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Abstract

In this paper we discuss the f-deformed boson algebra and thermody-
namics for f-deformed boson gas. We investigate algebraic structure of
f-deformation. We use it to formulate the theory of f-deformed bosons.
We discuss some properties of the f-deformed coherent states. We also
discuss the f-deformed distribution and virial expansion for f-boson gas.

1 Introduction

Creation and annihilation operators in boson algebra are mathematical opera-
tors that have widespread applications in quantum mechanics, notably in the
study of quantum harmonic oscillators, quantum optics and and many-particle
systems. Boson algebra is given by

[a, a†] = 1, [N, a†] = a†, [N, a] = −a, (1)

where a ( or a† ) is called a annihilation operator ( or creation operator) and
N is called a number operator.

Up to now, there have been several types of deformations for this algebra
[3,4,5,6,7]. One of the famous deformations was accomplished by Arik and
Coon [3]. They used the q-calculus which was originally introduced by Jackson
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in the early 20th century [8]. In the study of the basic hypergeometric function
Jackson invented the Jackson derivative and integral, which is now called q-
derivative and q-integral. Jackson’s pioneering research enabled theoretical
physicists and mathematician to study the new physics or mathematics related
to the q-calculus. Much was accomplished in this direction and work is under
way to find the meaning of the deformed theory. Arik and Coon’s q-oscillator
algebra is given by

aa† − qa†a = 1, [N, a†] = a†, [N, a] = −a, (2)

where the relation between the number operator and step operators becomes

a†a = [N ]q, (3)

where a q-number is defined as

[X]q =
1− qX

1− q
(4)

for any operator or number X. The algebra (2) was shown to be related
to the deformation of the uncertainty relation which is called a generalized
uncertainty relation suggested by Kempf [9]. It is thought that the general-
ized uncertainty relation results from the quantum gravity effect. In Kempf’s
another work [10], the generalized uncertainty relation was shown to lead to
the conclusion that anomalies observed with fields over unsharp coordinates
might be testable if the onset of strong gravity effects is not too far above
the currently experimentally accessible scale about 10−18m, rather than at the
Planck scale of 10−35m. The quantum mechanics related to the generalized
uncertainty relation is called a Planck scale deformed quantum mechanics,
which is regarded as as reasonable model for studying the quantum gravity
phenomenology [11,12,13,14,15].

The second deformation was achieved by Macfarlane [4] and Biedenharn
[5]. Their q-oscillator algebra is given by

aa† − qa†a = q−N , [N, a†] = a†, [N, a] = −a, (5)

where the relation between the number operator and step operators becomes

a†a = q1−N [N ]q, (6)

The third deformation is obtained by Chung et.al. [6] as such

aa† − qa†a = qαN+β, [N, a†] = a†, [N, a] = −a, (α, β real), (7)

where the relation between the number operator and step operators becomes

a†a =

{
qβ q

αN−qN
qα−q α 6= 1

NqN−1+β α = 1
(8)
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The forth deformation is obtained by Borzov and Damaskinsky and Yegorov
[7] as such

aa† − qγa†a = qαN+β, [N, a†] = a†, [N, a] = −a, (α, β, γ real), (9)

where the relation between the number operator and step operators becomes

a†a =

{
qβ q

αN−qγN
qα−qγ α 6= γ

NqN−1+β α = γ
(10)

The last deformation is different from the above four cases in that it does not
include the parameter q. Instead it has two real parameter α, β and is given
by [ 16,17]

[a, a†] = 1 +
2α

α + β
N, (α ≥ 0, β > 0) (11)

This deformed algebra is shown to be related to many interesting physical
models. For α = 1, β = k + k′, the spectrum is the same as the one given in
the quantum system with Poeschl-Teller potential [18] whose Hamiltonian is
given by

Ĥ = p̂2 +
1

4

(
k(k − 1)

sin2(x/2)
+
k′(k′ − 1)

cos2(x/2)

)
, (0 < x < π) (12)

For α = 3ε
2
, β = α+1, the algebra (11) is shown to be related to the anharmonic

oscillator system with x4 potential [19].
All deformed boson algebra is characterized by the deformation function f

defined by
N = f(a†a), or a†a = f−1(N) (13)

For example, for the above mentioned deformed algebras, we have

f−1(x) = [x]q ( Arik-Coon)

= q1−x[x]q ( Macfarlane- Biedenharn )

=
qαx − qx

qα − q
( Chung et.al. with α 6= 1andβ = 0)

=
qαx − qγx

qα − qγ
( Borozov et.al. with α 6= γandβ = 0)

=
x(α + βx)

α + β
( Daoud-Kibler ) (14)

Besides, we can take another choice for the deformation map f , each of which
gives a new deformed boson algebra called a f-deformed boson algebra.

In this paper we discuss the f-deformed boson algebra and thermodynam-
ics for f-deformed boson gas. This paper is organized as follows: In section
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II we investigate the algebraic structure of f-deformation. In section III we
discuss the theory of f-deformed bosons. We investigate the Fock representa-
tion, Bargmann holomorphic representation for this algebra and construct the
f-deformed coherent states and discuss some properties of the deformed coher-
ent states. As applications we discuss the f-deformed distribution and virial
expansion for f-boson gas. In section IV, we discuss four types of deformed
algebras and the thermodynamics for four types of deformed boson gas.

2 Algebraic structure of f-deformation

In this section we discuss the algebraic structure of f-deformation.

Definition 2.1 Let us consider the deformation map f defined by

f : x→ f(x), f(0) = 0, f(1) = 1 (15)

where x ∈ R or x belongs to the set of quantum operators. We assume that
the deformation map is smooth and invertible. For this map, we introduce the
f-addition as follows:

f(a⊕ b) = f(a) + f(b)⇒ a⊕ b = f−1[f(a) + f(b)] (16)

It can be easily checked that the operation ⊕ satisfies commutativity and
associativity. For the operator ⊕, the identity additive is 0, which implies

x⊕ 0 = x (17)

From the eq.(16) we have

f−1(x)⊕ f−1(y) = f−1(x+ y) (18)

Proposition 2.1 Let us denote the additive inverse of x by 	x. Then, we
have

	x = f−1(−f(x)) (19)

Proof. From the definition of the additive inverse, we have

x⊕ (	x) = 0 (20)

or
f(x⊕ (	x)) = f(0) (21)

Thus, we have
f(	x) = −f(x) (22)

which completes the proof. �
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Definition 2.2 For the deformation map f , the f-subtraction is defined by

f(a	b) = f(a⊕(	b)) = f(a)−f(b)⇒ a	b = a⊕(	b) = f−1[f(a)−f(b)] (23)

From the definition of f-subtraction, we know

y 	 x = 	(x	 y) (24)

From the associativity of ⊕, we have the following formula :

t⊕ t⊕ t⊕ · · · ⊕ t︸ ︷︷ ︸
n times

= f−1(nf(t)) (25)

Inserting t = 1 in eq.(25), we have

1⊕ 1⊕ 1⊕ · · · ⊕ 1︸ ︷︷ ︸
n times

= f−1(n) (26)

Definition 2.3 We will denote 1⊕ 1⊕ 1⊕ · · · ⊕ 1︸ ︷︷ ︸
n times

by nf . Here we call nf a

f-number of n, where nf reduces to n when f(x) goes to x. For real number x,
we can define the f-number xf as follows:

xf = f−1(x) (27)

Here we have the following:

0f = 0, 1f = 1 (28)

Then f-number satisfies the following :

xf ⊕ yf = (x+ y)f (29)

For this addition, we have the identity 0f obeying

xf ⊕ 0f = xf (30)

Letting the inverse of xf by (−x)f , we have

xf ⊕ (−x)f = 0f (31)

The f-sum satisfies the following property.

(x1)f ⊕ (x2)f ⊕ · · · ⊕ (xn)f = (
n∑
i=1

xi)f (32)

The f-difference is defined in a similar way :

xf 	 yf = xf ⊕ (−y)f = (x− y)f (33)
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3 Theory of f-deformed bosons

In this section we shall construct a new theory of f-deformed bosons with a
help of the f-addition and f-subtraction.

3.1 f-deformed boson algebra

The general f-deformed boson algebra takes the following form:

aa† − a†a = f−1(N + 1)− f−1(N), [N, a†] = a†, [N, a] = −a (34)

where f(N) is a deformation map obeying f(0) = 0, f(1) = 1 and

a†a = f−1(N), aa† = f−1(N + 1) (35)

Here, N is the number operator of deformed bosons and a, a† denote the anni-
hilation and creation operators of deformed boson oscillators. For f−1(x) = x,

the eq.(34) gives the ordinary boson algebra, while for f−1(N) = qN−1
q−1 , it gives

the standard q-boson algebra [3]. In the deformed boson algebra (34), we know
that N 6= a†a, instead, a†a is some function in N . Then, the first relation of
the eq.(34) is written as

aa† 	 a†a = 1 (36)

Let us introduce the Fock basis as

N |n〉 = n|n〉, n = 0, 1, 2, · · · (37)

From the second and third relation of the eq.(34), we can set

a†|n〉 = cn+1|n+ 1〉, a|n〉 = cn|n− 1〉 (38)

From the eq.(36) and the eq.(38), we have

c2n+1 = 1⊕ c2n (39)

Solving the eq.(39) with c0 = 0, we have cn =
√
f−1(n). Thus, the represen-

tation takes the following form:

a†|n〉 =
√
f−1(n+ 1)|n+ 1〉, a|n〉 =

√
f−1(n)|n− 1〉 (40)

The f-deformed Fock space spanned by the orthornormalized eigenstates |n〉 is
constructed according to

|n〉 =
(a†)n√
f−1(n)!

|0〉, a|0〉 = 0 (41)

where the f- factorial is defined as

f−1(n)! = f−1(n)f−1(n− 1) · · · f−1(2)f−1(1) (42)
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3.2 f-deformed Bargmann holomorphic representation

The transformation from f-deformed Fock observables to the f-deformed con-
figuration space (f-deformed Bargmann holomorphic representation) may be
accomplished by choosing

a⇔ Dx, a† ⇔ x (43)

where f-deformed derivative ( shortly f-derivative) Dx reduces to the ordinary
derivative when f(x) goes to x. Inserting the eq.(43) into the first relation of
the eq.(34), we get

Dxx	 xDx = 1 (44)

or
Dxx = 1⊕ xDx (45)

Proposition 3.1 For the f-derivative, the following holds:

Dxx
n = nfx

n−1, n = 0, 1, 2, · · · (46)

Proof. Let us assume that the eq.(46) holds for M − 1.Then we have

F (xDx)x
M = F (Mf )x

M (47)

We introduce the f-scalar product as

f(a� b) = f(ab) (48)

From the identity

f(Dxx�x� · · · � x︸ ︷︷ ︸
M

) = f(Dxx
M+1), (49)

we have

f(Dxx�x� · · · � x︸ ︷︷ ︸
M

) = f((1⊕ xDx)�x� · · · � x︸ ︷︷ ︸
M

)

= f(f−1(1 + f(xDx))x
M)

= f(f−1(1 + f(Mf ))x
M)

= f((1⊕Mf )x
M)

= f((M + 1)fx
M) (50)

Comparing the eq.(49) and the eq.(50), we know

Dxx
M+1 = (M + 1)fx

M (51)

which completes the proof. �
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Proposition 3.2 The f-deformed exponential function is defined from the fol-
lowing relation:

DxEf (x) = Ef (x) (52)

The f-deformed exponential has the following expression:

Ef (x) =
∞∑
n=0

xn

nf !
(53)

Proof. If we set

Ef (x) =
∞∑
n=0

anx
n (54)

From DxEf (x) = Ef (x), we get

nfan = an−1 (55)

which completes the proof. �
In general, for the f-exponential, we have

Ef (x)Ef (−x) 6= 1 (56)

Instead, we demand that
Ef (x)Ẽf (−x) = 1 (57)

where

Ẽf (x) =
∞∑
n=0

κnx
n

nf !
(58)

Inserting the eq.(58) into the eq.(57), we have

κn =
n−1∑
m=0

(−1)n+m+1κm

(
nf !

mf !(n−m)f !

)
(59)

The first few κn’s are

κ0 = 1

κ1 = 1

κ2 = 2f − 1

κ3 = 3f2f − 2 · 3f + 1

κ4 = 4f !− 3 · 4f3f +
4f3f
2f

+ 2 · 4f − 1 (60)

The f -derivative can be also written as

DxF (x) = lim
h→0

F ([x+ h]f )− F (x)

h
(61)

where f-binomial is

[x+ h]nf =
n∑
k=0

nf !

kf !(n− k)f !
xkhn−k (62)
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3.3 f-deformed coherent state

Mathematically, a coherent state |z〉 is defined to be the eigenstate of the anni-
hilation operator a associated to the complex eigenvalue z. For the deformed
boson, we set

a|z〉 = z|z〉 (63)

The coherent state can be represented by using the number state as follows :

|z〉 =
∞∑
n=0

cn|n〉 (64)

Inserting the eq.(64) into the eq.(63), we obtain the following relations :

cn =
z√
nf )

cn−1 (65)

Thus, the deformed coherent states are

|z〉 = c0

∞∑
n=0

zn√
nf !
|n〉 (66)

Now let us demand that the norm of the coherent state is unity, which enables
us to determine c0(z). Indeed, from 〈z|z〉 = 1, we obtain

c−20 =
∞∑
n=0

|z|2n

nf !
= Ef (|z|2) (67)

Now let us briefly discuss the non-classical properties of the deformed coher-
ent states. Along this purpose, we refer to the sub-Poissonian statistics and
quadrature squeezing.

3.3.1 Photon distribution

The photon distribution function implies probability of finding photons in the
deformed coherent states. The probability of finding n photons in these sates
is given by

Pn = |〈n|z〉|2 =
|z|2n√
nf !

Ef (−|z|2) (68)

3.3.2 Super-/Sub-Poissonian structure

Let us discuss the super-/sub-Poissonian structure for these states. Commonly,
photon-counting statistics of the coherent states can be investigated by evalu-
ating Mandel parameter. The Mandel parameter is defined as

Qf =
〈N2〉 − 〈N〉2

〈N〉
− 1 =

〈N(N − 1)〉 − 〈N〉2

〈N〉
, (69)
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where
〈N〉 = 〈z|N |z〉, 〈N2〉 = 〈z|N2|z〉 (70)

The coherent state for which Q = 0, Q < 0 and Q > 0, respectively corresponds
to Poissonian, sub-Poissonian ( non-classical) and super-Poissonian state.

For the deformed coherent states, we have the following expectation values:

〈N〉 = |z|2

〈N(N − 1)〉 = |z|4 (71)

Thus, Mandel parameter is then given by

Q = 0 (72)

This means that the f-deformed bosonic coherent states is Poissonian.

3.4 f-deformed distribution for f-boson gas

For the dynamical system, we consider the model of ideal gas of f-bosons by
taking the free, or non-interacting, Hamiltonian in the form

H = εN (73)

Let us note that among a variety of possible choices of Hamiltonians, the
choice (73) is the unique truly non-interacting one, which possesses an addi-
tive spectrum. To obtain basic statistical properties, one evaluates thermal
averages

〈A〉 =
1

Z
Tr(e−βHA) =

1

Z

∞∑
n=0

〈n|e−βHA|n〉 (74)

where

Z = Tr(e−βH) =
∞∑
n=0

〈n|e−βH |n〉 =
1

1− e−βε
(75)

From the cyclic property of trace we have 〈aa†〉 = eβε〈a†a〉. Thus, the distri-
bution function is found as

〈a†a〉 =
1

eβε − 1
〈f−1(N + 1)− f−1(N)〉 (76)

From the algebra we have

〈(a†)2a2〉 = 〈f−1(N)f−1(N − 1)〉 (77)

which will be used in computing the intercept defined by

λf =
〈(a†)2a2〉
〈a†a〉2

− 1 (78)
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3.5 Virial expansion for f-boson gas

The statistical mechanics of the gas of non-interacting q-deformed bosons obey-
ing q-oscillator algebra has been studied by several authors [20-26]. In this
subsection we apply the same method to non-interacting f-boson gas. In the
grand canonical ensemble , the hamiltonian of the non-interacting f-boson gas
is expected to have the following form

H = (ε− µ)N, (79)

where µ is the chemical potential and ε is the kinetic energy.
Let us introduce the occupation number n . The mean value of the occu-

pation number n is then computed by the relation

nf =
1

Z
Tr(e−βHa†a) (80)

Using the cyclic property of the trace, we get

nf
(n+ 1)f

= ze−βε, (81)

where z = eβµ is the fugacity. If we assume that the solution of the eq.(81)
takes the following form:

n = Gf (y), y = βε (82)

In order to study the high-temperature thermostatistical properties of the f-
boson gas model, one could replace the sums over states by integrals for a large
volume and a large number of particles as∑

i

→ V

(2π)3

∫
d3k ,

where V is the volume. Introducing the thermal wavelength λ = h/
√

2πmkT ,
the number density of f-bosons is written as

N

V
=

1

λ3
g3/2(z) (83)

where deformed Fermi-Dirac function is

gn(z) =
1

Γ(n)

∫ ∞
0

dyyn−1Gf (y) (84)

Similarly, we can build the equation of the state for f-bosons as follows;

λ3
P

T
= g5/2(z) (85)
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From the results (83) and (85) we can obtain the following virial expansion

PV

NT
=
∞∑
k=1

ak

(
Nλ3

V

)k−1
, (86)

where the virial coefficients in the f-bosons system depend on the choice of
function f .

4 Some examples of f-boson algebra

In this section we discuss some interesting choices of f(x).

4.1 Case of f(x) = x

This is an ordinary boson algebra. The virial expansion is given by

PV

NT
= 1 (87)

4.2 Case of f(x) = 1
ln q ln[1 + (q − 1)x]

In this case we have

f−1(x) =
qx − 1

q − 1
(88)

which gives

nf = [n]q =
qn − 1

q − 1
(89)

The f-addition and f-subtraction then read

x⊕ y = x+ y + (q − 1)xy (90)

x	 y =
x− y

1 + (q − 1)y
(91)

4.2.1 Distribution function

The deformed boson algebra then reads

[a, a†] = qN (92)

Its equivalent form is

aa† 	 a†a = 1 ⇒ aa† − qa†a = 1 (93)
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This is a q-boson algebra [3]. For this algebra, up to a first order in q − 1, we
have

〈a†a〉 =
x

1− x

(
1 + (q − 1)

x

1− x

)
(94)

and

〈(a†)2a2〉 =
2x2

(1− x)2
+ (q − 1)

(
x2(1 + 5x)

(1− x)3

)
(95)

where we set x = e−βε. Thus, the intercept is

λq = 1 + (q − 1)

(
1 + x

1− x

)
(96)

Note that in the non-deformed limit q → 1 we have λq = λBE = 1 for Bose-
Einstein statistics. The quantity (intercept) is important since it can be di-
rectly confronted with empirical data. In this respect, let us note that there
exists a direct asymptotic relation λq = q, which corresponds to the limit of
large momentum or low temperature (in that case βε→∞).

4.2.2 Virial expansion

From the eq.(81), the occupation number n is then computed by

n =
1

ln q
ln

(
1− ze−y

1− qze−y

)
(97)

and the deformed Fermi-Dirac function is

gn(z) =
1

ln q

(
∞∑
k=1

(qz)k

kn+1
−
∞∑
k=1

zk

kn+1

)
(98)

Therefore the virial expansion is

PV

NT
=
∞∑
k=1

ak

(
Nλ3

V

)k−1
, (99)

where the virial coefficients, up to the first order of q − 1, are then given by

a1 = 1 +O((q − 1)2)

a2 = − 1

4
√

2
+O((q − 1)2)

a3 =
1

8
− 2

9
√

3
+O((q − 1)2)

Thus, up to a first order of q − 1, the virial coefficients for this case are the
same as those for the ordinary boson case.
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4.3 Case of f(x) = qx−1
q−1

In this case we have

f−1(x) =
1

ln q
ln[1 + (q − 1)x] (100)

The f-addition and f-subtraction then read

x⊕ y =
1

ln q
ln(qx + qy − 1) (101)

x	 y =
1

ln q
ln(qx − qy + 1) (102)

4.3.1 Distribution function

The deformed boson algebra then reads

[a, a†] =
1

ln q
ln

(
1 + (q − 1)(N + 1)

1 + (q − 1)N

)
(103)

Its equivalent form is
qaa

† − qa†a = q − 1 (104)

For this algebra, up to a first order in q − 1, we have

〈a†a〉 =
x

1− x

(
1− (q − 1)

x

1− x

)
(105)

and

〈(a†)2a2〉 =
2x2

(1− x)2
− (q − 1)

(
x2(1 + 5x)

(1− x)3

)
(106)

where we set x = e−βε. Thus, the intercept is

λq = 1− (q − 1)

(
1 + x

1− x

)
(107)

There exists a direct asymptotic relation λq = 2− q, which corresponds to the
limit of large momentum or low temperature (in that case βε→∞).

4.3.2 Virial expansion

From the eq.(81), up to a first order in q− 1, the occupation number n is then
computed by

n =
ze−y

1− ze−y
− q − 1

2

(
ze−y(2− ze−y)

(1− ze−y)2

)
(108)
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and the deformed Fermi-Dirac function is

gn(z) =
∞∑
k=0

zk+1

(k + 1)n
− (q− 1)

∞∑
k=0

zk+1

(k + 1)n−1
+
q − 1

2

∞∑
k=0

k + 1

(k + 2)n
zk+2 (109)

Therefore the virial expansion is

PV

NT
=
∞∑
k=1

ak

(
Nλ3

V

)k−1
, (110)

where the virial coefficients, up to the first order of q − 1, are then given by

a1 = 1 +O((q − 1)2)

a2 = − 1

4
√

2
− q − 1

8
√

2
+O((q − 1)2)

a3 =
1

8
− 2

9
√

3
+
q − 1

32
+O((q − 1)2)

4.4 Case of f(x) = x
1−µx

In this case we have
f−1(x) =

x

1 + µx
(111)

The f-addition and f-subtraction then read

x⊕ y =
x+ y − 2µxy

1− µ2xy
(112)

x	 y =
x− y

1− 2µy + µ2xy
(113)

4.4.1 Distribution function

The deformed boson algebra then reads

[a, a†] =
N + 1

1 + µ(N + 1)
− N

1 + µN
(114)

Its equivalent form is

(1 + µ)aa† − (1− µ)a†a = 1 + µ2(aa†)(a†a) (115)

The distribution function and the virial expansion for this algebra are discussed
by Rebesh, Kachurik and Gavrilik [30].
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4.5 Case of f(x) =
−1+
√

1+4µ(µ+1)x

2µ

In this case we have

f−1(x) =
1

1 + µ
x(1 + µx) (116)

The f-addition and f-subtraction then read

x⊕y =
1

4µ(1 + µ)

(√
1 + 4µ(1 + µ)x+

√
1 + 4µ(1 + µ)y

)(√
1 + 4µ(1 + µ)x+

√
1 + 4µ(1 + µ)y − 2

)
(117)

x	y =
1

4µ(1 + µ)

(√
1 + 4µ(1 + µ)x−

√
1 + 4µ(1 + µ)y

)(√
1 + 4µ(1 + µ)x−

√
1 + 4µ(1 + µ)y + 2

)
(118)

4.5.1 Distribution function

The deformed boson algebra then reads

[a, a†] = 1 +
2µ

1 + µ
N (119)

Its equivalent form is

aa† − a†a =
1

4µ(µ+ 1)
+

1

2µ(µ+ 1)

√
1 + 4µ(µ+ 1)a†a (120)

For this algebra, we have

〈a†a〉 =
x

1− x

(
1 + µ+

2µx

1− x

)
(121)

and

〈(a†)2a2〉 = 2(1− µ)
x2

(1− x)2
+ 2µ

x2(4 + 2x)

(1− x)3
+ 4µ2x

2(1 + 4x+ x2)

(1− x)4
(122)

where we set x = e−βε. Thus, up to a first order in µ, the intercept is

λµ = 1 + 2µ

(
1 + x

1− x

)
+O(µ2) (123)

Note that in the non-deformed limit µ → 0 we have λµ = λBE = 1 for Bose-
Einstein statistics. The quantity (intercept) is important since it can be di-
rectly confronted with empirical data. In this respect, let us note that there
exists a direct asymptotic relation λµ = 1 + 2µ, which corresponds to the limit
of large momentum or low temperature (in that case βε→∞).
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4.5.2 Virial expansion

From the eq.(81), the occupation number n is then computed by

n =
−1 + (2µ+ 1)ze−y +

√
(1− (2µ+ 1)ze−y)2 + 4µ(µ+ 1)ze−y(1− ze−y)

2µ(1− ze−y)
(124)

For small µ, we have

n ≈ ze−y

1− ze−y
+ µ

ze−y

(1− ze−y)2
− µ3 z2e−2y

(1− ze−y)4
(125)

and the deformed Fermi-Dirac function is

gn(z) =
∞∑
k=0

zk+1

(k + 1)n
+ µ

∞∑
k=0

zk+1

(k + 1)n−1
− µ3

6

∞∑
k=0

(k + 3)(k + 1)

(k + 2)n−1
zk+2 (126)

Therefore the virial expansion is

PV

NT
=
∞∑
k=1

ak

(
Nλ3

V

)k−1
, (127)

where the virial coefficients, up to the first order of µ, are then given by

a1 = 1 +O(µ4)

a2 = − 1

4
√

2
+

1

4
√

2
µ2 +O(µ2)

a3 =
1

8
− 2

9
√

3
+

(
−3

4
+

10

3
√

3

)
µ2 +

(
13

8
− 8

9
√

3

)
µ3 +O(µ2)

Thus, up to a first order of µ, the virial coefficients for this case are the same
as those for the ordinary boson case.

5 Conclusion

In this paper we discussed the f-deformed boson algebra where f is related to
the relation a†a = f−1(N). Here N is a number operator for the undeformed
boson algebra. Using the f-subtraction we formulated the f-deformed commu-
tation relation for the f-deformed boson algebra. Using this we obtained the
representation for this algebra. We also investigated the f-deformed Bargmann
holomorphic representation. We introduced the f-derivative and found some
properties for this deformed derivative. We also obtained the f-deformed ex-
ponential function and f-deformed binomial expansion. We constructed the
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f-deformed coherent states and discussed some properties of the deformed co-
herent states. As applications we discussed the f-deformed distribution for
f-boson gas. We found the formulas of the distribution function and intercept
for this gas. Besides, we discussed the virial expansion for f-boson gas. We
discussed four types of deformed algebra which is defined by each f map:

1 f(x) = 1
ln q

ln[1 + (q − 1)x]

2 f(x) = qx−1
q−1

3 f(x) = x
1−µx

4 f−1(x) = x
1+µx

.
For these four types of f-deformed boson gas, we computed the intercepts and
viral coefficients.
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