Advanced Studies in Theoretical Physics
Vol. 11, 2017, no. 12, 585 - 591
HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988/astp.2017.7943

Generalized Drinfel’d-Sokolov-Wilson Equation:
Exact Solutions
Cesar A. Gómez
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Abstract
A generalized coupled system of nonlinear partial differential equations is considered, from of point of view of its exact solutions. The
new model have the characteristic that the equations have variable coefficients depending only of the temporal variable and each one of them
include a forcing term. Clearly, from the proposed model, several variants of the standard Drinfel’d-Sokolov-Wilson equations (DSW) can be
obtain. Exact solutions which include periodic and soliton solutions are
derived by means of the improved tanh-coth method, so that, from this
last expressions, solutions for the standard DSW equation are obtained.
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1

Introduction

Several phenomena of the physics can be modeled by means of nonlinear partial
differential equations (NLPDE’s) or systems of NLPDE’s. However, most of
that models are considered with constant coefficients. Recently, the study
of models with variable coefficients (depending only of the variable temporal)
have take great relevance for many researches in the sense that this last models
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give us, in many cases, a more realistic approach to the phenomena that them
describes. In [1][2][3] and references therein, we can see the study of some
models with variable coefficients and the relevance of them in some branch of
the physic. The main purpose of this work, is obtain exact solutions for the
following generalized model with variable coefficients and forcing term
(
ut (x, t) + δ(t)v(x, t)vx (x, t) = F (t),
vt (x, t) + ρ(t)vxxx (x, t) + µ(t)u(x, t)vx (x, t) + σ(t)ux (x, t)v(x, t) = G(t).
(1)
In the case F (t) = G(t) = 0 and the coefficients δ(t), ρ(t), µ(t), γ(t) are
constants, we obtain several forms of the standard Drinfiel’d-Sokolov-Wilson
equation (DSW), in particular, the following generalized model that appear in
[4]
(
ut (x, t) + δv(x, t)vx (x, t) = 0,
vt (x, t) + ρvxxx (x, t) + µu(x, t)vx (x, t) + σux (x, t)v(x, t) = 0.

(2)

For the study of many NLPDE’s or systems of NLPDE’s, from the point
of it exact solutions, several direct and computational methods have used, for
instance: the Hirota method [5], Lie groups [6], the Exp. function method
[7], the Exp.(-φ(ξ)) method [8], the tanh-coth method [9], the improved tanhcoth method [10] and many other. However, one of the most effective and
reliable (at least for us) computational method, is the the improved tanh-coth
method, so that, will be used it to obtain traveling wave solutions to (2) and
a consequence, we show as a particular case, solutions for (1).
The paper is organized as follows: In Sec.2, we give a brief description of
the improved tanh-coth; In Sec. 3, we obtain exact solutions for (1) and as a
consequence, we derive solutions for (2). Finally, some conclusions are given.

2

Description of the improved tanh-coth method

The improved tanh-coth method [10] can be described as follows: Given the
system of nonlinear partial differential equations in the variables, for instance
x and t
(
P (u, v, ux , vx , ut , vt , uxt , vx,t , uxx , vxx , . . .) = 0,
(3)
Q(u, v, ux , vx , ut , vt , uxt , vx,t , uxx , vxx , . . .) = 0,
where u and v are the unknowns functions and the coefficients of the system are
functions depending only of variable t, P, Q polynomials, the transformation
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(
u(x, t) = u(ξ), v(x, t) = v(ξ),
ξ = x + λt + ξ0 ,
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(4)

converts (3) to a system of ordinary differential equations in the new variables
u(ξ), v(ξ), where for sake of simplicity, we have used the same letters u, v,
(
P1 (u, v, u0 , v 0 , u00 , v 00 , . . .) = 0,
(5)
Q1 (u, v, u0 , v 0 , u00 , v 00 , . . .) = 0.
. Then, the
Here ”0 ” denote the ordinary derivation respect to ξ, u0 (ξ) = du
dξ
improved tanh-coth method search solutions for (5) by means of the expressions

P2M
PM
M −i
i

,
u(ξ) = i=0 ai (t)φ(ξ) + i=M +1 ai (t)φ(ξ)
(6)

P
PN

2N
w(ξ) = i=0 bi (t)φ(ξ)i + i=N +1 bi (t)φ(ξ)N −i ,
where M, N are a positive integer that will be determined later and φ = φ(ξ)
satisfies the following general Riccati equation [11]
φ0 (ξ) = γ(t)φ2 (ξ) + β(t)φ(ξ) + α(t),

(7)

whose solution is given by [11]

φ(ξ) =

−

p
p
β 2 (t) − 4α(t)γ(t) tanh[ 12 β 2 (t) − 4α(t)γ(t)(ξ + ξ0 )] − β(t)
. (8)
2γ(t)

Other type of solutions, for instance periodic and rational solutions, can be
derived from (8) depending on the values of the functions α(t), β(t), γ(t)
and the value of ξ0 (see [11]). Substituting (6) into (5) and balancing the
linear terms of highest order in the resulting equations with the highest order
nonlinear term, we obtain M, N . After, we consider the respective expressions
obtained for the values of M and N previously obtained and substituting
its into (5) and using (7) we obtain an algebraic system of equations in the
variables α(t), β(t), γ(t), λ(t), a0 (t), . . . , a2M , b0 (t), . . . , b2N (t). Solving the
algebraic system, and reversing the respective transformations, we obtain exact
solutions to (1) in the original variables, which, as we mentioned early, can be
of type periodic or soliton solutions.

3

Computing solutions to Eq. (1)

With the substitution
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R

u(x, t) = u(ξ) + R F dt,
v(x, t) = v(ξ) + G dt,


ξ = x + λ t + ξ0 ,

(9)

then (1) converts to

R
λ(t)u0 (ξ) + δ(t)v(ξ)v 0 (ξ) + δ(t)( Gdt)v 0 (ξ) = 0,




R
0
000
0

λ(t)v
(ξ)
+
ρ(t)v
(ξ)
+
µ(t)u(ξ)v
(ξ)
+
µ(t)(
F dt)v 0 (ξ)+


R

σ(t)u0 (ξ)v(ξ) + σ(t)( Gdt)u0 (ξ) = 0.

(10)

Now, we suppose that the solutions of (10) have the form given by (6). So
that, balancing u0 with vv 0 in the first equation we have M + 1 = 2N + 1, and
balancing v 000 with u0 v we have N + 3 = M + N + 1 therefore
M = 2, N = 1,

(11)

Therefore, according with the method, (6) reduces to
(
u(ξ) = a0 (t) + a1 (t)φ(ξ) + a2 (t)φ(ξ)2 + a3 (t)φ(ξ)−1 + a4 (t)φ(ξ)−2 ,
v(ξ) = b0 (t) + b1 (t)φ(ξ) + b2 (t)φ(ξ)−1 .

(12)

Substituting (12) into (10) and using (7) we have a system in the unknowns
α(t), β(t), γ(t), λ(t), a0 (t), a1 (t), a2 (t), a3 (t), a4 (t), b0 (t),b1 (t),b2 (t). Solving
this system, we obtain a lot of solutions, however, we consider the following,
which give us the most general expression:


1
2
2
2

a
0 (t) = 12ρ(t)µ(t)(µ(t)+2σ(t))γ 2 (t) − δ(t)b1 (t)µ(t) − 4δ(t)b1 (t)µ(t)σ(t)





−4δ(t)b21 (t)σ(t)2 − 24α(t)ρ(t)2 γ 3 (t)µ(t) − 12β 2 (t)ρ(t)2 γ 2 (t)µ(t)


R



−48α(t)ρ(t)2 γ 3 (t)σ(t) + 12β 2 (t)ρ(t)2 γ 2 (t)σ(t) − 12ρ(t)γ 2 (t)µ(t)2 ( F dt)



−24ρ(t)γ(t)2 µ(t)σ(t)(R F dt)




6ρ(t)γ 2 (t)

a1 (t) = − 6β(t)ρ(t)γ(t)
, a2 (t) = − µ(t)+2σ(t)
, a3 (t) = a4 (t) = 0,

µ(t)+2σ(t)

R


β(t)b1 (t)−2γ(t)( Gdt)


b0 (t) =
, b2 (t) = b3 (t) = b4 (t) = 0,

2γ(t)

2

λ(t) = δ(t)b1 (t)(µ(t)+2σ(t)) .
12ρ(t)γ 2 (t)
(13)
With the values given by (13), we obtain that the solution to (7) is (8) and
according with (12) and (9) the solution for (1) take the form
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(
R
u(x, t) = a0 (t) + a1 (t)φ(ξ) + a2 (t)φ2 (ξ) + F (t) dt,
R
v(x, t) = b0 (t) + b1 (t)φ(ξ) + G(t) dt,

(14)

where φ(ξ) is given by (8), a0 (t), a1 (t), a2 (t), b0 (t) given by (13), ξ0 = x +
δ(t)b21 (t)(µ(t)+2σ(t))
t+ξ0 , α(t), β(t), γ(t), b1 (t) arbitrary functions depending only
12ρ(t)γ 2 (t)
of variable t and ξ0 arbitrary constant.

4

Results and Discussion

The following are the graph of some of the obtained solutions for x ∈ [−10, 10]
and t ∈ [0, 10], α(t) = 0, β(t) = 1, γ(t) = 1, b1 (t) = 1, µ(t) = 1, σ(t) = 1,
F (t) = cos t, G(t) = cos t

(a) u1

(b) u2

(c) u3

Figure 1: u(x, t).

(a) v1

(b) v2

(c) v3

Figure 2: v(x, t)
In the first case u1 , v1 we have used the values δ(t) = 3 and ρ(t) = 2, in
the second case u2 , v2 we have used δ(t) = 3 and ρ(t) = 2 t and finally, for
u3 , v3 we take δ(t) = 3 t2 and ρ(t) = 2 t. The use of variable coefficients give
us different structures of the solutions many of which can help to researches
in the study of diverse types of solutions that can be obtained in the type of
phenomena described by (1).
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Conclusion

We have considered a new model (generalization of the Drinfel’d-SokolovWilson equation DSW) with variable coefficients (depending on the variable t)
and a forcing term. Clearly, the standards version of the DSW equation can be
derived as a particular cases. By means of the improved tanh-coth we have obtain exact solutions for this model. The relevance of the results consist on the
fact that exact solutions for the standard versions of this equation (constant
coefficients and without forcing term) can be derived for the obtained solutions
of the generalized model. Using the graphics of some of the solutions, we can
see the several structure of the solutions that we can obtain, when variable
coefficients are considered, this give us a best approach of the realistic models
described by this type of equations.
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