5, and 10. We can make sure that two
kink waves propagating on the cord in the opposite directions maintain their
initial shapes after collision.

In an experiment, we have only to swing the both ends of the sufficiently
long cord (thin rope) upward once at the same time and never swing back.
Then, there appear two kink waves propagating in the opposite directions.
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4.2 Kink·anti-kink collision

Here, we consider the kink and anti-kink waves propagating on the cord in the
opposite directions. They are expressed by

y =
4ε

κ
[tan−1(e−v1) + tan−1(ev2)]. (4.4)

In Figs. 4, 5, 6, 7, we plot the curves of this equation for ε = 0.03, x1 =
15, x2 = 5, and κ = c = 1 when t = 0, 4, 6, and 10.
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Figure 4: Collision between kink and
anti-kink waves when t=0.
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Figure 5: When t=4.
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Figure 6: When t=6.
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Figure 7: When t=10.

In an experiment, we have only to swing the left end of the sufficiently long
cord (thin rope) upward once and swing the right end downward once at the
same time and never swing back. Then, there appear kink and anti-kink waves
propagating in the opposite directions.
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Figure 8: Incident kink wave when t=0.
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Figure 9: Reflective anti-kink wave
when t=10.

5 Discussion

In this section, we discuss a reflection phenomenon of a kink solitary wave. let
a fixed point on the x-axis be x = 20, and an incident wave be

y =
4ε

κ

[
tan−1(ev2)− π

2

]
. (5.1)

In Fig. 8, we show a curve of the incident kink wave for κ = 1 and s2 = 5
when t = 0. And then, the reflective anti-kink wave becomes inversive against
the incident kink wave:

y =
4ε

κ

[
tan−1(e−v1) +

π

2

]
. (5.2)

In Fig. 9, we show an appearance of the reflection for s1 = 15 when t = 10.
As seen in Figs. 8 and 9, the shift of the left end of the cord before and after
the collision seems strange. However, the amplitudes of the kink and anti-kink
solitary waves are sufficiently small, hence this shift is negligible for the suffi-
ciently long cord. The reflective phenomena here corresponds to the case that
the height of the cord is taken 0 at x = 10 in Figs. 4, 5, 6, and 7.
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