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Abstract
In this paper the Hubble parameter and the deceleration parameter are analyzed for a group of anisotropic homogeneous solutions of
the Petrov type-D. It is obtained that for the said set of solutions can
be constructed a representative average value of the Hubble constant
and the deceleration parameter; both matching with their analogues
obtained for the FRWL Flat model or the Kasner’s solution depending
on the time values; however, the parameters depend on time, so their
values or tendency, evolve significantly regarding time, in most cases
compared to the ones of FRWL’s or Kasner’s. The average value for
those parameters does not depend on whether the expansion is greater
on one axis than on the perpendicular plane to this, or otherwise. The
deceleration parameter q, for models where λ < −1/3 change signs,
when time augments, so it is presented a process of initial deceleration
that trough the augmentation changes to another one of acceleration.

Keywords: cosmology, Hubble, deceleration, parameter, exact, solution,
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1

Introduction

The data of the microwave background radiation obtained by the satellites
COBE, WMAP and PLANCK and the discovery of the acceleration of the
Universe [1, 2], lead to series of problems which have been discussed recently

422

R. Alvarado

(cf. [3]).
The anisotropic acceleration of the type Ia supernovae and the gamma-ray
burst data (towards the Vulpecula constellation) with a level of anisotropy of
the deceleration parameter ∆q0,max /q0 = 0.79−0.28
+0.27 [4],[5], the evidence, trough
the study of the Ia supernovae, that the Universe went through a stage of
deceleration before commencing the acceleration stage [6] [7], [8], an asymmetry value of the Hubble parameter of ∆H/H < 0.038 [9] as well as a type of
anisotropy of redshift in studies of Quasares and Seyfert Galaxies [10].
This motivates to find and formulate new ideas or models that allow, at least
in part, giving an explanation to the cosmological observation; those ideas
are of experimental and theoretical interest and may or may not break with
standards or principals that are taken into cosmology, such as the Universe’s
isotropy and homogeneity.
In the present study, the averaged parameters of deceleration and the averaged
parameters of Hubble in anisotropic solutions of the Petrov type-D (Bianchi-I,
con g00 = g00 (t)) and their respective changes in tendency trough time.

2

The Hubble Parameter

The Hubble parameter H is defined for the FRWL solution as H = Ṙ/R,
where R is the scale factor. For the FRWL flat model,
ds2 = dt2 − R(t)2 (dx2 + dy 2 + dz 2 ),

(1)

and considering Einstein’s equations [11]
1
Rµν − gµν R = κTµν ,
2

(2)

where Tµν = (µ + P )uµ uν − gµν P is the energy-momentum tensor of the perfect fluid model, and when considering that P = λµ it follows that R(t) ∼
−1
t2/3 (λ+1) ; therefore, Hubble’s parameter is
H=

2
.
3 (λ + 1) t

(3)

For the Bianchi-I symmetry,
ds2 = dt02 − a2 dx2 − b2 dy 2 − c2 dz 2 ,
Hubble’s parameter is defined as [12]

0


(abc)1/3
1
1 a0 b 0 c 0
H=
= (Hx + Hy + Hz ) =
+ +
,
abc
3
3 a
b
c

(4)

(5)
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where (0 ) represents derivatives for t0 ; a, b, and c are scale factors dependent
on t0 , and the coordinates x, y and z, respectively.
The above definition can be generalized for a symmetry in the shape of
ds2 = e2 dt2 − A2 dx2 − B 2 dy 2 − C 2 dz 2 ,

(6)

where e, A, B, and C are functions of t, with only noticing that when writing
dt0 = edt, (6) it transform into a metric type (4). Therefore, (5) can be defined
as follows:

.
!
(ABC)1/3
1
1 Ȧ
Ḃ
Ċ
= (Hx + Hy + Hz ) =
+
+
, (7)
H=
3
3 Ae Be Ce
(ABC)1/3 e
the point represents the t derivative.

3

The Deceleration Parameter q

The deceleration parameter q is defined for the FRWL solution as
q = −R̈R/Ṙ2 .
−1

For the flat model of FRWL (R(t) ∼ t2/3 (λ+1) ), so that
q = 1/2 + 3/2 λ.

(8)

For the Bianchi-I symmetry, it is defined in an analogous manner, but changing
R −→ (abc)1/3 or using the symmetry (4) and of (5). It can be written as
!


Ḣ
1
q = − 1 + 2 = − 1 + (qx + qy + qz ) ,
(9)
H
3
 .
.
.
where qx = H12 ȧa , qy = H12 bḃ , qz = H12 ċc .
For a symmetry type (6), considering the Hubble parameter given in (7), the
deceleration parameter can be written as
!


Ḣ
1
= − 1 + (Qx + Qy + Qz ) ,
(10)
q =− 1+ 2
H e
3
1
eH 2



Ȧ
eA

.

1
eH 2



Ḃ
eB

.

1
eH 2



Ċ
eC

.

where Qx =
, Qy =
, Qz =
.
A particular case is the Kasner vacumm solution (external solution) whose
form is [13]
ds2 = dt 2 − t2a1 dx2 − t2a2 dy 2 − t2a3 dz 2 ,
(11)
a1 + a2 + a3 = 1 and a21 + a22 + a23 = 1,
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from which it is obtained that the value of the deceleration parameters (9) and
Hubble’s (5), respectively are
q = 2,

H = 1/(3t),

(12)

those do not depend on the supremacy of any of the axis, which is explained
by being average parameters of Hi and qi (not to be confused with relativistic
invariants).

4

Petrov Type-D Anisotropic Cosmological Solutions

In [3], it was obtained a set of cosmological solutions for symmetry given by
ds2 = F dt2 − t2/3 K(dx2 + dy 2 ) −

t2/3 2
dz ,
K2

(13)

where F and K are functions of t of the following form
1
F =
,
1 + αt1−λ

!±2/3 (1−λ)−1
√
4( 1 + α t1−λ − 1)
√
α( 1 + α t1−λ + 1)

K± =

(14)

for λ 6= 1 and
F = 1,

KZ± = t±2/3

√

1−3M

(15)

when λ = 1. In (14) and (15) α (different for each λ) and M are considered
positive constants (by requiring that µ ≥ 0), and 0 ≤ M ≤ 1/3 (by requiring
that gµν ∈ R). The density and the pressure, regardless of the chosen sign for
K, are
µ=

α
,
3t1+λ

P =

λα
,
3t1+λ

(16)

when λ 6= 1 and when λ = 1, α/3 should be changed for M .
For those solutions the parameters (7) and (10) have the following form:
√
1 + α t1−λ
α t(1 + 3λ) + 4 tλ
H=
, q=
(17)
3t
2(tλ + α t)
and for (15)
H=

1
,
3t

q = 2.

(18)
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5

Analysis of Parameters H and q in Regard
to Possible Cosmological Models

5.1

Phantom Type Model

The Phantom model has as a state equation λ < −1 and its only soltuion (14)
can be written in the following form [3]:

F =

t = (−1/2 η

!±2/3 (1+|λ|)−1
√
1+|λ|
4( 1 + α t
− 1)
√
.
1+|λ|
α( 1 + α t
+ 1)

1
,
1 + αt1+|λ|

K=

√

−2 (|λ|−1)−1

α (|λ| − 1))

ds2 −→ dη 2 − −1/2 η

√

(19)

(t −→ ∞, η −→ 0, η < 0), so that

−4/3 (|λ|−1)−1

α (|λ| − 1)
dx02 + dy 02 + dz 02 ,

(20)

where x0 = (4/α)±1/(3(1+|λ|)) x, analogous y, z 0 = (4/α)∓2/(3(1+|λ|)) z. Parameters (17), with the new coordinates (η, x0 , y 0 , z 0 ), have the following form:
H −→ −2/3

1
,
η (|λ| − 1)

q −→ 1/2 − 3/2 |λ| ,

(21)

therefore, for all the values of λ < −1, the deceleration parameter is negative when t −→ ∞, which indicates that for models of type Phantom under the
analyzed symmetry, the Universe has an accelerated expansion in this limit;
however, if t −→ 0, the solution tends to F −→ 1 and K −→ t±2/3 , so the
metric (13) tends to
ds2 −→ dt2 − t2/3±2/3 (dx2 + dy 2 ) − t2/3∓4/3 dz 2 ,

(22)

because of their form, they are the Kasner vacuum with a1 = a2 = −2a3 = 2/3
or a1 = a2 = 0, a3 = 1, thus they are consistent with (12), so the parameter
q −→ 2, hence it is positive and indicates a decelerated expansion (similar to
the one obtained for the Zeldovich type model, λ = 1 in FRWL), i.e. in the
Phantom type models, the Universe, for t −→ 0, expands decelerating and
as time increases, the acceleration increases. Meanwhile, Hubble’s parameter
H ∼ 1/η (λ 6= −1), if t −→ ∞, η −→ 0; therefore, in the models Phantom
type, the Hubble’s parameter tends to infinity for those values, allowing what
is known as Big Rip and for values of t −→ 0 the parameter H, of (17),
also tends to H −→ ∞. From the foregoing, both for very small values of
t, as well as for veryqlarge values, H −→ ∞, and goes through a minimum
value of Hmin = 1/3

−1

1 + 2 (|λ| − 1)−1 (1/2 α (|λ| − 1))(1+|λ|) , when tmin =

−1

(1/2 α (|λ| − 1))−(1+|λ|) .
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Dark Energy Model

The Dark Energy model has as a state equation the relation µ = −P ∼ Λ
(where Λ is the cosmological constant), or what is the same λ = −1. The
solution obtained gives as a result, if λ = −1, that µ = −P = −α/3 or if it is
considered the usual relation that is given to the cosmological constant Λ with
the dark energy α = 3c2 Λ/ (8πG).
Analogous to what was done in the prior section,
it would be done the following
√
sinh(η α)
√
. In this case the metric can be
change of temporal coordinate t =
α
written in the form [3]

√ 2/3 ±1/3 −1/3
dx2 + dy 2 + N0∓1 dz 2 .
ds 2 = dη 2 − sinh αη
N0 α
√
√
where N0 = 4 (cosh ( αη) − 1) / (α (cosh ( αη) + 1)).
For such solution the parameter H y q de (17), when t −→ ∞, tend to
√
q −→ −1,
H −→ 1/3 α,

(23)

(24)

and when t −→ 0, tend to
H −→ ∞,

q −→ 2,

(25)

Therefore, according to the parameter q, as in the previous case, indicates
p
an expansion of the Universe initially decelerated until a time t =
2/α,
from which starts a stage of acceleration and as time augments, asymptotically
approaching to −1. Regarding the Hubble parameter, this has very large values
when t −→ 0, but asymptotically becomes in a constant as time augments.

5.3

Quintessence Model

Fort the Quintessence model, the state equation has values of −1 < λ < 0.
The solution of said model can be seen at [3] and has similarities to the solution
of the Phantom model for values of t −→ 0. The parameters H y q, if t −→ 0,
H and q tend to
H −→ ∞,

q −→ 2.

(26)

For values when t −→ ∞, the metric solution (14) for the Quintessence
model tends to an isotropic regimen of the form [3]

−1
ds2 ≈ dη 2 − ξ 4/3 (1−|λ|) dx02 + dy 02 + dz 02 ,
(27)
√
where ξ = 1/2 η α, so in (7)
√
−1
A ≈ B ≈ C ≈ (1/2 η α)2/3 (1−|λ|) ,
e ≈ 1.

427

Cosmological exact solutions

It is evident that the definitions used in FRWL modes, for the parameters
H and q, have the same validity in such limit and has the form
H −→

2
,
3η(1 − |λ|)

q −→

1 − 3|λ|
,
2

(28)

Thus representing a similar situation to the dark energy model for values
of −1/3 > λ; for the value of λ = −1/3, the parameter of deceleration tends to
zero, implying that the space begins in a deceleration process until entering in a
regimen when ther is no acceleration or deceleration, and if −1/3 < λ < 0, it is
positive; therefore, for the last set of values the possible scenarios of Universes
decelerate with the augmentation of t, though the q value decreases with the
augmentation of t.

5.4

Models Ordinary, Relativistic under Pressure, Ultrarelativistic and Hard Universe

It is reffered to the Dust models (λ = 0), Ordinary Relativistic at Pressure
(0 < λ < 1/3), Ultrarelativistic (λ = 1/3) and Hard Universe (1/3 < λ < 1),
for which the equations have values of 0 ≤ λ < 1. For these, the solutions
of (14) have been analyzed in their different limits for which these can be
determined as synchronous (g00 = 1, gi0 = 0) [3]and it was found that in the
proximities with t = 0, the solutions can be written as

ds 2 −→ dt2 − t2/3±2/3 dx2 + dy 2 − t−4/3±2/3 dz 2 ,
(29)
and for values of t −→ ∞, they become isotropic and can be written as
−1

ds2 ≈ dη 2 − ξ 4/3 (1+λ)


dx02 + dy 02 + dz 02 ,

(30)

where
ξ = 1/2 η

√
α (1 + λ)

y

−1

t = ξ 2 (1+λ) ,

(31)

Therefore, the parameters H and q can be defined using the same definitions
for the solutions in symmetry of FRWL. For these it is obtained that
H −→

2
−→ 0,
3(1 + λ)η

q=

1 + 3λ
,
2

(32)

they do not differ significantly with previous cases.
If t −→ 0, the parameters H and q, tend to
H −→

1
−→ ∞,
3t

q = 2,

(33)
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From the above, the previous models give common scenario, for all those
the possible Universes in their beginnings have a Hubble’s parameter that tend
to infinity and decay towards zero with the augmentation of time; meanwhile
the deceleration parameter decreases its value over time from qt−→0 = 2 > 0 to
qt−→∞ = (1 + 3λ)/2 > 0, but not its sign. Therefore, it is presented a process
of deceleration for all the t values; however, since the q parameter decreases
it can be interpreted that the space has accelerated with the augmentation
of t in relation to the one that had at the beginning. A similar situation is
presented for the Quintessence models with values of λ > −1/3.

5.5

Zeldovich Type Model

The Zeldovich type model, has as state equation λ = 1. For this model, the
solution is [3]
√
√

(34)
ds2 = dt 2 − t2/3(1± 1−3 M ) dx2 + dy 2 − t2/3(1∓2 1−3 M ) dz 2 .
where M is a constant with values that may be between 0.481̇0−40 ≤ M ≤
1/3 and does not tend to be isotropic. The solution (34) is synchronic. The
Zeldovich type Model is the only case of anisotropic models of Petrov type D,
for which the parameters H and q do not change their form depending on the
value of t, and has the following form:
1
,
q = 2.
(35)
3t
From (35) it is concluded that the Hubble’s parameter tends to infinity
when t −→ 0 and tends to zero when t −→ ∞, and it is consistent accurately
with the same parameter obtained in the case of the FRWL model. In relation
to the deceleration parameter q, it happens the same as with H regarding that
no difference is found with the same parameter in FRWL and represents an
expanding Universe that decelerates constantly
H=

5.6

Ekpirotic Modelo (ekpyrotic matter)

The Ekpirotic Model has a state equation where λ > 1. For values of t −→ 0,
the solution is a synchronous system, making a change
of temporary variable
√
2 (λ+1)−1
(α 6= 0) of the form t = ξ
, where ξ = 1/2 α (λ + 1) η, has the form

−1
ds ≈ dη 2 − ξ 4/3 (λ+1) dx02 + dy 02 + dz 02
(36)
(37)
−1

where x0 = x (α/4)±2(3(λ−1)) , analogous y and z 0 = z(α/4)∓4(3(λ−1)) .
For values of t −→ ∞, the solution has the form

ds2 ≈ dt2 − t±2/3+2/3 dx2 + dy 2 − t∓4/3+2/3 dz 2 ,
(38)
−1
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For those limits it is obtained that
lim H −→

η−→0

2
−→ ∞,
3(1 + λ)η

lim q =

η−→0

1 + 3λ
,
2

(39)

and if t −→ ∞, the parameters H and q tend to
H −→

1
−→ 0,
3t

q = 2.

(40)

Of the foregoing, in the ekpirotic model the behavior of the H parameter is
similar to the above cases, since it tends to zero (when t −→ ∞) or to infinity
(when t −→ 0), in the same way as in the previous models, but it differs in
that the speed with which tends to zero is constant for any value of λ > 1,
and when it tends the same does not happen. In the opposite way to models
with λ < 1, the q parameter behaves oppositely to the rule represented for the
same parameter, but for models with λ < 1.

6

Conclusions

For Petrov type D anisotropic models, both the Hubble parameter as the
deceleration parameter depend on time, which marks a fundamental difference
in relation to the same parameters obtained for the case of the flat universe
of FRWL or the Kasner vacuum solution, where the deceleration parameter
is constant for each type of model or for all of them, in the Kasner’s case.
The parameters depend on time, so in certain limits they behave as analogues
obtained in the Kasner solution and for other limits they behave as analogues
of the FRWL flat model solution; a transitional path exists between both of
them through time. For the Phantom model, a unique situation related to
the Hubble’s constant is presented, for both the anisotropic models of the
Petrov type D, as well as for the equivalents
in FRWL and Kasner. For this
q
case there is a value Hmin = 1/3

−1

1 + 2 (|λ| − 1)−1 (1/2 α (|λ| − 1))(1+|λ|) ,
−1

en un tiempo tmin = (1/2 α (|λ| − 1))−(1+|λ|) , before which H −→ ∞ cuando
t −→ 0 and after which H −→ ∞ cuando t −→ ∞. For the dark energy
models and some quintessence models with λ < −1/3 occurs a situation that
also takes place and is common in the Phantom model, when t −→ 0 the
Hubble parameter tends to infinity, and the deceleration one q −→ 2, but
with the augmentation of t time; the H parameter tends to be constant in
the case of the dark energy, or tends to zero in the case of the quintessence
model, and the q parameter changes its value and sign meaning that there is
a period of deceleration for small values of t and then changes for a process of
acceleration as time augments which agrees with some observations mentioned
before [6, 7, 8].
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For the quintessence model with λ = −1/3, the q parameter tends toz ero with
the augmentation of time, and for the rest of the values < −1/3λ < 0, there
is no sing change by the q parameter, but there is a significant decrease in
its value: a similar situation to the quintessence models with −1/3 < λ < 0
is presented for the models type Dust, relativistic ordinary under pressure,
Ultrarelativistic and Hard Universe. For the Zeldovich model the situation is
different, since for this model the parameters H = 1/(3t) and q = 2 do not
change over time in the dynamic way in which parameters change for other
models. In the case of the Zeldovich model, there is no difference regarding the
form in which parameters change, or not, in relation to their analogue when
using the FRWL symmetry or the Kasner vacuum solution. In the case of the
ekpirotic model, for values of time t −→ 0, the Hubble parameter tends to
infinity and the deceleration parameter is q > 2, and as time augments they
tend to behave as if it was a Kasner vacuum solution, that is H −→ 1/(3t)
and q −→ 2, so they go through a process of high to low deceleration.
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