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Abstract

In this work we solve a periodic problem for a continuously differen-
tiable function. Similarly, we prove that the function φ associated with
the problem and defined in H1

T reaches a minimum using the classical
theorems of the calculation of variations.
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1 Introduction

Minimization principles form one of the most wide-ranging means of formulat-
ing mathematical models governing physical systems. In this paper, we will
develop the basic mathematical analysis of nonlinear minimization principles
on infinite-dimensional function spaces a subject known as the calculus of vari-
ations, for reasons that will be explained as soon as we present the basic ideas.
Classical solutions to minimization problems in the calculus of variations are
prescribed by boundary value problems involving certain types of differential
equations, known as the associated Euler-Lagrange equations.

From a variational point of view it is often difficult to distinguish solutions
with collisions from classical solutions, since generally the presence of collisions
does not result in a significant increment in the value of the action functional.
Minimization problems that can be analyzed by the calculus of variations (vari-
ational calculus) serve to characterize the equilibrium configurations of almost
all continuous physical systems. Many geometrical configurations, such as min-
imal surfaces, can be conveniently formulated as optimization problems. More-
over, numerical approximations to the equilibrium solutions of such boundary
value problems are based on a nonlinear finite element approach that reduced
the infinite-dimensional minimization problem to a finite-dimensional problem,
to which we can apply the optimization techniques of variational calculus.

Let φ(x) : H1
T → R be a function defined by

φ(x) =

∫ T

0

|x′(t)|2

2
+ F (t, x(t)) dt.

Here, F : [0, T ]× RN → R is a function continuous such that:

• Let x 7→ F (t, x) be continuously differentiable for all t ∈ [0, T ]; we denote

∇F (t, x) =

(
∂F

∂x1

(t, x), · · · , ∂F
∂xN

(t, x)

)
• There is a ∈ C([0,∞[, [0,∞[), b ∈ C[0, T ] such that

|F (t, x)| ≤ a(|x|)b(t), |∇F | ≤ a(|x|)b(t), ∀(t, x) ∈ [0, T ]× RN .

2 Solution of periodic problem

In this section we will show that there is x ∈ H1
T such that φ′(x) = 0 and

therefore the periodic problem

x′′(t) = ∇F (t, x(t)), t ∈ [0, T ]
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x(0) = x(T ), x′(0) = x′(T )

has a solution. In fact, first we can associate with this problem the function
given by

L(t, x, x′) =
1

2
|x′|2 + F (t, x), (1)

with L : [0, T ] × RN × RN → R;F : [0, T ] × RN → R and (t, x, x′) ∈ [0, T ] ×
RN × RN . Now, we can see that p → L(t, x, p) is a convex function for every
(t, x) ∈ [0, T ]× RN . Therefore, let

Ω : {x(t) ∈ C([0, T ],RN) |x(0) = x(T ), x′(0) = x′(T )},

and

A(x) :

∫ T

0

L(t, x(t), x′(t)) dt.

Therefore, we know (by the classical theorems of variational calculus) that
the periodic problem is a necessary condition for the variational problem

min
x∈Ω
A(x), A(x) =

∫ T

0

L(t, x(t), x′(t)) dt, (2)

i.e., if we obtain a solution of (2), then we obtain a solution of the periodic
problem. Now, for a continuously differentiable function, let’s say

S : [0, T ]× RN → R,

which satisfies

S(0, x) = S(T, x),

(
∂S

∂t

)
(0, x) =

(
∂S

∂t

)
(T, x), x ∈ RN (3)

so we define

L̃(t, x, p) = L(t, x, p)−
(
∂S

∂t

)
(t, x)− 〈∇S(t, x), p〉

and

Ã(x) =

∫ T

0

L̃(t, x(t), x′(t)) dt,

then, for any x ∈ Ω, we have that
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A(x)− Ã(x) =

∫ T

0

L(t, x(t), x′(t)) dt−
∫ T

0

L̃(t, x(t), x′(t)) dt

=

∫ T

0

(
∂S

∂t

)
(t, x(t)) + 〈∇S(t, x(t)), x′(t)〉 dt

=

∫ T

0

(d/dt)S(t, x(t)) dt = S(T, x(T ))− S(0, x(0)) = 0.

Therefore, the variational problem (2) is equivalent to the problem

min
x∈Ω
Ã(x), Ã(x) =

∫ T

0

L̃(t, x(t), x′(t)) dt. (4)

We can conclude that we can obtain the solution of the original problem
by solving (4).

Now, we look for a function S that satisfies the following conditions:

1. For any (t, x, p) ∈ [0, T ]× RN → RN ,

L̃(t, x, p) ≥ 0. (5)

2. For any (t, x) ∈ [0, T ]× RN , the equation

L̃(t, x, p) = 0. (6)

has a solution z = z(t, x) which satisfies

z(0, x) = z(T, x), (7)

i.e., we look for a function S which satisfies (3) and such that the function L̃ is
not negative, with the property only for each (t, x) ∈ [0, T ]×RN , this function
L̃ reaches a minimum in z(t, x).

Finally, we must prove the following result:

Let S : [0, T ]×RN → R a continuously differentiable function that satisfies
(3). If x∗ : [0, T ]→ RN is a solution of the following problem

x′(t) = z(t, x(t)), t ∈ [0, T ]; x(0) = x(T ), (8)
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then x∗ is a minimum of the problem (2), therefore x∗ is a periodic solution of
the original problem.

To prove it, let x∗ : [0, T ]→ RN a solution of (8), then (7) and x(0) = x(T )
given x∗

′
(0) = x∗

′
(T ), which implies that x∗ ∈ Ω. Using (5) and (6) we have

that

L̃(t, x(t), x′(t)) ≥ L̃(t, x∗(t), z(t, x∗(t))) = 0.

Therefore, for any x ∈ Ω we have

A(x)−A(x∗) =

∫ T

0

L(t, x(t), x′(t))− L(t, x∗(t), x∗
′
(t)) dt

=

∫ T

0

L̃(t, x(t), x′(t))− L̃(t, x∗(t), z(t, x∗(t))) dt

−
∫ T

0

((
∂S

∂t

)
(t, x∗(t)) + 〈∇S(t, x∗(t)), z(t, x∗(t))〉

)
dt

=

∫ T

0

L̃(t, x(t), x′(t))− L̃(t, x∗(t), z(t, x∗(t))) dt

−
∫ T

0

(d/dt)S(t, x∗(t)) dt+

∫ T

0

(d/dt)S(t, x(t)) dt

=

∫ T

0

L̃(t, x(t), x′(t))− L̃(t, x∗(t), z(t, x∗(t))) dt

− (S(T, x∗(T ))− S(0, x∗(0))) + (S(T, x(T ))− S(0, x(0)))

=

∫ T

0

L̃(t, x(t), x′(t))− L̃(t, x∗(t), z(t, x∗(t))) dt ≥ 0,

i.e., we obtain

A(x) ≥ A(x∗), ∀x ∈ Ω.

3 Conclusion

In this paper we have tried some classic results of the calculation of variations
applied to the existence of a periodic problem. We have shown the existence
of a minimum for the associated periodic problem.
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