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Abstract

Relativistic diffusion process around a slowly rotating neutron star
has been studied. In this article, we formulated the relativistic Fokker-
Planck equation to describe the dynamic of particles undergoing diffu-
sion around slowly rotating neutron star. This equation is derived both
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in the parametrization of phase space proper time and the coordinate
time. The relativistic Fokker-Planck equation is expressed in the hyper-
bolic coordinate system since the observation that the velocity space in
special relativity is a noncompact hyperbolic 3-dimensional Riemannian
manifold embedded into the 4-dimensional velocity Minkowski space.
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1 Introduction

Diffusion process is the motion of particles from a region of higher concentra-
tion to a region of lower concentration. In other words, diffusion is defined
as the motion of a substance down a concentration gradient such as gradient
of concentration, pressure, and temperature. Diffusion process is a solution
of a stochastic differential equation, that is a continuous-time Markov process
with almost surely continuous sample paths, for examples Brownian motion,
reflected Brownian motion, and OrnsteinUhlenbeck process. The most funda-
mental diffusion process is Brownian motion. Brownian motion is a sample
path of a diffusion process models the trajectory of a particle embedded in
a flowing fluid and subjected to random displacements due to collisions with
fluid molecules. The position of the particle is random and governed by an
advection-diffusion equation. Its probability density function is a function of
space and time.

There are many research on relativistic diffusion, within both special and
general relativity framework. Debbasch et al. [1] have introduced a relativis-
tic diffusion in Minkowski space to describe the motion of a point of particle
surrounded by a heat bath with respect to the rest-frame of the fluid, called rel-
ativistic Ornstein-Uhlenbeck process. Furthermore, the relativistic Ornstein-
Uhlenbeck process has been studied more by [3], [4], [5], and [2]. Debbasch in
[6] has generalized the relativistic Ornstein-Uhlenbeck process to a process on
the curved manifold. Then Dunkel and Hanggi [7], [8] explained relativistic
Brownian motion in Minkowski space. Independently, Frachi and Le [10] has
analyzed a relativistic Diffusion on any Lorentz manifold. They have inves-
tigated the case of the Schwarzschild-Kruskal-Szekeres manifold. The case of
Godels universe was recently considered in [9]. Debbasch and Rivet [2] argued
qualitatively that the so-called hydrodynamical limit of relativistic Ornstein-
Uhlenbeck process should behave in a Brownian way. They stress that a math-
ematical rigourous proof remains needed, to confirm such not much intuitive
statement. In [7] and [8], Dunkel and Hanggi asked the question of the asymp-
totic behaviour of the variance of their diffusion. Indeed, comparing to the
nonrelativistic case, and after numerical computations, they guess that this
variance, normalised by time, should converge, to some constant for which
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they conjecture an empirical formula. We answer here these two questions,
asked by Debbasch and Rivet in [2], and by Dunkel and Hanggi in [7], [8], and
indeed a more general one. Angst and Franchi in [18] established a central
limit theorem for a class of Minkowskian diffusions, to which the two above
mentioned ones, relativistic Ornstein-Uhlenbeck process and Dunkel-Hanggi
[7] diffusion, belong.

Herrmann has studied diffusion process of both special [13] and general
relativity [15]. In general relativity framework, he has derived the diffusion
equation or the general relativistic Kramers equation. That equation was
applicated to explain the diffusion in expanding universe. Whereas, different
from Hermann’s work [15], Calogero [16] proposed a new model to describe
the dynamics of particles undergoing diffusion in general relativity framework.
Calogero has derived a Fokker-Planck equation without friction on the tangent
bundle spacetime to describe the evolution of the particle system. Calogero
has shown the incompatibility of Fokker-Planck equation and Einstein field
equation. To solve this problem he did two alternatives, that are to assume
the existence of additional matter fields in spacetime which absorb the energy
lost by the particles due to the action of the diffusion forces and to add a
cosmological scalar field term in the left hand side of Einstein field equation.

By refering to Herrmann’s work [15], Andra and Rosyid [17] have studied
the general relativistic of diffusion process around neutron star, for the case
non-rotating neutron star. They have constructed the relativistic Fokker-Plack
equation that describes the particles dynamic undergoing diffusion around non-
rotating neutron star. Now, in this article we will continue our work to study
the diffusion process around neutron star, for the case slowly rotating neutron
star. Different from Calogero’s work, we supposed the diffusion matterials
don’t change the spacetime metric under consideration. In this work we only
derived the differential equation without general solution. Furthermore (in the
next article), we will apply this equation for realistic specific case via numeric
computational to get the general solution of this equation.

2 Diffusion Process

Historically, the heat equation is firstly proposed by Fourier in 1822. He has
applied it to investigating the temperature distribution in materials. Some
years later, Brownian motion was found in 1827. Brownian motion is visualized
by pollen micro particles motion. Nevertheless, the Brownian motion had not
been recognized as a diffusion problem until the Einstein theory of Brown
motion in 1905, although it was a typical diffusion problem. In 1855, Fick
applied the heat equation to diffusion phenomena as it had been.

In probability theory, a diffusion process is a solution of a stochastic dif-
ferential equation. It is a continuous-time Markov process with almost surely
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continuous sample paths. Some examples of diffusion process are Brownian
motion, reflected Brownian motion, and OrnsteinUhlenbeck processes. A sam-
ple path of a diffusion process models the trajectory of a particle embedded in
a flowing fluid and subjected to random displacements due to collisions with
molecules, which is called Brownian motion. The position of the particle is
then random; its probability density function as a function of space and time
is governed by diffusion equation.

Mathematically, diffusion processes is described by diffusion equation. The
diffusion equation is a partial differential equation. In physics, it describes the
behavior of the collective motion of micro-particles in a material resulting from
the random motion of each micro-particle. In mathematics, it is applicable in
common to a subject relevant to the Markov process as well as in various
other fields, such as the material sciences, information science, life science,
social science, and so on. These subjects described by the diffusion equation
are generally called Brown problems.

The equation of non relativistic diffusion is given by

∂Φ(r, t)

∂t
= ∇ · [D(Φ, r)∇Φ(r, t)], (1)

where Φ(r, t), D(Φ, r), and ∇ are the density of the diffusing material at loca-
tion r and time t, the collective diffusion coefficient for density Φ at location
r, and the vector differential operator, respectively. If the diffusion coefficient
depends on the density then the equation is nonlinear, otherwise it is linear.
More generally, when D is a symmetric positive definite matrix, the equation
describes anisotropic diffusion, which is written (for three dimensional diffu-
sion) as:

∂Φ(r, t)

∂t
= Σ3

i=1Σ
3
j=1

∂

∂xi

[
Dij(Φ, r)

Φ(r, t)

xj

]
(2)

If D is constant, then the equation reduces to the following linear differen-
tial equation:

∂Φ(r, t)

∂t
= D∇2Φ(r, t), (3)

also called the heat equation.

Fokker-Planck Equation

Fokker-Planck equation was first proposed by Fokker and Planck to describe
the Brownian motion of particles. Fokker-Planck equation is a partial differ-
ential equation that describes the time evolution of the probability density
function of the velocity of particle under the influence of drag forces and ran-
dom forces. The Fokker-Planck equation is just an equation of motion for the
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distribution function of fluctuating macroscopic variables. For a determinis-
tic treatment we neglect the fluctuations of the macroscopic variables. The
Fokker-Planck equation is one of the simplest equations for continuous macro-
scopic variables. It usually appears for variables describing a macroscopic but
small subsystem, like the position and velocity for the Brownian motion of a
small particle, a current in an electrical circuit, the electrical field in a laser.
If the subsystem is larger the fluctuations may then usually be neglected and
thus one has a deterministic equation. In these cases, however, where the de-
terministic equations are not stable, a stochastic description is then necessary
even for large systems.

The general Fokker-Planck equation for one variable x is given by(see[22])

∂Φ

∂t
=
[
− ∂D1(x)

∂x
+
∂2D2(x)

∂x2

]
Φ, (4)

where D1(x) is the drift coefficient and D2(x) > 0 is the diffusion coefficient.
The drift and diffusion coefficients may also depend on time. If the drift
coefficient is linear and the diffusion coefficient is constant, the equation (4) is
reduced to be a special Fokker-Planck equation. Equation (4) is an equation
of motion for the distribution function Φ(x, t). Mathematically, it is a linear
second-order partial differential equation of parabolic type. Roughly speaking,
it is a diffusion equation with an additional first-order derivative with respect
to x. Equation (4) is also called a forward Kolmogorov equation.

3 Neutron Star

Neutron stars were first hypothesized by Landau in 1932. Landau calculated
the maximum mass of white dwarfs and speculated on a possible existence of
stars more compact than white dwarfs, containing matter of nuclear density.
The actual theoretical prediction of neutron stars was made Baade and Zwicky
in 1934. They have analyzed observations of supernova explosions and pro-
posed an explanation of an enormous energy release in these explosions. The
idea was that there exist stars of very high density and small radius. In 1939,
Oppenheimer and Volkoff constructed general relativistic models for such ob-
jects, assuming that the stars are composed of degenerate free neutrons at high
densities. After these ideas were proposed, physicists turned their attention to
other fields of physics and neutron stars were mostly forgotten. The discovery
of pulsars excited new interest for neutron stars. Neutron stars play a unique
role in physics and astrophysics. On the one hand, they contain matter under
extreme physical conditions, and their theories are based on risky and far ex-
trapolations of what we consider reliable physical theories of the structure of
matter tested in laboratory. On the other hand, their observations offer the
unique opportunity to test these theories.
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Neutron stars contain the matter of density ranging from a few g/cm3 at
their surface, where the pressure is small, to more than 1015g/cm3 at the center,
where the pressure exceeds 1036dyn/cm2. To calculate neutron star structure,
one needs the dependence of the pressure on density, the so called equation of
state (EOS), in this huge density range, taking due account of temperature,
more than 109 K in young neutron stars, and magnetic fields, sometimes above
1015G [19].

Neutron stars are compact stars which contain matter of supranuclear den-
sity in their interiors. They have typical masses M ∼ 1.4M�, where M� is
the Solar mass and radii R ∼ 10 km. Thus, their masses are close to the
solar mass M� = 1.989 × 1033g, but their radii are ∼ 105 times smaller than
the solar radius R� = 6.96 × 105 km. Because of its small size and high
density, a neutron star possesses a surface gravitational field about 2 × 1011

times that of Earth. Accordingly, neutron stars possess an enormous gravita-
tional energy Egrav ∼ GM2/R ∼ 5 × 1053erg ∼ 0.2Mc2 and surface gravity
g ∼ GM/R2 ∼ 2×1014cm/s2, where G is the gravitational constant and c is the
speed of light. Clearly, neutron stars are very dense. Their mean mass density
is ρ̄ ' 3M/(4φR3) ' 7× 1014g/cm3 ∼ (2− 3)ρ0, where ρ0 = 2.8× 1014g/cm3

is the so called normal nuclear density, the mass density of nucleon matter
in heavy atomic nuclei. The central density of neutron stars is even larger,
reaching (10− 20)ρ0. By all means, neutron stars are the most compact stars
known in the Universe [19].

The interior of a neutron star can be divided into four main internal regions,
that are the outer crust, the inner crust, the outer core, and the inner core.
Neutron star also has atmosphere around it. The atmosphere is a thin plasma
layer, where the spectrum of thermal electromagnetic neutron star radiation
is formed. The outer crust (the outer envelope) extends from the atmosphere
bottom to the layer of the density ρ = 4 × 1011g/cm3. Its thickness is some
hundred meters. Its matter consists of ions Z and electrons e. The inner crust
(the inner envelope) may be about one kilometer thick. The density ρ in the
inner crust varies from ρND at the upper boundary to ∼ 0.5ρ0 at the base. The
matter of the inner crust consists of electrons, free neutrons, and neutron-rich
atomic nuclei. The outer core occupies the density range 0.5ρ0 . ρ . 2ρ0 and
is several kilometers thick. Its matter consists of neutrons with several per cent
admixture of protons, electrons, and possibly muons. The inner core, where
ρ & 2ρ0, occupies the central regions of massive neutron stars. Its radius can
reach several kilometers, and its central density can be as high as (10− 50)ρ0.
Its composition and the EOS are very model dependent. Several hypotheses
have been put forward, predicting the appearance of new fermions and boson
condensates [19].
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4 Results and Discussion

Mathematical description of gravitation was firstly proposed by Sir Isaac New-
ton in 1687. Newtons theory of gravitation was widely accepted until the be-
ginning of the 20th century. In 1915, Albert Einstein introduced the theory of
general relativity (GR). It was a revolutionary theory that changed the way
physicists think about gravitation. Today, GR is considered a well established
theory. Unlike Newton’s, where gravitation is described as a force from a dis-
tance, in GR gravitation is not force, but something arises from curvature of
spacetime that affects the motion of particles. On the other hand, massive
bodies and energy sources cause the spacetime to curve. In GR we study how
the curvature of spacetime acts on matter to manifest itself as gravitation, and
how energy and momentum influence spacetime to create curvature.

To study the curvature we employ a mathematical description of the squared
length of an infinitesimal displacement in an arbitrary direction. This squared
length is given by

ds2 = gµνdx
µdxν , (5)

where xµ are the coordinates describing the spacetime and gµν is the metric
tensor. The metric tensor is one of the fundamental quantities in GR. Given
the metric tensor the geometry of the spacetime can be fully described. If
the geometry of the spacetime is known, the motion of test particles can be
predicted.

4.1 Gravitational Force Around Slowly Rotating Neu-
tron Star

The metric around a slowly rotating neutron star is given by [21]

ds2 = e2ν(r)dt2 − e2λ(r)dr2 − r2dθ2 − r2 sin2 θdϕ2 + 2ωr2 sin2 θdϕdt. (6)

Based on this metric, the components of covariant metric tensor can be
written as

gαβ =


e2ν(r) 0 0 ωr2 sin2 θ

0 −e2λ(r) 0 0
0 0 −r2 0

ωr2 sin2 θ 0 0 −r2sin2θ

 . (7)

The non-zero covariant basis, eµM(x), and the contravariant ones, ενN(x), for
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metric (6) are

e00 = eν(r), ε00 = e−ν(r),

e11 = eλ(r), ε11 = e−λ(r)

e22 = r, ε22 =
1

r
,

e33 = r sin θ, ε33 =
1

r sin θ
,

e30 = −ω(r)r sin θ, ε03 = ω(r)e−ν(r).

(8)

Then, we calculate the Christoffel symbols for metric (6) by

Γαµσ =
1

2
gαη(gηµ,σ + gησ,µ − gµσ,η). (9)

The non-zero Christoffel symbols are given by

Γ0
01 = Γ0

10 =
ν ′e2ν + (ωr sin θ)2( ω

′

2ω
+ 1

r
)

e2ν + (ωr sin θ)2
, Γ2

03 = Γ2
30 =

1

2
ω sin 2θ,

Γ0
02 = Γ0

20 =
1
2
ω2r2 sin 2θ

e2ν + (ωr sin θ)2
, Γ2

12 = Γ2
21 =

1

r
,

Γ0
13 = Γ0

31 =
1
2
ω′r2 sin2 θ

e2ν + (ωr sin θ)2
, Γ1

00 = ν ′e2(ν−λ),

Γ1
30 = Γ1

03 =
1

2
r(ω′r + 2ω)e−2λ sin2 θ, Γ1

11 = λ′,

Γ3
01 = Γ3

10 =
ωe2ν(ν ′ − ω′

2ω
− 1

r
)

e2ν + (ωr sin θ)2
, Γ1

22 = −re−2λ,

Γ3
02 = Γ3

20 =
ωe2ν cot θ

e2ν + (ωr sin θ)2
, Γ1

33 = −re−2λ sin2 θ,

Γ3
13 = Γ3

31 =
ω2r2 sin2 θ( ω

′

2ω
+ 1

r
) + 2e2ν

r

e2ν + (ωr sin θ)2
, Γ2

33 = −1

2
sin 2θ,

Γ3
23 = Γ3

32 = cot θ.

(10)

Furthermore, the gravitational force components are determined by

F a
g = −Ωa

µB(x)eµC(x)uBuC , (11)

where Ωa
µB(x) is spin connection coefficients and uB is 4-velocity. Spin con-

nection is a connection on a spinor bundle that is induced from the affine
connection. It can also be regarded as the gauge field generated by local
Lorentz transformations. In some canonical formulations of general relativity,
a spin connection is defined on spatial slices and can also be regarded as the
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gauge field generated by local rotations. To calculate spin connection we use
equation

ΩM
µN(x) = εMν (x)Γνµρe

ρ
N(x) + εMν (x)∂µe

ν
N(x). (12)

Based on (12), then we get non-zero components of spin connection coefficient
as

Ω0
10 =

(ωr sin θ)2(ω
′

ω
+ 1

r
− ν ′)

e2ν + (ωr sin θ)2
, Ω0

20 =
1
2
ω2r2 sin 2θ

e2ν + (ωr sin θ)2
,

Ω0
01 =

eν−λ[ν ′e2ν + ω2r2 sin2 θ( ω
′

2ω
+ 1

r
)]

e2ν + (ωr sin θ)2
, Ω0

31 =
1
2
ω′r2eν−λ sin2 θ

e2ν + (ωr sin θ)2
,

Ω0
02 =

1
2
ω2reν sin 2θ

e2ν + (ωr sin θ)2
, Ω0

13 =
1
2
ω′reν sin θ

e2ν + (ωr sin θ)2
,

Ω1
00 = ν ′eν−λ +

1

2
re−(ν+λ) sin2 θ(ω′r + 2ω), Ω1

30 =
1

2
ω′r2e−(ν+λ) sin2 θ,

Ω1
22 = −e−λ, Ω1

03 =
1

2
e−λ sin θ(ω′r + 2ω)

Ω1
33 = −e−λ sin θ, Ω2

00 =
1

2
ω2re−ν sin 2θ,

Ω2
21 = e−λ, Ω2

03 = ω cos θ,

Ω2
33 = − cos θ, Ω3

10 = −re−ν sin θ(
ω′

2
+ ωω′ − ω2ν ′),

Ω3
01 = −1

2
e−λ sin θ(ω′r + 2ω), Ω3

31 = e−λ sin θ,

Ω3
02 = −ω cos θ, Ω3

32 = cos θ,
(13)

whereas the other components are zero.

The components of gravitational force around a slowly rotating neutron
star are determined by (11). Finally, we get the gravitational force around a
slowly rotating neutron star as
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F 1
g =

e−3λ−2ν

2r

[
− ru0e2λ

(
r2u3 sin2 θω′ + r2u0ω′ω sin2 θ + 2u0ν ′e2ν

+ 2ru0ω2 sin2 θ +
(
ru0ω′ + 2u0ω − 2u3

)
ωeν sin θ

)
−
(
ru0ω′ + 2u0ω − 2u3

)
u3e2λ+2ν + 2(u2)2e2λ+2ν

]
(14a)

F 2
g = −e

−2λ−ν

r sin θ

[
ru0

2
(u0ω − u3)ωe2λ sin 2θ + ru1u2eν sin θ

+ u3(u0ω − u3)e2λ+ν cos θ

]
(14b)

F 3
g = r2u0u1ω3e−2λ−2ν sin3 θ − ru0u1ω3e−3ν sin2 θ

− ru0

2
u1e−2ν sin θω′ +

ru0

2
u1e−2λ sin θω′ + u0u1ωe−2λ sin θ

− u1u3e−2λ sin θ +
u0u2

r
ω cos θ − u2u3

r
cos θ (14c)

The gravitational force govern the dynamics of particle that is moving around
the slowly rotating neutron star. Finally, to get more insight of gravita-
tional force around a slowly rotating neutron star we assumed that the λ(r) =

−1
2

ln
(

1 − 2M
r

)
, ν(r) = 1

2
ln
(

1 − 2M
r

)
, M = 2, u0 = 2e−ν(r), u1 =

√
2e−λ(r),

u2 = 1/r, u3 = 0, and ω(r) = 0.01r. Furthermore, by substituting those
assumption to the equation (14) we obtained

F 1
g =

1

2r

√
1− 2m

r

[
− 2r(

1− 2m
r

) 3
2

( 4m
r2

+ 0.0002
r

sin2 θ√
1− 2m

r

+
0.0002

r2
sin θ

)
+

2

r2

]
(15a)

F 2
g = −

√
1− 2m

r

r sin θ

[
1.414

(
1− 2m

r

)
sin θ +

0.0002 sin 2θ

r
(
1− 2m

r

)2
]

(15b)

F 3
g =

0.014 sin θ

r

(
1− 2m

r

)
+ 2.828 · 10−6

sin3 θ

r
+

0.014 sin θ

r
(
1− 2m

r

)
− 2.828 · 10−6 sin2 θ

r2
(
1− 2m

r

) 3
2

+
0.02 cos θ

r3
√

1− 2m
r

(15c)
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Figure 1: Components of gravitational force for slowly rotating neutron star

Then we plot the gravitational force (equations 15) around a slowly rotating
neutron star as showed by Figure 1. Based on this graph, we can conclude that
the gravitational forces become smaller when the source becomes farther away.
This corresponds to the classical intuition. Furthermore, the gravitational force
as one of tools that will be used to construct a differential diffusion equation
of particles around the neutron star.

4.2 Diffusion Process Around Slowly Rotating Neutron
Star

In this section we will investigate the relativistic diffusion process around a
slowly rotating neutron star. We will derive the coresponding Fokker-Planck
equation in phase space (general relativistic Kramers equation) within the
frame of general relativity. These equation is a stochastic differential equa-
tion which describes the diffusive particles dynamic around a slowly rotating
neutron star. The derivation of these equation refers to Herrmann [15] and
Andra [17]. Herrmann has generalized the Markovian diffusion theory in the
phase space within the general theory of relativity framework. He has derived
the general relativistic Fokker-Planck equation in the phase space both in the
parametrization of phase space proper time and the coordinate time. Whereas
Andra has constructed the general relativistic Fokker-Planck equation to de-
scribe the diffusion process around non-rotating neutron star. Based on Her-
mann’s work, the general relativistic Kramers equation in the parametrization
of observer time is given by

N−1v0
∂Φ

∂x0
= −vMdivx(eM(x)Φ)− divv(FΦ) +

D

2
∆vΦ, (16)

where N = 1/
√
g00 and Φ is the probability density function.
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The important point in relativistic diffusion is the observation that the
velocity space in special relativity is a noncompact hyperbolic 3-dimensional
Riemannian manifold embedded into the 4-dimensional velocity Minkowski
space. Using normalized velocity variables uµ (µ = 0, 1, 2, 3) the hyperbolic
metric structure for a relativistic system of massive particles is described by
the relation

(u0)2 − (u1)2 − (u2)2 − (u3)2 = 1. (17)

Therefore relativistic Markovian diffusion processes can be described in a rig-
orous way by using the mathematical stochastic calculus on Riemannian man-
ifolds, but adopted to the velocity space. The 4-velocity are expressed in the
hyperbolic coordinate system as below

u0 = coshα

u1 = sinhα sin β cosφ

u2 = sinhα sin β sinφ

u3 = sinhα cos β. (18)

Therefore, by substituting 4-velocity in the hyperbolic coordinate system
to equation (14a), (14b), and (14c), then we obtained the gravitational force
components in hyperbolic coordinate system are

F 1
g =

sinhα

2reλ

[
rω′ cos β coshα + 2ω cos β coshα− 2 cos2 β sinhα− 2 sin2 β sin2 φ sinhα

]
+

coshα

2eλ+2ν

[
r2ω′ sin2 θ cos β sinhα + r2ωω′ sin2 θ coshα + 2rω2 sin2 θ coshα

+ 2e2νν ′ coshα + ωeν sin θ
(
rω′ coshα + 2ω coshα− 2 cos β sinhα

)]
(19a)

F 2
g =

cos β sinhα

r sin θ

[
ω cos θ coshα− cos β cos θ sinhα

]
+ e−2λ sin2 β sinφ cosφ sinh2 α

+ ωe−ν coshα
[
ω cos θ coshα− cos β cos θ sinhα

]
+
r

2
ω2e−2ν sin (2θ) cosh2 α

(19b)

F 3
g = −sin β sinhα

2r

[
− r2ω′e−2ν sin θ cosφ coshα + re−2λ sin θ cosφ

[
rω′ coshα

+ 2ω coshα− 2 cos β sinhα
]

+ 2 sinφ cos θ
[
ω coshα− cos β sinhα

]]
(19c)
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Whereas the gravitational force components in the new coordinate are given
by

Fα
g = (coshα)−1[sin β(cosφF 1

g + sinφF 2
g ) + cos βF 3

g ] (20a)

F β
g = (sinhα)−1[cos β(cosφF 1 + sinφF 2)− sin βF 3] (20b)

F φ
g = (sinhα)−1(sin β)−1[− sinφF 1

g + cosφF 2
g ] (20c)

Explicitly, they are:

Fα
g =

sin β cosφ

2eλ+2ν

[
r2ω′ sin2 θ cos β sinhα + r2ωω′ sin2 θ coshα + 2rω2 sin2 θ coshα

+ 2e2νν ′ coshα + ωeν sin θ
[
rω′ coshα + 2ω coshα− 2 cos β sinhα

]]
+
ω sin β sinφ

2e2ν

[
rω sin 2θ coshα + 2eν cos θ[ω coshα− cos β sinhα]

]
− sin 2β sin θ cosφ tanhα

4e2λ

[
rω′ coshα + 2ω coshα− 2 cos β sinhα

]
+

sin 2β cosφ tanhα

4reλ

[
rω′ coshα + 2ω coshα− 2 cos β sinhα

]
− e−λ

coshα
sin3 β sin2 φ cosφ sinh2 α +

e−2λ

coshα
sin3 β sin2 φ cosφ sinh2 α

+
1

2r
sinφ sin 2β cot θ tanhα

[
ω coshα− cos β sinhα

]
− 1

2r
sinφ cos θ sin 2β tanhα

[
ω coshα− cos β sinhα

]
+

ω′r

4e2ν
sin θ cosφ sin 2β sinhα (21)

F β
g =

e−2λ−3ν

2r sin θ sinhα

[
cos β

[
e−λ+ν sin θ cosφ

[
re2λ coshα

[
r2ω′ sin2 θ cos β sinhα

+ ωeν sin θ(rω′ coshα + 2ω coshα− 2 cos β sinhα) + coshα(r2ωω′ sin2 θ

+ 2rω2 sin2 θ + 2e2νν ′)
]

+ e2λ+2ν cos β sinhα
[
rω′ coshα + 2ω coshα

− 2 cos β sinhα
]
− 2e2λ+2ν sin2 β sin2 φ sinh2 α

]
+ sinφ

[
rωe2λ+ν sin θ coshα

×
[
rω sin 2θ coshα + 2eν cos θ(ω coshα− cos β sinhα)

]
+ 2re3ν sin2 β sinφ sin θ cosφ sinh2 α + 2e2λ+3ν cos β cos θ sinhα

[
ω coshα

− cos β sinhα
]]]

+ eν sin2 β sin θ sinhα

[
− r2ω′e2λ sin θ cosφ coshα

+ re2ν sin θ cosφ
[
rω′ coshα + 2ω coshα− 2 cos β sinhα

]
+ 2e2λ+2ν sinφ cos θ

[
ω coshα− cos β sinhα

]]]
(22)
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F φ
g = − e−2λ−3ν

2r sin β sin θ sinhα

[
e−λ−ν sinφ sin θ

[
re2λ coshα

[
r2ω′ sin2 θ cos β sinhα

+ ωeν sin θ
[
rω′ coshα + 2ω coshα− 2 cos β sinhα

]
+ coshα

[
r2ωω′ sin2 θ

+ 2rω2 sin2 θ + 2e2νν ′
]]

+ e2λ+2ν cos β sinhα
[
rω′ coshα + 2ω coshα

− 2 cos β sinhα
]
− 2e2λ+2ν sin2 β sin2 φ sinh2 α

]
− cosφ

×
[
rωe2λ+ν sin θ coshα

[
rω sin 2θ coshα + 2eν cos θ

[
ω coshα− cos β sinhα

]]
+ 2re3ν sin2 β sinφ sin θ cosφ sinh2 α + 2e2λ+3ν cos β cos θ sinhα

×
[
ω coshα− cos β sinhα

]]]
(23)

The random impact of particles around of neutron star give rise to a fric-
tional force. In the nonrelativistic theory, frictional force is formulated by
F i
f = −κmui, where κ and ui are the friction coefficients and the components

of nonrelativistic velocity, respectively. The generalization of relativistic fric-
tion force lead us to introduce a friction tensor κiα. This tensor is similar to
pressure tensor in relativity theory, so that the friction force is given by

F i
f = κiα[uα − V α], (24)

where V α is the 4-velocity of heat bath and κiα is a tensor of friction coefficient.
In the observer frame the heat bath is at rest described by V α = (1, 0, 0, 0).
For an isotropic homogeneous heat bath the friction tensor is given by [7],[15]

κiα = κ(ηiα + uiuα). (25)

where κ denoting the scalar friction coefficient measured in the rest frame of
the particles. Therefore, the friction force is given by F i

f = −κuiu0 or in the
hyperbolic coordinate system is expressed by

Fα
f = −κ sinhα;F β

f = 0;Fϕ
f = 0, (26)

The total force components are the summation of gravitational force and
friction force. Then, the total force components are expressed by

Fα = Fα
g − κ sinhα

F β = F β
g

Fϕ = Fϕ
g , (27)
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where Fα
g , F β

g , and F φ
g are given by equation (21), (22), and (23), resspectively.

Based on the equation (16), the Fokker-Planck equation or the diffusion
differential equation that describes the diffusion process of diffusant around a
slowly rotating neutron star can be constructed by calculating the Laplace-
Beltrami operator and the divergence operator in the position and velocity
space. Then, the divergence operator in the position space, divx(eM(x)Φ), is
given by

divx(eM(x)Φ) =
1
√
g

∂

∂xi
(
√
geiM(x)Φ), (28)

that is:

divx(eMΦ) = r sin θ cos β sinhα
dΦ

dϕ
+ r sin β sinφ sinhα

dΦ

dθ

+ eλ sin β cosφ sinhα
dΦ

dr
+ Φeλλ′ sin β cosφ sinhα

+ rΦ cot θ sin β sinφ sinhα + Φλ′eλ sin β cosφ sinhα

+
2Φeλ

r
sin β cosφ sinhα +

r3ω2 sin 2θ sin β sinφ sinhα

2(r2ω2 sin2 θ + e2ν)
Φ

+
eλ sin β cosφ sinhα

2(r2ω2 sin2 θ + e2ν)

(
2r2ωω′ sin2 θ + 2rω2 sin2 θ + 2e2νν ′

)
Φ.

(29)

Whereas the divergence operator in the velocity space, divv(FΦ), is given
by

divv(FΦ) =
1√
G

∂

∂vm
(
√
GFmΦ), (30)

where G = detGij, g = det gij. In the hyperbolic coordinate system the diver-
gence operator in the velocity space is expressed by

divv(FΦ) = (sinhα)−2
∂

∂α
((sinhα)2FαΦ)− (sinhα)−1(sin β)−1

∂

∂β
(sin βF βΦ)

−(sinhα)−1(sin β)−1
∂

∂ϕ
(FϕΦ), (31)

where Fα, F β, and F φ are given by equation (27). Laplace-Beltrami operator
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can be determined via below equation

D

2
∆uΦ =

D

2

{
∂2Φ

∂α2
+ 2 cothα

∂Φ

∂α
− 1

(sinhα)2

(
∂2Φ

∂β2
+ cot β

∂Φ

∂β

+
1

(sin β)2
∂2Φ

∂ϕ2

)}
D

2
∆uΦ =

D

2

{
∂2Φ

∂α2
+ 2 cothα

∂Φ

∂α
+
J(J + 1)Φ

(sinhα)2

}
, (32)

where J is discrete index from 0 to ∞.
Finally, by subtituting equation (29), (31), and (32) to equation (16), then

we get the diffusion equation that describes diffusion process of particles around
slowly rotating neutron star in the parametrization of the phase-space proper
time within the frame of general relativity for the probability density function
as below

eν coshα
∂Φ

∂t
=
D

2

{
∂2Φ

∂α2
+ 2 cothα

∂Φ

∂α
+
J(J + 1)Φ

(sinhα)2

}
+ (sinhα)−1(sin β)−1

∂

∂ϕ
(FϕΦ)

− (sinhα)−2
∂

∂α
((sinhα)2FαΦ) + (sinhα)−1(sin β)−1

∂

∂β
(sin βF βΦ)

− eλ sin β cosφ sinhα

2(r2ω2 sin2 θ + e2ν)

(
2r2ωω′ sin2 θ + 2rω2 sin2 θ + 2e2νν ′

)
Φ

− 2Φeλ

r
sin β cosφ sinhα− r3ω2 sin 2θ sin β sinφ sinhα

2(r2ω2 sin2 θ + e2ν)
Φ

− rΦ cot θ sin β sinφ sinhα− Φλ′eλ sin β cosφ sinhα

− Φeλλ′ sin β cosφ sinhα− eλ sin β cosφ sinhα
dΦ

dr

− r sin β sinφ sinhα
dΦ

dθ
− r sin θ cos β sinhα

dΦ

dϕ
, (33)

where where Fα, F β, and F φ are given by equation (27).
Similar with [17],it is very difficult to get a general solution of equation

(33), the probability density function Φ(t,x,u). In addition to long differential
equations, the probability density function also consists of seven parameters.
However, to get a glimpse of it, we will consider asymptotic case, r 7−→ ∞
and eν(r) = eλ(r) = 1. For asymptotic case, we found that there are new terms
of θ and ϕ. It differences from the asymptotic case for the diffusion process
around non-rotating neutron star [17]. In the non-rotating neutron case, the
diffusion depends only on the radial coordinate as well as the 4-velocity. The
terms containing θ and ϕ can be intuitively explained by the fact that there
is a new term in metric tensor of (6) which contains ω as angular frequence of
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the rotating neutron star. Besides that, from equation (33), we found terms
as the source of diffusion due to the curvature of spacetime which depend on
4-velocity and angular frequence.

5 Conclusion

Analitically, we have constructed the relativistic diffusion equation or the
Fokker-Planck equation to describe the dynamics of particles undergoing diffu-
sion around slowly rotating neutron star given by equation (33). This equation
is expressed in the hyperbolic coordinate system. The Fokker-Planck equation
is also derived both in the parametrization of phase space proper time and the
coordinate time.
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