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Abstract
There are techniques of the fields theory that can be applied to
study the dynamics of a production system described from a Lagrangian,
which is a function of the variables (q, q̇), coordinates of a given configuration space. These techniques allow a more general and abstract
application than those used by other formalisms from physics, thus giving the possibility of studying the dynamics of various models. In addition, they are an effective tool to obtain more detailed information of
the model. Today many of these techniques are applied in classical mechanics, quantum mechanics, particle physics, condensed matter, and
in statistical physics models. In this paper they will be presented as
an alternative geometric formalism for the study of the dynamics of an
economic productive system.
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1

Introduction

To model the dynamics of a production system, different theoretical frameworks of physics have been defined and used (M. Estola 2013 and M. Estola
and A.A. Dannenberg 2016), [1, 2, 3]. In the work mentioned, the dynamic of
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a production is modeled from Newton’s second law and the application of Lagrangian and Newtonian formalisms. In this paper, it is studied the dynamics
of the neo-classical theory (static equilibrium state), and show that this theory
corresponds to the particular case of the mentioned formalisms (zero force).
Indeed, since physics the static versions of the models must be a particular
case of the dynamic version. On the other hand, the coherence between the
Newtonian and Lagrangian formalisms is an absolutely necessary condition,
since they are equivalent formalisms and the equations that they define have
equal physical meaning when describing the dynamics of a system. The works
of M. Estola et al., achieve this clearly. These properties, derived from physics,
are critical to the consistency of the application of these formalisms in the
description of any model.
It is important to mention that, in order to follow the reasoning and the
way of constructing exact arguments used by physics, [4], the meanings of the
co-related magnitudes between physics and economics, such as forces, inertial
masses, velocity, acceleration (of accumulation of a good), and kinetic and
potential energy, have a fundamental weight for the development of consistent
ideas. It is possible that this set of concepts, definitions and procedures do not
have the same argumentative weight as in physics, and not belonging to the
field of pure mathematics, but they may have general application to a given
number of different models, that is, to have a certain universe of application.
In economics it is possible to define intuitive dynamic principles, since
economic units, in spite of their free will to operate, are constrained by their
own will reaching the goals they have set themselves and to be consistent
with their objectives. When studying the dynamics of a system, this type of
reasoning allows to associate argument and tools from physics.
I. Fisher (2006, original work in 1892) in his doctoral thesis proposes a
vector formulation for economics, being the first published work where the
correspondences between physics and economy, [5], are explicitly defined.
In the description of the dynamics of a system there are different approaches
or formalisms. Newton’s second law studt the evolution of a particle in time
from the knowledge of the initial conditions and forces acting on it, stating
that the trajectory that describes in its movement is that which minimizes its
energy. While the Lagrangian formalism (or Hamiltonian formalism) contains
all the physical information of the state and the forces acting on the system
from the knowledge of the kinetic and potential energies expressed in a function
called Lagrangian (polynomial function). The temporal evolution in this case
is obtained by means of the integral in time of the Lagrangian, called the
function action (S). Action in physics is an abstract concept containing all the
dynamic information and interactions of the system. The temporal evolution
takes place through a trajectory in which S has an extreme (a minimum).
In this sense, and with a more general vision coming from the fields the-
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ory, it would be possible to model the dynamics of any system that can be
described from a trajectory in coordinates (q, q̇) of a given configuration space
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. By correctly defining the Lagrangian of
the model, which, as already mentioned, contains the kinetic or free terms
(bi-linear terms in q̇) and the interaction terms of the system, through the
application of techniques from the fields theory, it is possible to obtain the
equations of motion, the Feynman rules and the diagrammatic of the model
(schematization of the dynamics of the system). It is important to remark
the importance of the correct definition of the concepts of kinetic (Ec) and
potential (Ep) energies of the productive economic system in consistency with
the conceptualizations from physics, as generators of the dynamics.
M. Estola et al. (2016) agree with I. Fisher (2006) that economic kinematics
can be described as the position of an economic quantity according to the
movement of a representative point in a coordinate system (economic quantity
of coordinates (q, q*) in a configuration space), from:
Qi (t) = Q0 (t) +

Z

qi (s) ds ,

(1)

M. Estola et al., add to this idea the existence of factors that resist the
changes of these economic quantities, modeling these inertia according to the
definitions of physics, defining forces and ”inertial masses” of economic magnitudes.
Today, the real economies are considered as complex dynamic systems in
which they happen and accumulate small random events that select the final
result. Time enters naturally here via the processes of adjustment and change:
As the elements react, the aggregate changes; as the aggregate changes, elements react anew. One way to approach this is to adopt the perspective of
complexity, emphasizing the formation of structures (their dynamics) rather
than their existence. At the same time, when the models of prediction adopted
are not obvious, and must be formulated individually by the intervening agents,
who are also not aware of the expectations of other agents, the study and modeling of their dynamics uses tools from the more specific physics according to
each type of system (or model). These properties have counterparts in nonlinear physics where there are similar positive feedbacks, (W.B. Arthur) [16].
Undoubtedly, this generates a complex system whose dynamics is not easy
to handle if it is not possible to clearly define the variables (q, q̇) of the configuration space where the evolution of each constituent element of the model
is described. That is, it is defines properly the elements (or agents) and interactions of the economic model, as is done in physics with particles and the
physical system.
This work presents and analyzes the possibility of applying a more general
technique, typical of field theory such as external canonical formalism (FCE),
to the study of the dynamics of a productive economic system.
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The FCE plays an important role, because of its more simple and compact
structure. In particular, the FCE can be used as an interesting geometrical
formalism to derive and analyze the dynamic.
On the other hand, the FCE does not define a standard mechanical system
in the sense that it is not proper Hamiltonian theory as others formalism,
which propagates data defined on an initial surface Σ. The first question is
that in the construction of the FCE, the ”form” brackets are introduced and
they must be related to the usual Poisson brackets defined in others formalism.
Besides, it must be pointed out that the FCE takes the exterior derivative as
a form-observable, which does not have direct analogue. Thus, in the FCE the
first class dynamical quantity defined as the Hamiltonian density is not the
Hamiltonian which generates the time evolution of generic functionals (fields).
However, this can be corrected as will see in practice taking in the FCE some
field equations of motion as constraints.
Other motivation to consider this kind of theories is due to the fact that
by adding terms highly derived in the Lagrangian, they can be meant for
regularizing divergences in the theory. On the other hand, the second order
formalism is unavoidable to address the study in other framework.

2

Preliminaries and definitions

In the first order of this geometrical formalism the dynamics is described by the
1-form fields q A = (V a , ω ab ), where the index A = (a, ab). The fields V a and
ω ab play the role of the coordinates of a configuration space. So, V a represents
a given quantity, and ω ab is a field of geometric origin (in gravity, the dreibein
and the Lorentz spin connection, respectively). The 2-forms q̇ A ≡ dq A play
the role of velocities. The curvature 2-forms corresponding to the above fields
are called RA = (Ra , Rab ), and are defined by:
1
RA = dq A − C A BC q C ∧ q B ,
2

(2)

where the graded structure constant C ABC and the constant symmetric Killing
metric γAD are related by the equation:
CABC = γAD C DBC .

(3)

The explicit expressions for the curvatures are written:
Ra = dV a + ω ab ∧ Vb ,

(4)

Rab = dω ab + ω ac ∧ ωc b .

(5)
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3

Lagrangian density L

The action in a three dimensional space (two spacial-one temporal) is defined
by means of a Lagrangian density (3-form) given by:
2 ab
ω ∧ ωb c ∧ ωca ,
(6)
3
where the usual Einstein-Hilbert term play the role of the ”mass” term. The
other terms are viewed as the ”kinetic” terms, in higher derivative (second
time derivative). An equivalent Lagrangian density is:
L = Rab ∧ V c εabc + dω ab ∧ ωab −

L = dV a ∧ ω bc εabc + dω ab ∧ ωab
2
− ω ab ∧ ωb c ∧ ωca + ω ad ∧ ωd
3

b

∧ V c εabc ,

(7)

that differs of eq. (6) in a total derivative. The canonical momenta (1-forms)
πA conjugate to the 1-forms field variables q A obtained by the functional variation of the Lagrangian density (7) with respect to the 2-forms velocities
dq A ≡ q̇ A are given by:
∂L
.
∂dq A

(8)

πa = ω bc εabc ,

(9)

πab = ωab .

(10)

πA =
Therefore:

The set of primary constraints can be obtained from the Lagrangian density
and they are the relationship between the field and momentum variables not
depending on the velocities:
Φa = πa − ω bc εabc ≈ 0 ,

(11)

Φab = πab − ωab ≈ 0 ,

(12)

where the symbol ≈ implies weakly zero.
It is necessary to define a suitable operation involving forms with the help
of which the Hamiltonian equation of motion may be written. As it was shown
in [17, 18] the Poisson brackets yields more information than the form brackets.
They can be related by means of an integral relationship.
Starting from the Lagrangian (7) the canonical Hamiltonian can be defined:
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Hcan = dq A ∧ πA − L =
−ω ad ∧ ωd

b

∧ V c εabc +

2 ab
ω ∧ ωb
3

c

∧ ωca .

(13)

Therefore, the total Hamiltonian can be defined as follows [19]:
HT = Hcan + ΛA ∧ ΦA =
2 ab
ω ∧ ωb c ∧ ωca
3


+Λa ∧ πa − ω bc εabc + Λab ∧ (πab − ωab ) ,
−ω ad ∧ ωd



b

∧ V c εabc +

(14)



where ΛA = Λa , Λab are the Lagrange multipliers.
Now, it is necessary to introduce the fundamental equation of motion in
the formalims, in analogy to classical mechanics, as was mentioned in the
introduction, the following equation involving the form-bracket is introduced:
dA = (A , HT ) + ∂A ,

(15)

where A = (q , π) is a generic polynomial in the canonical variables q A and
π A The operator ∂ acts nontrivially on external fields only. Therefore, for the
canonical variables:
∂q A = ∂πA = 0 ,

(16)

∂ΦA = 0 .

(17)

and also for constraints:

Considering the equation (15) we can write the following Hamiltonian equations:


dq A = q A , HT



,

(18)

and taking into account the expression (14) for HT , by straightforward calculation we find the following general results:
ΛA = dqA .

(19)

It is also necessary to prove whether there are secondary constraints in the
theory. For this purpose, we must impose the consistency condition on the
primary constraints. We must use (15) for ΦA and impose the condition:
dΦA = (ΦA , HT ) ≈ 0 ,

(20)
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where (17) was used.
Computing explicitly the form-bracket appearing in (20), we arrive to the
general equation:




dΦA = − [equation of motion] + ΦA , ΛB ∧ ΛB .


(21)



As ΦA , ΛB ∧ ΦB is a weakly zero trem, (21) implies the lack of secondary constraints in the FCE. Moreover, the equation (21) guarantees that
the Hamiltonian defined in (14) is a first class dynamical quantity. On the
other hand, by using (20) and after lengthy algebraic manipulations, we find:




dΦa = −Rbc εabc + Φa , ΛA ∧ ΛA ,


(22)



dΦab = − 2 Rab − Rc εabc + Φab , ΛA ∧ ΛA .

(23)

These results and properties can be obtained from the FCE in a general
form [17, 18].

4

Space-time decomposition

To obtain the proper Hamiltonian H̃ of the theory, generator of the time
evolution of generic functionals, we must consider q A (1-form gauge fields)
written in the holonomic basis q A = qµA dxµ , with µ = 0, 1, 2 and A = a, ab.
Thus, the proper Hamiltonian H̃ is defined by (see eq. 14):
Z

HT =

Z

dx0 ∧ H̃ ,

(24)

where H̃ can be written:
H̃ =

Z

q0A

3

HA (x) dx =

Z 

La0

1
Ha (x) + ω0ab Hab (x) dx3 ,
2


(25)

where q0A are the temporal components of the 1-form fields q A . We assume
that the primary constraints (11) and (12) in the FCE remain at least weakly
zero in the canonical component formalism [17, 18, 19]. On the other hand, in
an usual canonical component formalism, the components πA0 of the momenta
vanish and define primary constraints [15]. In the FCE these vanishing components do not even appear among the components of the momenta. The choice
of the time variable determines which components vanish. Consequently, when
in the FCE the forms are restricted to a t = x0 = constant surface, the time
components of the momenta do not appear. Therefore, we put πA0 = 0 in
A
the primary constraints and R0i
with i = 1, 2. Considering the restriction of
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(11) and (12) to the surface Σ and according to what was assumed above, the
following prescription is made:
Φa |Σ = ψa ≈ 0 ,

(26)

Φab |Σ = ψab ≈ 0 .

(27)

Then, the explicit expressions for H̃(x) = Ha (x) d2 x are:
Ha (x) = −Rbc εabc − ωab ∧ ψb ≈ 0 ,

(28)

Hab (x) = −4 Rab − 2 Rc εabc + (Vb ∧ ψa − Va ∧ ψb ) ≈ 0 ,

(29)

where the antisymmetric and weakly zero quantities,
Mab d3 x ≡ (Vb ∧ ψa − Va ∧ ψb ) ≈ 0 ,

(30)

appear directly as primary constraints because they are functionals of the
constraints ψA , which are the restriction to Σ of the primary constraint ΦA ,
and they are the generators of the local Lorentz group of the theory. Note
that, in the context of this formalism, the appearance of the generators Mab is
absolutely natural. By computing the form brackets between the constraints
(28) and (29) we find:


H˜A , H˜B



D
= CAB
H˜D + WAB (µ , ψ) ,

(31)

where WAB are weakly zero 2-forms, functionals of the primary second-class
constraints ψA . The equation (31) is very important because it shows that the
quantities defined in (28) and (29) are first class constraints in the Dirac sense.
So, we conclude that the proper Hamiltonian H̃ defined in (25) can be written
as a linear combination of the set H˜A of first class constraints, corresponding
to invariances of the theory under local gauge transformations, which are the
two degrees of freedom of this theory.

5

Second-order Hamiltonian formalism

The higher derivative character of the theory, that makes it possible regularize
mathematical divergences, do not allow go over to the second order formalism
directly from the FCE. This is due to the presence of the second time derivatives. We consider all the forms written the dreibein V a in the holonomic
basis as V a = Laµ dxµ . The indices µ, ν = 0, 1, 2 for space-time, and the indices
i, j = 1, 2 to label spatial components only. We define the metric tensor gµν
split in the shift function N ⊥ and lapse function Ni .
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The Lagrangian density we are able to construct the second-order formalism, which is obtained by considering the following equation of motion.
Ra = 0 .

(32)

From the equation for this curvature, it can be obtained:
ωµab = ωµab (L) ,

ωµab (L) =

(33)




1 aν 
1
L ∂µ Lbν − ∂ν Lbµ − Lbν ∂µ Laν − ∂ν Laµ
2
2
1 aρ bσ
− L L (∂ρ Lσc − ∂σ Lρc ) Lcµ .
2

(34)

Therefore, the Lagrangian density only depends on the field V , once the
equation is used to eliminate ωab as independent dynamical variable.
The Lagrangian density contains second times derivatives on the dreibein
components and because of the form of the term of the Lorentz-Chern-Simons
expression it is not possible to eliminate it by partial integration. Consequently, we are in the presence of a constrained Hamiltonian system with
a singular higher-order Lagrangian, in the framework of the Dirac formalism.
Therefore, we consider the Ostrogradski transformation to introduce canonical
momenta in this higher derivative theory [20, 21, 22, 23, 24]. In those papers,
we are going to apply the same ideas to construct the canonical formalism
in our case. Moreover, we will work as close as possible to the Dirac conjectures [17, 18]. In this paper we will give only the constructive method. We
will not explicitly write all the results because the computations, even proved
straightforwardly, involve tedious algebraic manipulations. We start by defining the following independent dynamical field variables: Laµ = (La0 , Lai ),
with Lai = na N ⊥ + N i , and Baµ = ∂0 Laµ .
The Ostrogradski transformation respectively introduces the following canonical momenta:
(1)
Πdµ

=

∂L
·d

∂ Lµ
(2)

Πdµ =

∂L

− ∂ν

·d

,

(35)

∂( ∂ν Lµ )
∂L
·d

.

(36)

∂(∂0 Lµ )
The relationship between field and momentum independent of the velocities
gives rise to the following primary constraints:
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(1)
Φ0d

(1)
Π0d



1
⊥ 0
k
k
0
N
ω
L
−
∂
ω
L
=
− ∂i
− ∂i
id
jk d
kj
N⊥
!
k
N
a
a
+ Lib Bkb Lka + ⊥ na ωjd
+ Bia ωjd
≈0,
N


0
ωjk

Lkd







(2)

(2)

Φ0d = Π0d ≈ 0 ,
(2)
Φid

=

(2)
Πid

(37)

(38)





+ N ⊥ g 1/2 ωkj0 εik + ωki0 εjk Ljd ≈ 0 .

(39)
(1)

The remaining momentum which depends on the velocities is Πic .
By means of these momenta, the canonical Hamiltonian remains defined
by:
·

(1)

(2)

Hcan = Bµd Πµd + Bµd Πµd −L ,

(40)

where L̇aµ by Bµa was replaced. We note that the canonical Hamiltonian is
formed by eliminating only the velocity Ḃµa . The field Bµa cannot be eliminated
from the formalism when we treat with higher derivative Lagrangians. Once
the Lagrangian is used and the velocities Ḃµa is eliminated.
Finally, we can write the extended Hamiltonian (first class dynamical quantity):
HT =

Z

d2x HT ,

(41)

which is the generator of time evolutions of generic functionals. The Hamiltonian density HT remains defined by:
(1) (1)

(2) (2)

HT = Hcan + λd0 Φ0d + λdµ Φµd ,
(1)
λd0

(42)

(2)
λdµ

where
and
are arbitrary Lagrange multipliers.
Now, we must go on with the Dirac’ s algorithm and impose the consistency
conditions on the constraints according to:
h

i

Ω(k) = Ω̇(k−1) = Ω(k−1) HT ≈ 0 .

(43)

(2)

Hence, for the constraint Φ0d we find the following secondary constraint:
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Ω(1) =

˙
(2)
Φ0d



=



(2)
Φ0 , HT 
d

(1)

(2)

= − Π0d +∂i Πid ≈ 0 .

(44)

PB

From now on, following the Dirac’s prescriptions, the procedure can be
continued for each one of the constraints.

6

Conclusions

In this work we have applied techniques of field theory to a productive economic
system following the approach taken by other authors in this area. The formalism thus obtained corresponds to a constrained Hamiltonian system containing
primary and secondary constraints and they are of first and second class. To
analyze this system, we have worked as closed as possible to the Dirac prescriptions [19]. The second order formalism is obtained, starting from the
Lagrangian density, by considering strongly equal to zero constraint on curvature and by eliminating ωµab as independent dynamical variable. In order to
analyze this singular system the Ostrogradsky transformation is considered.
The formalism that we present is from the point of view of the broader and
more general analytical mathematics. It includes the law of Euler Lagrange,
the Lagrangian and Newtonian formalisms studied by others. This formalism,
coming from the field theory would give the possibility to study the model
dynamics more general and complex.
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[11] M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of the
2+1 black hole, Physical Review D, 48 (1993), 1506-1525.
https://doi.org/10.1103/physrevd.48.1506
[12] S. Carlip, Quantum Gravity in 2+1 Dimensions, Cambridge University
Press, Cambridge, England, 1998.
https://doi.org/10.1017/cbo9780511564192
[13] J. Nelson and T. Regge, Homotopy groups and 2+1 dimensional quantum
gravity, Nuclear Physics B, 328 (1989), 190-202.
https://doi.org/10.1016/0550-3213(89)90099-0
[14] J. Nelson, T. Regge and F. Zertuche, Homotopy groups and (2 + 1)dimensional quantum de Sitter gravity, Nuclear Physics B, 339 (1990),
516-532. https://doi.org/10.1016/0550-3213(90)90359-l
[15] P. Van Nieuwenhuizen, Three-dimensional conformal supergravity and
Chern-Simons terms, Physical Review D, 32 (1985), 872-878.
https://doi.org/10.1103/physrevd.32.872
[16] W. Brian Arthur, Complexity and the Economy, Science, 284 (1999),
107-109. https://doi.org/10.1126/science.284.5411.107

Canonical exterior formalism for a production system

785

[17] A. D’Adda, J.E. Nelson and T. Regge, Covariant canonical formalism for
the group manifold, Annals of Physics (NY), 165 (1985), 384-397.
[18] J.E. Nelson and T. Regge, Covariant canonical formalism for gravity, Annals of Physics (NY), 166 (1986), 234-249.
https://doi.org/10.1016/0003-4916(86)90057-6
[19] P.A.M. Dirac, Lectures on Quantum Mechanics, Yeshiva University Press,
New York, 1964.
[20] X. Li, Zi-ping Li, Generalized Noether theorem and Poincare invariant
for nonconservative nonholonomic systems, International Journal of Theoretical Physics, 29 (1990), 765-771. https://doi.org/10.1007/bf00673911
[21] Li Zi-Ping, Li Xin, Generalized Noether theorems and applications, International Journal of Theoretical Physics, 30 (1991), 225-233.
https://doi.org/10.1007/bf00670715
[22] Zi-Ping Li, Symmetry in a constrained Hamiltonian system with singular
higher-order Lagrangian, Journal of Physics A: Mathematical and General, 24 (1991), 4261-4274. https://doi.org/10.1088/0305-4470/24/18/014
[23] M. Ostrogradski, Member Academic Science St., Petersbourg, 1 (1850),
385.
[24] V.V. Nesterenko, Singular Lagrangians with higher derivatives, Journal
of Physics A: Mathematical and General, 22 (1989), 1673-1687.
https://doi.org/10.1088/0305-4470/22/10/021
Received: October 29, 2017; Published: December 29, 2017

