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Abstract

In this paper we obtain and analyze a series of exact solutions from
which only the ones with fluids of the Hard Universe type (P = λµ,
λ ∈]1/3, 1[) and a primordial magnetic field present space-time with
the signs (+,-,-,-) and real (<), so the magnetic field does not induce
currents or electric fields. It is analyzed the solution in the proximities
of a singular point, using the Kretschmann invariant, and analyzing
the functions of the metric, and it is established that it is singular at
t = 0. The value of the Kretschmann invariant, in these proximities, is
proportional to the value of that invariant obtained in one of the cases of
the Hard Universes free of magnetic fields; therefore, the magnetic field
remains in the background when t→ 0; the same occurs when analyzing
the Kretschmann invariant for very large times, so the presence of the
magnetic field generates substantial changes, mainly, in a finite interval
of time. It is determined that the solution does not become isotropic in
any value of λ, and it does not tend to a vacuum solution of Kasner, at
any point.

1 Introduction

In recent times, it has been possible to establish four types of stochastic back-
ground traces of the primordial magnetic fields (PMFs) in the anisotropies
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of the cosmic microwave background (CMB): the impact of the PMF on the
CMB spectra, the effect of the Faraday rotation on the CMB polarization, the
magnetically induced non-Gaussianity, and the magnetically induced isotropy
statistical breaking, which limits the amplitude of PMFs within a few nano-
Gauss [1]. The problem of the existence of magnetic cosmic fields in the inter-
stellar and intergalactic medium is not new; it is still current [2], [3].
The revision of those fields generates values of [2] 1 − 3µG in structures of
matter such as clusters and superclusters, and among those that seem to have
a considerable value and a possible influence on various cosmic phenomena,
such as the microwave background radiation of ∼ 3µG [4]. The dynamo mech-
anism used in the explanation of magnetic galactic fields does not generate
a satisfactory explanation of the magnetic fields in the intergalactic medium,
how the mechanism itself emerges; therefore, it is concluded that it is an am-
plifier mechanism of a magnetic primordial field in the process where galaxies
are formed [3]. The previous information and other aspects have been already
discussed in [5], [6],[7]. This article studies exact solutions for models of a mag-
netic field with fluids of the Hard Universe(P = λµ, λ ∈]1/3, 1[), for which it
is established that they belong to a particular type of solution.

2 The Symmetry, Einstein Tensor, the Elec-

tromagnetic Field and a Perfect Fluid

2.1 The Symmetry and Einstein Tensor

The anisotropic symmetry of the Petrov Type D has been considered on [5] as
follows

ds2 = Fdt2 − t2/3K(dx2 + dy2)− t2/3

K2
dz2, (1)

where F and K are functions of t.
The components of the Einstein tensor [8] (Gβ

α = Rβ
α− 1/2δβαR) different form

zero, of (1), are

G0
0 =

4K2 − 9 t2K̇2

12t2K2F
, (2)

G1
1 = −

3KtK̇
(

2F − Ḟ t
)

+ 3Ft2
(

2KK̈ − 5K̇2
)

+ 4K2
(
Ḟ t+ F

)
12t2K2F 2

, (3)

G2
2 = G1

1, (4)
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G3
3 = −

−6KtK̇
(

2F − Ḟ t
)
− 3Ft2

(
4KK̇ − K̇2

)
+ 4K2

(
Ḟ t+ F

)
12t2K2F 2

, (5)

Where the points over the functions represent derivatives of time.

2.2 The Magnetic Field

The magnetic field is considered in a way that the only components of the ten-
sor of the electromagnetic field [8] Fµν different from zero are F12 = −F21 =
B0z = const, where it can be noticed that the invariant FµνF

µν = 2B(t)2 =
2B0z

2π/(t4/3K2), where B(t) = B0zπ
1/2/(t2/3K) is the magnitude of the effec-

tive magnetic field, which does not generate currents or induced electric fields
since the flow of the magnetic field Φ does not change with time,

dΦ = B(t)dA(t) = B(t)
√
g11g22dxdy = B0zπ

1/2dxdy. (6)

The choice of field, in the present way, enables the compliance of field
equations F µν

;µ = 0, besides the equality to zero of the divergence of the energy
momentum tensor of the electromagnetic field emT

µν
;µ = 0, where the tensor

emT
µν is the energy momentum tensor of the electromagnetic field, which only

components, different from zero, in emT
µ
ν , are

emT
0
0 = −emT 1

1 = −emT 2
2 =em T 3

3 =
B0z

2

8 t4/3K2
. (7)

2.3 The model of an Perfect Fluid

The model of a perfect fluid can be considered as a type of a perfect fluid,
which energy momentum tensor follows the pattern [8]

Tαβ = (µ+ P )uαuβ − gαβP, (8)

where Tαβ is the energy momentum tensor of the perfect fluid, uα the tetra
dimensional speed, gαβ the metric tensor, µ and P the energetic density and
the fluids pressure, respectively. It will be considered that u1 = u2 = u3 = 0
and that u0 6= 0.

The model of the perfect fluid that will be studied has as a state equation
with the relation P = λµ. The energy momentum tensor of the perfect fluid
takes the pattern

pfT
α
ν =

(
δ0νδ

α
0 − λ

(
δ1νδ

α
1 + δ2νδ

α
2 + δ3νδ

α
3

))
µ, (9)

where δαν is the delta of Kronecker. From the equality T µν;µ =em T µν;µ +pfT
µν
;µ = 0,

and considering that emT
µν
;µ = 0, it is obtained that µ = α

3t1+λ .
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3 Einsteins Equations and the Solution of the

Model of the Magnetic Field and a Perfect

Fluid

Einsteins equations have the pattern [8] Gβ
α = κT βα , where T βα =em T βα +pf T

β
α .

From (2-5, 7, 9) it is obtained the following system of equations independent
from each other

4K2 − 9 t2K̇2

12t2K2F
− 3B0z

2 + 8α t1/3−λK2

24t4/3K2
= 0, (10)

−
3KtK̇

(
2F − Ḟ t

)
+ 3Ft2

(
2KK̈ − 5K̇2

)
+ 4K2

(
Ḟ t+ F

)
12t2K2F 2

+

+
3t2/3B0z

2 + 8λαt1−λK2

24K2 t2
= 0,

(11)

−
−6KtK̇

(
2F − Ḟ t

)
− 3Ft2

(
4KK̇ − K̇2

)
+ 4K2

(
Ḟ t+ F

)
12t2K2F 2

+

+
−3t2/3B0z

2 + 8λαt1−λK2

24K2 t2
= 0,

(12)

From the equation (10), it is obtained that

F =
2
(

4K2 − 9 t2K̇2
)

t2/3
(
3B0z

2 + 8 t1/3−λα K2
) . (13)

Considering (13) in (11) and (12), it is obtained that both equations are sat-
isfied by each other (

27t3K̇3 − 48K2tK̇ − 36K̈K2t2 + 16K3
)
B0z

2+

48t
4
3
−λK2α

(
9

4
t2K̇3 (1− λ) + 2tKK̇2 − 2K̈ K2t+K2K̇ (λ− 3)

)
= 0.

(14)

Before determining the solution of the equation (14), it is convenient to estab-
lish that if it is considered only the magnetic field, it does not have suitable
solutions for the type of problem being investigated. If it is considered in (14)
when α = 0, it is obtained that the equation solution is

K =

t
((
t+
√
t2 − C

)4/3 − (t+
√
t2 − C

)2/3 3
√
C + C2/3

)
((
t+
√
t2 − C

)2/3
+ 3
√
C
)2


2/3

(15)
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and of (13),

F =
−8K2 3

√
C
(
C2/3 −

(
t+
√
t2 − C

)4/3)2
3
(
t+
√
t2 − C

)4/3
(t2 − C) t2/3B0z

2
, (16)

From the solution (16), it is obtained that the function F is negative, void or
complex; any of the previous possibilities correspond to a solution of a space-
time. Therefore, the solution with a magnetic field alone, with the pattern that
has been considered, is not admissible in that symmetry (a similar situation is
presented when considering a Zeldovich fluid (P = µ)).
The found solution, of the equation (14), presents the form

K =
B0zt

− 1
6
+λ

2

2

√
3 (λ− 3)

α (−1 + 3λ) (λ− 1)
. (17)

From (17), the function F at (13) can be written as

F =
3

8

(3− λ) tλ−1 (λ+ 1) (3λ− 5)

(−1 + 3λ) (λ− 1)α
. (18)

It is evident that if in the solutions (17) and (18) it is considered α = 0,
these are undefined as a result of what was determined before; moreover, these
solutions are not valid for the points λ = −1, 1/3, 1, 5/3, 3, and they only
represent a space-time with signs (+,-,-,-), and real (<), in the cases when
λ ∈ ]1/3, 1[, which implies a fluid of the type Hard Universe.

4 Analysis of the Solution

In t = 0, the energy momentum tensor T βα is singular, as it is noticed when
observing the last terms on the left of (10), (11), (12). The prior can be also
determined and analyzed thanks to the Kretschmann invariant; this is defined
as Krets = RµναβRµναβ. The condition Krets <∞ is necessary and sufficient
[9] for the finity of all the invariants of the algebraic curvature, and it has the
following pattern, in the metric (1) (of (17),(18)),

Krets =
(75λ4 − 116λ3 + 66λ2 + 12λ+ 11) (λ− 1)2 α2 (−1 + 3λ)2

9 (λ+ 1)2 (3λ− 5)2 (−3 + λ)2 t2+2λ
. (19)

From (19), it is obtained that in the proximities to t → 0, the invariant
Krets → ∞, and when t → ∞, Krets → 0; the invariant Krets does not
depend on the magnitude of the magnetic field B0z, and in general the metric
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can be expressed without considering this value, by only changing the coordi-
nates x′ → B0zx, y′ → B0zy and z′ → z/B2

0z; the prior does not imply that
the metric represents the solution of a perfect fluid of the type Hard Universe
in the absence of a magnetic field, but with the importance of the magnetic
field presence, though this is not significant in this type of solutions.
From the solution for Hard Universes obtained in [5] (with negative sign)
with no presence of a magnetic field, it is established that the reason of the
Kretschmann invariant changes

(Krets). /Krets→ −2 (λ+ 1) /t ∼
(
V̇ /V

)
= (g11g22g33)

. / (g11g22g33) = 1/t

in the limits when t → 0, or when t → ∞ (for intermediate values the
above is not valid) and where V is the tridimensional volume. The rate of
change in terms of t of the Kretschmann invariant (19) is (Krets). /Krets =
−2 (λ+ 1) /t for any value of t; therefore, it is concluded that the magnetic
field stabilizes the rate of change, which allows to maintain proportional to
the rate of tridimensional volume change for any time, but with the opposite
sign. This implies that as the Universe expands, the value of the invariant of
the curvature of space-time decreases with a proportional rate of change of the
volume.
When changing a coordinate of the type t =

(
2
3
L2

)(λ+1)−1

η2 (λ+1)−1

, it is ob-
tained that

ds2 = dη2 − η
(
dX2 + dY 2

)
− η2

1−λ
1+λdZ2 (20)

where

X =

(√
L1L2B2

0z/ (2α)

)1/2

x, Y =

(√
L1L2B2

0z/ (2α)

)1/2

y,

Z = 2/3
√

3

√
(2/3L2)

1−λ
λ+1 αL1

−1B0z
−2z,

L1 = λ−3
(−1+3λ)(λ−1) and L2 = α(λ+1)

(5−3λ)L1
, which is a solution in Bianchi-I LRS

(Local Rotational Symmetry), but it is not from the vacuum of Kasner at any
point, and it does not tend to isotropic either for any limit of t like it has been
found in other solutions [6, 7]; however, in values of λ = 1/3 + |ε| where ε→ 0,
the solution is close to an isotropic solution with the form

ds2 = dη2 − η
(
dX2 + dY 2 + dZ2

)
+

9

4
η ln η|ε|dZ2, (21)

which establishes that the behavior in the proximities to λ ≈ 1/3, but λ ≈ 1/3
is the equivalent of an ultra-relativistic fluid (radiation) λ = 1/3 of the solution
of FRWL of the flat model with an anisotropic perturbation on the axis Z;
this generates a shrink in the expansion of this axis by the term 9

4
η ln η|ε|dZ2.

The model obtained can represent a possible scenario for the early stages of
this Universe.
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5 Conclusion

In a mixture of a perfect fluid and a magnetic field in which the magnetic flow
maintains constant, i.e, the magnetic field does not induce currents or electric
fields; it was obtained a general solution for several types of fluids, including
the ones from the Hard Universe (P = λµ, λ ∈]1/3, 1[). It was determined that
for other types of fluids when λ = −1, 1/3, 1, 5/3, 3 the solution is not valid,
and for the other values, it does not generate space-time with signs (+,-,-,-)
or real, consequently, this type of fluid mixtures with the magnetic field and
the previously described pattern are not viable. As a particular case, it is said
that in a fluid of the Zeldovich type λ = 1, the solution does not maintain the
signs in the metric (+,-,-,-).

In the analyzed mixture, the presence of the magnetic field is not signifi-
cant, in relation to the singular point in a metric of t = 0. The rate of change of
the Kretschmann is invariant (Krets). /Krets = −2 (λ+ 1) /t for any value of
t; therefore, it is concluded that the magnetic field stabilizes this rate change,
which allows to maintain proportional to the rate of tridimensional volume
change at any time, but with the opposite sign. This implies that as the Uni-
verse expands, the value of the invariant of the space-time curvature decreases
with a proportional rate change of the volume, in any value of t. An analy-
sis of the solution for values close to λ = 1/3, but greater, determines that
this solution behaves equivalently to the analogous FRWL of the flat model
for an ultrarelativistic fluid (radiation) with an anisotropic perturbation that
generates a shrink in the expansion of the z axis.
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