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Abstract

In this paper the deformed theory of the special relativity is formu-
lated with a help of the generalized hyperbolic functions. The deformed
wave equation in (1+1)-dimensional Minkowsky space is also proposed.

1 Introduction

The importance of the hyperbolic trigonometry for the study of special rela-
tivity does not appear widespread known as it should be even though it may
provide a useful pedagogical tool. In special relativity in 1 + 1 dimension,
time and space coordinates are linked by the Lorentz invariant or Minkowsky
norm :

τ 2 − x2 = 1 (1)

where τ = ct and c is a light speed. Here, we restrict our concern to the
time-like case. The natural geometrical framework to study the space time
properties linked by the eq.(1) is the hyperbolic trigonometry, where we set

x = sinh(φ), τ = cosh(φ) (2)

and
x

τ
= β =

v

c
(3)

In the eq.(3), v implies the uniform velocity of the moving frame.
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What will happen if the relation is slightly deformed into the following
form?

τ 2α − x2α = α2, α ∈ R, 0 < α ≤ 1 (4)

When α = 1, the relation (4) gives the ordinary time-like Minkowsky space.
If we set α = 1 − ε and regard ε as a sufficiently small positive number,
there exist little difference between the deformed relativity and undeformed
relativity. But, if ε is not small, the deformed theory will give a new result
which cannot be obtained through the undeformed relativity. This is the main
motivation of this paper.

The relation (4) is linked with the generalized hyperbolic functions obeying
the relation

cosh2α
2α(φ)− sinh2α

2α(φ) = 1 (5)

if we set
x = α1/α sinh2α(φ), τ = α1/α cosh2α(φ) (6)

and
x

τ
= β =

v

c
(7)

The generalized trigonometric and hyperbolic functions were studied by P.
Lindqvist in a highly cited paper (see [1]). Motivated by this work, many au-
thors have studied the equalities and inequalities related to generalized trigono-
metric and hyperbolic functions in [2,3]. Recently, in [4], S. Takeuchi has inves-
tigated the new kind of the generalized trigonometric and hyperbolic functions
depending on two parameters in which they reduce to the ordinary generalized
trigonometric and hyperbolic functions when two parameters take the same
values.

In this paper we formulate the deformed theory of the special relativity
by using the generalized hyperbolic functions. We also discuss the deformed
wave equation in (1+1)-dimensional Minkowsky space. We find the deformed
Lorentz transformation and discuss some consequences of the deformed theory
of the special relativity.

2 Generalized hyperbolic function

If we consider the (1+1)-dimensional space-time where −∞ < τ <∞,−∞ <
x < ∞, the eq.(4) should be changed because it gives the complex time and
complex length. In the α-deformed relativity, the eq.(4) is changed into

|τ |2α − |x|2α = α2, α ∈ R, 0 < α ≤ 1 (8)

This relation is well defined in −∞ < τ <∞,−∞ < x <∞. The relation (8)
is linked with the generalized hyperbolic functions obeying the relation

| cosh2α(φ)|2α − | sinh2α(φ)|2α = 1 (9)
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if we set

x = α1/α sinh2α(φ), τ = α1/α cosh2α(φ) (10)

Let us find the differential equation system related to the α-hyperbolic func-
tions. Consider the following system:

dy1
dx

= |y2|2α−2y2,
dy2
dx

= |y1|2α−2y1 (11)

where we impose the following initial conditions:

y1(0) = 0, y2(0) = 1 (12)

From the eq.(11) , we get

|y1|2α−2y1
dy1
dx
− |y2|2α−2y2

dy2
dx

= 0 (13)

Solving the eq.(13), we have

|y2|2α − |y1|2α = 1 (14)

Thus, we can write as

y1 = sinh2α(x), y2 = cosh2α(x) (15)

Therefore we know

sinh2α(0) = 0, cosh2α(0) = 1 (16)

and (
d

dx

)
sinh2α(x) = | cosh2α(x)|2α−2 cosh2α(x) (17)

(
d

dx

)
cosh2α(x) = | sinh2α(x)|2α−2 sinh2α(x) (18)

Using the relation (17), we can obtain the integral representation for the inverse
of the generalized hyperbolic sine function:

sin−12α (x) =


∫ x
0

1

(1+|t|2α)
2α−1
2α

dt (x > 0)

−
∫ −x
0

1

(1+|t|2α)
2α−1
2α

dt (x < 0)
, (19)
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3 Deformed wave function

Now let us consider the deformed wave equation in 1 +1 dimension, which is
given by

(Dα
x )2u(x, t)− 1

c2α
(Dα

t )2u(x, t) = 0 (20)

where c is a wave speed and the deformed derivative is defined by

Dα
xu(x, t) = lim

ε→0

u(x+ ε|x|1−α, t))− u(x, t)

ε
= |x|1−α∂xu(x, t) (21)

and

Dα
t u(x, t) = lim

ε→0

u(x, t+ ε|t|1−α))− u(x, t)

ε
= |t|1−α∂xu(x, t) (22)

where we assume that 0 < α ≤ 1. The deformed wave equation in 1 + 1
dimension has the following general solution:

u(x, t) = f

(
1

α
|x|α−1x− 1

α
|t|α−1t

)
+ g

(
1

α
|x|α−1x+

1

α
|t|α−1t

)
(23)

Let us consider the right going α-sinusoidal wave

u(x, t) = A sin

(
kα

α
|x|α−1x− wα

α
|t|α−1t

)
(24)

whereA is an amplitude. This wave propagates with α-velocity vα = Dα
t Xα(x) =

(w/k)α = cα > 0.
From now on we restrict our concern to the case of x > 0, τ > 0. For

the deformed special relativity, we introduce the deformed Lorentz invariant
or deformed Minkowsky norm

(τ 	α x)(τ ⊕α x) = α2/α (25)

where the deformed addition and subtraction for x > 0, y > 0 are

x⊕α y = (xα + yα)1/α

x	α y = (xα − yα)1/α (26)

The eq.(25) is satisfied by setting

x = α1/α sinh2α(φ), τ = α1/α cosh2α(φ) (27)

where
x

τ
= β = tanh2α(φ) =

v

c
(28)

γα = cosh2α(φ) =
(
1− β2α

)− 1
2α (29)

sinh2α(φ) = β
(
1− β2α

)− 1
2α (30)
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4 Deformed Lorentz transformation

Now let us consider two reference frames S and S ′, where the spatial axes and
clock of S ′ exactly coincide with that of S at time zero but it is moving at a
constant α-velocity vα with respect to S along the x-axis. Then, the deformed
Lorentz transform is given by(

(τ ′)α

α
(x′)α

α

)
=

(
coshα2α(φ) − sinhα2α(φ)
− sinhα2α(φ) coshα2α(φ)

)(
τα

α
xα

α

)
(31)

where
β = tanh2α(φ) =

vα
c1/α

(32)

and we considered the case of τ > 0, τ ′ > 0, x > 0, x′ > 0. We can easily check
that the deformed Minkowsky norm and the deformed wave equation remain
invariant under the transformation (31). Solving the relation with respect to
x′ and τ ′, we have the following deformed Lorentz transformation:

x′ = γα (xα − (βτ)α)1/α = γα (x	α βτ) (33)

τ ′ = γα (τα − (βx)α)1/α = γα (τ 	α βx) (34)

The deformed inverse Lorentz transformation is then given by

x = γα ((x′)α + (βτ ′)α)
1/α

= γα (x′ ⊕α βτ ′) (35)

τ = γα ((τ ′)α − (βx′)α)
1/α

= γα (τ ′ ⊕α βx′) (36)

Let us consider two events (x1, t1) and (x2, t2) in the reference frame S, which
correspond to two events (x′1, t

′
1) and (x′2, t

′
2) in the reference frame S ′. If we

define the deformed time difference ∆t and deformed spatial difference ∆αx as

∆αt = t2 	α t1 = (tα2 − tα1 )1/α (37)

∆αx = x2 	α x1 = (xα2 − xα1 )1/α, (38)

we have

∆αx
′ = γα ((∆αx)α − (v∆αt)

α)1/α = γα (∆αx	α v∆αt) (39)

∆αt
′ = γα

(
(∆αt)

α −
( v
c2

∆αx
)α)1/α

= γα

(
∆αt	α

v

c2
∆αt

)
(40)

The eq.(40) is related to our way of measuring deformed time intervals be-
tween events which occur at the same place in a given coordinate system.
These deformed time intervals will be different in another coordinate system
moving with respect to the first, unless the events are also simultaneous. The
consequences of deformed special relativity can be derived from the deformed
Lorentz transformation.
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4.1 Relativity of simultaneity

From the eq.(40), it is clear that two events that are simultaneous in frame
S (satisfying ∆αt = 0), are not necessarily simultaneous in another inertial
frame S ′ (satisfying ∆αt

′ = 0). Only if these events are additionally co-local
in frame S (satisfying ∆αx = 0), will they be simultaneous in another frame
S ′.

4.2 Time dilation

Suppose a clock is at rest in the unprimed system S . The location of the clock
on two different ticks is then characterized by ∆αx = 0. To find the relation
between the times between these ticks as measured in both systems, the first
equation can be used to find:

∆αt
′ = γα∆αt =

∆αt

(1− β2α)
1
2α

(41)

This shows that the deformed time interval ( ∆αt) between the two ticks as
seen in the frame in which the clock is moving ( S ′), is longer than the deformed
time interval ∆αt between these ticks as measured in the rest frame of the clock
(S).

4.3 Length contraction

Let us suppose a measuring rod is at rest and aligned along the x-axis in
the unprimed system S. In this system, the deformed length of this rod is
written as ∆αx. To measure the deformed length of this rod in the system S,
in which the clock is moving, the deformed distances to the end points of the
rod must be measured simultaneously in that system S. In other words, the
measurement is characterized by ∆αt

′ = 0, which gives

∆αx
′ = γα∆αx = (1− β2α)

1
2α (42)

This shows that the deformed length of the rod as measured in the frame in
which it is moving (S), is shorter than its length (∆αx) in its own rest frame
(S).

4.4 Composition of velocities

In deformed case, the Newton velocity for wave is not constant but the α-
velocity for the wave is constant. If the observer in S measures an object
moving along the x axis at α-velocity u, then the observer in the S system, a
frame of reference moving at α-velocity vα in the x direction with respect to
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S, will measure the object moving with α-velocity u where (from the deformed
Lorentz transformations above):

u′α =
uα − vα

1− vα
c2α
uα

(43)

where

uα = Dα
t Xα(x) =

(
t

x

)1−α
dx

dt
(44)

u′α = Dα
t′Xα(x′) =

(
t′

x′

)1−α
dx′

dt′
(45)

4.5 Deformed energy -mass relation

If we assume that the deformed energy and momentum obey the relation(
E

m0c2

)2α

−
(

p

m0c

)2α

= 1, (46)

we can set
E

m0c2
= cosh2α(φ) (47)

p

m0c
= sinh2α(φ) (48)

where m0 is a rest mass. Thus, we have the following relations:

E = Mαc
2, p = Mαv (49)

where the deformed relativistic mass Mα is given by

Mα = m0γα =
m0

(1− β2α)
1
2α

(50)

5 Conclusion

In this paper we considered the deformation of the (1+1)-dimensional Minkowsky
space. In this space we have the deformed invariant given by

τ 2α − x2α = α2, α ∈ R, 0 < α ≤ 1

We showed that this space could be handled by using the generalized hy-
perbolic functions. We investigated some properties of the generalized hy-
perbolic functions. We also discussed the deformed wave equation in (1+1)-
dimensional Minkowsky space. We found the deformed Lorentz transformation
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which makes the deformed Minkowsky norm and the deformed wave equation
remain invariant. Thus we constructed the deformed theory of special relativ-
ity and discussed some related topics such as relativity of simultaneity, time
dilation, length contraction,composition of velocities and deformed energy -
mass relation.
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